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The Hall effect and the electrical resistance of n-InAs were investigated in strong pulsed 
magnetic fields at 20—360°K. Quantization of the carrier motion in the magnetic fields pro- 
duced an infinite rise in the resistance. At liquid hydrogen temperatures a carrier-density 


effect was observed. 


THERE are several theories of galvanomagnetic 
effects in semiconductors in very strong magnetic 
fields.'‘-5] However, these theories lead to con- 
tradictory results.) The available experimental 
data are insufficient to check the theories; further- 
more, disagreement between one of the theories [3] 
and experiment has been reported.|6>7] New data 
are obviously needed in the region of strong fields. 
The present paper describes investigations of the 
Hall effect and magnetoresistance of n-InAs at 
20—360°K in pulsed magnetic fields. To the au- 
thors’ knowledge this is the first such study on 
n-InAs. 


EXPERIMENTAL METHOD 


Pulsed magnetic fields were produced by dis- 
charging a capacitor bank through a solenoid made 
of beryllium bronze. The bank had a capacitance 
of 1200 pf and was charged to 3 kv. The apparatus 
produced fields of 450 kgauss in a working volume 
of 0.4 cm®, In this volume the field was uniform 
to within 3%. The field intensity was measured 
with an integrating circuit. # The field-intensity 
oscillogram is given in Fig. 1. The samples were 
rectangular parallelepipeds of dimensions from 
5 x 0.5 x 0.5 mm to 8.0 x 0.5 x 0.5 mm, and were 
cut from a homogeneous ingot. The homogeneity 
was verified by measuring the electrical resist- 
ance and the Hall effect. Current leads and poten- 


FIG. 1. a) Oscillograms 
of magnetoresistance; 
b) oscillogram of magnetic 
field. 


tial probes were soldered to the samples using 
pure tin. The potential probe contacts were ohmic 
and their areas did not exceed 0.12 mm’. To avoid 
surface effects the samples were etched./# 

A check of the influence of the sample shape 
showed that the magnetoresistance in a quantizing 
magnetic field is independent of the length-to- 
width ratio provided that this ratio is greater than 
10 (Fig. 2). The Hall potential difference was 
measured across transverse potential probes 
placed symmetrically in the middle of the sample. 
The magnetoresistance was measured using the 
potential probes as well as, the sample ends. No 
edge effects were observed in the quantizing field. 
Experiments using steady magnetic fields showed 
that edge effects were strong in weak fields, but 
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FIG. 2. The dependence of magnetoresistance on the 
parameter //b for sample G1; / is the length of the sample 
and b is its width. H = 350 kgauss, T = 77°K. 


in fields capable of quantization (H = 25 kgauss 
at 77°K) the magnetoresistance measured using 
the potential probes was indistinguishable from 
that across the ends of the sample. 

The results obtained in weak pulsed magnetic 
fields were checked by measurements in steady 
fields of 26 kgauss. The measured potential dif- 
ferences were recorded with an OK-17M oscillo- 
graph. Induction effects were cancelled out with 
a coil placed in the field with the sample. 

The dependence of each effect (the Hall effect 
or magnetoresistance) on the field was determined 
using the two outer oscillograms (Fig. 1) obtained 
for two opposite directions of current. Records of 
the effect at five selected values of the field, taken 
in steps of 50—80 kgauss, were made on the same 
oscillogram frame. The peak oscillogram values 
were then used to plot the field dependence of the 
effect. Both methods of obtaining the field depend- 
ence gave the same results, with all experimental 
points lying on the same curve. The absence of 
hysteresis in curves obtained with increasing and 
decreasing field corroborated the results. 

For measurements at liquid-nitrogen tempera- 
ture, the magnet and the sample were placed in- 
side a nitrogen bath. Liquid hydrogen was poured 
into a special Dewar which contained a holder and 
the sample. This Dewar was placed in the working 
volume of the magnet. The sample temperature 
was measured with a copper-constantan thermo- 
couple. The sample temperature was unaffected 
by passage of currents of density up to 120 
amp/cm’. The current density actually used in 
the measurements did not exceed 15 amp/cm?. In 
a field of 450 kgauss at 20°K the electric field 
intensity in pure samples reached 8 v/cm but 
there were no departures from Ohm’s law. 


RESULTS 


Eight samples were cut from an ingot with an 
impurity carrier density n © 3 x 10'® em=3, Four 
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FIG. 3. The dependence of magnetoresistance on the mag- 
netic field intensity for two samples of InAs: G1 (curves a, b, 
and b’) and M-13 (curve c). 


more samples were obtained from a less pure 
ingot with n * 2x 10'® cm73. Figures 3 and 4 give 
the Hall coefficient R and the magnetoresistance 
Ap/p) in a transverse magnetic field, for two 
typical samples: G1 with a conductivity of 175 
ohm~! cm=!, R = 200 cm¥coul at 77°K, and M-13 
with a conductivity of 2870 ohm=! cm=!, R 

= 3 cm/coul at 77°K. 

If the effective carrier mass in n-InAs is taken 
to be m* = 0.03mp, where my is the free-electron 
mass, then at H > 10° gauss the cyclotron reso- 
nance frequency is fw) > 5.8 kT at 77°K and 
fiw) > 22 kT at 20°K. 


R.cm3/coul 
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FIG. 4. Sample G1: a) the. dependence of magnetoresist- 
ance on temperature (H = 252 kgauss); b) the dependence of 4 
the Hall coefficient on the magnetic field intensity (T = 20°K); _ 


c) the dependence of magnetoresistance on the magnetic field _ 


intensity (T = 20°K). 


QUANTUM GALVANOMAGNETIC EFFECTS IN n-InAs 


The Hall coefficient of sample G1 was independ- 
ent of the magnetic field intensity up to 400 kgauss 
both at 300 and at 77°K. At 20°K the value of R 
was also practically constant in fields of up to 
160 kgauss. Above 160 kgauss, R began to rise 
and increased by a factor of 1.4 when 450 kgauss 
was applied. An increase of the Hall coefficient 
with the magnetic field intensity was reported 
earlier for n-InSb"!?14] and for p-Ge.!% An in- 
teresting feature in the case of InAs is that sample 
G1 was degenerate at 20°K and its reduced chem- 
ical potential in the absence of a magnetic field 
was p* = p)/kT = 8.1, taking the effective electron 
mass as 0.03mp."14) The conduction band and im- 
purity levels overlapped in the absence of a mag- 
netic field. With increase of the magnetic field 
intensity the overlap was removed and above 160 
kgauss the activation energy of impurities became 
positive and greater than the mean energy of con- 
duction electrons. Consequently the equilibrium 
carrier density decreased above 160 kgauss. 

In the strongly degenerate InAs sample M-13 
the Hall coefficient was not affected by magnetic 
fields at 20°K because the conduction-band and 
impurity-level overlap was considerable. 

Our investigations of the Hall effect showed that 
InAs can be used to construct probes for measur- 
ing the intensities of strong magnetic fields. 

Figures 3 and 4 show that at 77°K magnetore- 
sistance Ap/p) rose in sample G1 as H!-”, in the 
seven other samples similar to G1 the exponent 
of H ranged from 1.13 to 1.20. Sample G1 was 
degenerate at 77°K with yj = 2.1. According to 
the theory of Adams and Holstein, there should 
be a strong dependence of Ap/py on H in the case 
of degeneracy: Ap/py « H°T if carriers are scat- 
tered on acoustical vibrations of the lattice, and 
Ap/py « H3/27° in the case of pure Rutherford 
scattering. Measurements of the Nernst-Ettings- 
hausen effect and values of Ro at 20—300°K 
showed that carrier scattering in sample Gl was 
of mixed phonon-ion type. The weak dependence 
of Ap/p) on H at 20—77°K can be accounted for 
in terms of the Adams-Holstein theory (3) if it is 
assumed that a strong magnetic field removes de- 
generacy.'”;*] The assumption was confirmed by 
the fact that the criterion of degeneracy in the 
presence of a magnetic field, 4 (yp/Hiwy )? My 
> kT, was not satisfied in sample G1 at 77°K ina 
field of 10° gauss: 4 (p/Tiwy )? uy © jp KT. 

Classical statistics predicts Ap/p) « H’T™'” 
for acoustical scattering and Ap/py) « W?T-3/. for 
scattering of carriers on impurity ions."*] Combi- 
nation of the two types of scattering can produce 
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the dependence of Ap/p) on H which was actually 
observed at 77°K. 

At 20°K the magnetoresistance rose almost 
linearly with the magnetic field intensity up to 
160 kgauss: Ap/py) x H!-!, above 160 kgauss it was 
found that Ap/py « H!-%, The more rapid rise of 
magnetoresistance above 160 kgauss was due to 
reduction of the carrier density. Klinger and 
Voronyuk51 showed that reduction of the equili- 
brium carrier density in a magnetic field makes 
the dependence of Ap/p, on H more pronounced. 
Above 160 kgauss it was found that R« H-S; the 
exponent in the dependence of Ap/p) on H also 
increased by 0.6 on transition from below 160 
kgauss to stronger fields. 

With increase of temperature, carrier scatter- 
ing on acoustical lattice vibrations becomes more 
intense and scattering on impurity ions becomes 
important. In accordance with this prediction it 
was found that in the quantum region, Ap/p) « H'*® 
at 300°K while Ap/p) « H'®® at 360°K; the quan- 
tum region at these two temperatures lies above 
240 kgauss. 

The magnetoresistance of the less pure sample 
M-13 was an order of magnitude smaller than that 
of sample G1. Consequently the quantum region 
in M-13 began above 300 kgauss. Degeneracy was 
not removed by fields of up to 400 kgauss. The 
observed dependence Ap/p) « H'5° at H > 350 
kgauss was less marked than the theoretical de- 
pendence (3) predicted for the degenerate case. 
The magnetic field intensity may have been insuf- 
ficient to produce agreement with this theory. 

Figure 3 gives the temperature dependence of 
magnetoresistance at H = 252 kgauss. When tem- 
perature was lowered from 300 to 186°K, the 
magnetoresistance rose according to Ap/py « 1 ad 
Further reduction of temperature to 77°K showed 
Ap/p) «< T°" Between 77 and 20°K it was found 
that Ap/p) « T°. Below 160 kgauss the rise of 
Ap/p) on cooling from 77 to 20°K was negligible. 

The longitudinal magnetoresistance, Ap||/py was 
too small to be measured: in sample G1 it could 
not have been greater than 0.2. 
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Two half-liss are measured: T,/. =(1.7 + 0.7) x 10°'° sec for the 364-kev level of Tb!®? 


and Ti/2 = 
bilities aré 
concludec 

bilities dil 


Tue probabilit 
transitions in Hi 
Alaga formula. 
the probability « 


tio of the 208- and 321-kev El 

jisagrees strongly with the 

owever, it has been shown that 

e 208-kev transition is close 
to the value calcuited from the Nilsson model, 
whereas disagreerent by a factor of about 400 re- 
sults for the 321-v transition.-* It is interesting 
to consider whethe this occurs for all E1 transi- 
tions of deformed uclei, to which the Alaga for- 
mula cannot be app ed. 

Table I shows diagreement with the Alaga for- 
mula for El trans‘ions forbidden by the asymp- 

- totic selection rulesin Tb, Tb’, Tb'?, yb”, 
and Lut C3) tn th, resent work we measured the 
absolute probabilitis of E1 transitions in Tb? 
gad) Yb'", 


THE Tb? NUCLEG 


The decay of Gd” has been studied in [4] 
where the charactermnd intensity ratio of y 
transitions were calulated. An upper limit T;/ 
=5x10- sec was btained for the half-life of 
the 364-kev level. Mtzger and Toda, using the 
resonance scatterinemethod, obtained 7 = (2 + 0.3) 
x 10°! sec for the rean life of this level, whereas 
in the present work w have used delayed B-y co- 
incidences. The 364~ev photons were detected 
with a NaI(T1) crysil, while 8 radiation was 
detected with an anthacene crystal. We used 


.2+0.7) x 107'° sec for the 351-kev level of Yb!”. The E1 transition proba- 
alculated and compared with the values derived from the Nilsson model. It is 
at, just as in the case of Hf!”, E1 transitions occur in both nuclei with proba- 
ing widely from the theoretical values. 


FEU-33 photomultipliers and a ‘‘fast-slow’’ coin- 
cidence circuit with 6 x 10~° sec resolving time. [6] 
The time distribution of delayed coincidences 

was compared with an instantaneous resolution 
curve for a Ru’ source used under the same 
conditions (Fig. 1). The centers of gravity of the 
two curves are separated by T = (2.541) 

x 10°!° sec; this indicates T,/. = (1.7 + 0.7) 

x 107! sec for the half-life of the 364-kev level. 


Three y quanta with energies 225, 307, and 
364 kev are emitted from the 364-kev level. The 
conversion coefficient of 364-kev radiation [4,5] 
indicates an E1 transition. Malik et al/7 assign 
an E2+M1 character to this transition. Nathan 
and Popov [8] used Coulomb excitation of Tb? to 
investigate the 364-kev level, and calculated the 
reduced electric transition probability B(E2). 
The latter authors showed that El and E2 transi- 
tions cannot be distinguished. Taking their value 
for B(E2), Ty * 10°? sec is obtained for the 
364-kev level. 


However, the results obtained by Coulomb ex- 
citation and delayed coincidences agree in gen- 
eral.'*] We can therefore conclude that the given 
transition is more likely to be of El character. 

Toth and Nielsen!“ have recently studied the 
327- and 227-kev levels of Tb’ and Tb’, re- 
spectively, from which E1 quanta are emitted. 
The intensity ratios for these nuclei are given in 


Table I. Ratios of reduced E1 transition probabilities 


a 


N Transition 

ucleus energy, kev 
Tb 227; 164 
Tb15? 327; 265; 183 
Tb159 364; 307; 225 
Y b173 Bde 20a aad 
Lul% 396; 282; 145 
Hf"? 321; 208 


Experimental Theoretical ratio 
ratio (strong interactions) 

: 0,007 4:0,43 

: 0,0075 : 0,105 110543) =-0-07 
70,013 = 0.42 A 05452 0,07 
57:39 42032 00387 
Var 4:0,125 : 0.0125 
400 4:0,425 
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FIG. 1. Delayed-coincidence curves. 1 — Gd**’, 
B—Yaea; 2 — Ru’, B—y,,, (Selecting pulses produced | 
by Compton electrons recoiling from 495-kev y rays), 
Pulse delays are represented to the left of zero on the 
horizontal axis for the y counter, and to the right for 
the 6 counter. 


Table II 


Ratio of calculated 


Ratio of calculated 


Transi- (from Weisskopf for- Transi- (from Weisskopf for- 
Nucleus| tion en- | mula) to experimental |/Nucleus/ tion en- | mula) to experimental 
ergy, kev M2 transition ergy, kev M2 transition 
probability* probability* 
At pee 225 0,8 Luts 396 133 
Tm19 63 OI35—3.5 ~ 282 2 
304 0.8 Hi? 208 4x4 
173 
i { 471 0.55 Lut? 147 0.8 


*For transitions where the E1/M2 ratio in the E1 + M2 mixture is' known. 


Table I. The Tb» nucleus is very similar to 
Tb” and To [10]. this furnishes an additional 
argument in favor of assigning E1 character to 
the 364-kev transition.“ Using the results given 
in“ for the intensity ratio and conversion coeffi- 
cients of 364-kev El radiation and 225-kev 

El + M2 radiation in Tb’, we computed the fol- 
lowing transition probabilities: 


Pea (E 1) = 4-10°sec?, Poo, (E 1) ='F.2-108 sec. 


As in the case of the M2 radiation in mixed 
E1 + M2 transitions observed in rare earth ele- 
ments, we find that the transition probability of a 
225-kev M2 transition is in good agreement with 
the value calculated from the Weisskopf formula 
(Table II). 

The conversion coefficient for the 307-kev 
transition has not been measured. We obtain the 
percentage of M2 in the 307-kev transition by as- 
suming that the Alaga formula holds for unforbid- 
den M2 transitions '!»], The result E1/M2 = 2.7 
' gives P3y)7(E1) = 3x 10' sec™!. 

By comparing these E1 transition probabilities 
with values computed from the Nilsson formula, 
we obtain the different degrees of forbiddenness: 


Insea = 10, Noes = 6, fnso7 = 300. 


THE Yb!"> NUCLEUS 


Lu!’ decay has been studied by two groups of 
investigators, [11,12] who obtained the y-ray ratios 


and conversion coefficients. By using these values 
and assuming that the Alaga and Weisskopf for- 
mulas are applicable to unforbidden M2 transi- 
tions (Table II) we arrive at an order of magnitude 
for the half-life of the 351-kev level. It must be 
noted that the conversion coefficients for the 171-, 
272-, and 351-kev transitions and the intensity of 
the 351-kev transition obtained by Bichard et al42 _ 
differ from the results given in“), Taking the 
results given in'!2), we find that the ratio 

Borg (M2 )/Bgs5; (M2) is 225 times larger than the 
theoretical result, whereas M2 transitions are 
allowed. These results therefore appear to be in- 
correct. From the M2 percentage in 351- and | 
171-kev radiation and the intensity ratios in 11] we. | 
obtain Ty. * 7x 10°! sec for the half-life of the 
351-kev level. 


MEASUREMENT OF THE HALF-LIFE OF THE 
351-kev LEVEL 


The Lu!” nucleus is converted by electron 
capture to Yb!"3 in a 351-kev excited state, from 
which it goes to the ground state mainly by the 
cascade emission of 272- and 79-kev y rays. The 
half-life of the 351-kev level can be measured by 
using Xcapt-Yor2 delayed coincidences. For the 
purpose of detecting 50-kev x rays and 272-kev 
Y rays we used two Nal(T1) crystals; the resolv- 
ing time of the system was 9 x 10~® sec. The chan- 
nel registering capture x rays also registered 
x rays from a 79-kev conversion transition. We 


| 
oy 


ea, ae 


FORBIDDEN El TRANSITIONS IN Tb!5? AND yYb?!?3 


n° 


FIG. 2. Delayed-coincidence curves. 1 — Lu’”’, xcony 
+ Xcapt —Yor2) 2 — Lu’, Xcapt —Y272 (computed curve and 
experimental points); 3 — Na”, y.»9 —y,7, (with registration 
in both instances of pulses equivalent to those produced by 
Compton electrons recoiling from 510-kev y rays). 


thus obtained a combined Xcapt + Yconv — Y272 Coin- 
cidence curve (curve 1 in Fig. 2). 

The pure Xcapt-Y272 curve can be derived 
either by subtracting the xgony-Y272 curve from 
curve 1, or by measuring Xcapt-V79 triple coinci- 
dences. 

The Xconv-Yo72 Curve can be computed from 
knowledge of the conversion coefficient for the 
79-kev transition, the 79-kev level lifetime,|¥) 
and the K/L capture ratio for the transition to the 
351-kev level. 1 Curve 2 is calculated by sub- 
tracting the xgonv-V272 curve from curve 1. Fig- 
ure 2 shows the experimental results for triple 
coincidences, which fit well the computed curve 2. 
Curve 3 is the instantaneous resolution curve for 
Na”. The separation of the centers of gravity of 
curves 2 and 3 gives the mean lifetime T = (6 + 1) 
x 10-!° sec and half-life T1/2 = (4.2 + 0.7) 

x 107!9 sec. The latter agrees well with the result 
(4.7 + 0.3) x 107 sec given in 114], 

The measured half-life of the 351-kev level is 
of the same order as that computed from data 
in“ while assuming that the Alaga and Weiss- 
kopf formulas are valid for allowed M2 transi- 
tions. 
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The following probabilities were calculated for 
351-, 272-, and 171-kev E1 transitions: 


P51, (E1) = 4.7-10? sec7!, Page (E1) =1.35-10° sec™}, 


Pim (E1) = 1.65-108 sec7!. 


By comparing these results with the analogous 
values calculated by means of the Nilsson func- 
tions,/2 we obtain the corresponding degrees of 
forbiddenness fy: 


iNssx = 530, iNew = 2.5, Euan =.0,7. 


Table II gives the ratio between the M2 transi- 
tion probabilities for yb!”3 calculated from 
Weisskopf’s formula and the experimental values 
(when the M2/E1 ratio is known from it], 


DISCUSSION OF RESULTS 


Table III gives information regarding the El 
transition probabilities obtained by us together 
with other known analogous probabilities of transi- 
tions in rare earth elements.!15,16] For one group 
of these E1 transitions the experimental proba- 
bilities agree with the theoretical values derived 


Table III 


Ratio of computed (from 
Nilsson formula) to ex- 


Ratio of computed (from 
Nilsson formula) to ex- 


Transi- | Perimental Ei transition Transi- | Petimental E1 transition 
Nucleus] tion en- probability Nucleusiitionnen: probability 
ergy, kev ergy, kev 
First Second First Second 
group group group group 
Eulss 98 2050 4.2 
‘ { 86 — Dy® { 75 40 
Gd155 : 
\ 106 Qe Ties: . 0,6 
227 2 27 Deo 
as { 161 ? Ybor 474 0.7 
327 ? 301 530 
Tbs? | 183 > 282 10 
265 ? Layee | 145 4.35 
k 364 10 on xe 100 
Tbis 225 6 ‘ 
307 300 | una ye 400 
Lu??? 447 250 
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from the Nilsson model,!®! the ratios being less 
than 10. The remaining transitions comprise a 
second group in which the ratios vary from 40 to 
530. 

In the cases of Dy” and Lu!” the given dis- 
crepancy would normally be expected, since the 
Nilsson model is only an approximation and cannot 
account for all El transitions in deformed nuclei. 
However, it appears strange that E1 radiation be- 
longing to both groups in Table III can sometimes 
come from the same nucleus. These represent 
transitions from the same excited level to two 
different rotational levels belonging to a single 
band. The strong coupling approximation holds 
for these nuclei, so that the Alaga formula is ap- 
plicable. 

It would be interesting to consider whether the 
rotation-single-particle or rotation-vibration in- 
teractions observed in Tb®?, Lu’, and Hf!” 
(which have little effect on energy levels or on the 
probabilities of unforbidden y transitions) can ap- 
preciably change the probabilities of forbidden E1 
transitions. 

In conclusion we wish to thank A. I. Alikhanyan 
for his interest. 
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The half-life of the 686-kev level in Re!®’ was measured by the delayed coincidence method 
and found to be Ty/. = (2 + 0.7) x 10-!° sec. The E1 and E2 transition probabilities are 
compared with the corresponding ones calculated by the Nilsson model. The 686-kev level 


is not necessarily a vibrational level. 


‘Tue level scheme of Re!®’ has been studied by 
many authors.'!:2] Nonetheless the nature of the 
686 and 511 kev levels is not clearly understood. 
Gallagher, Edwards, and Manning," who compared 
the distribution of these levels with computations 
based on the Nilsson model conclude that both 
levels are vibrational. If so, these are the first 
vibrational levels to be discovered in odd nuclei. 

Since the energy predictions of the Nilsson 
model are rather approximate, we shall consider 
in this paper the transition probabilities of the 
686- and 511-kev levels of the Re!®’ nucleus and 
the 646-kev level of the Re!® nucleus. 

The ground state of Re’® and Re'®” has a spin 
*/, and, according to Mottelson and Nilsson, (3) cor- 
responds to the Nilsson state [402], No. 27. By 
analogy with the 646-kev level in the Re!® nu- 
cleus 3,4] one can assume that the 511-kev level 
with spin '/, is the state [400]. It is easy to see 
that E2 transitions from both the 511 and 686 kev 
levels are permitted by the asymptotic selection 
rules.!3] Nilsson’s wave functions were used to 
compute the E2 transition probabilities B(E2). 
These were found to agree with those given by the 
Weisskopf formula. The measured B(E2) values 
for these two transitions obtained by the Coulomb 
excitation method were 4 to 6 times larger than 
the theoretical ones.'41 

As for the 686-kev level with spin */, it corre- 
sponds to Nilsson’s state [ 532 VATE No. 36. Under 
these conditions a 480 kev E2 transition is 
hindered." Computation of the probability Pyke 
of this transition by the Nilsson method yields a 
degree of hindrance 10 times what it is according 
to the Weisskopf formula. Such hindered E2 trans- 
itions have been found in deformed Ta'‘®! and 
Np?3" nuclei./# 

In the case of these nuclei the experimental 
values for the degree of hindrance (according to 
the Weisskopf formula) vary within a range of 20 


to 400. Taking Pym = 2.5 x 10° sec™', we obtain 
for the half-life of the 686-kev level the value 
Ty. = 1.2 10~? sec (where we have also taken 
into consideration the data in!!»#] for the y-ray 
intensity ratios). 

This period was measured experimentally by 
the method of delayed B — Y4g) and B — Y¢egg coin- 
cidences. The f-particles were detected with an 
anthracene counter and the photons with a NalI(T1) 
crystal. The resolving time of the ‘‘fast-slow co- 
incidence”’ circuit] was 6 x 107° sec. The de- 
layed coincidence curves were compared with in- 
stantaneous resolution curves for Co. In both 
cases the centers of gravity of the curves were 
shifted by an amount A = (3 + 1) x 107" sec. 
Hence, the half-life of the 686-kev level is T,/2 
=(2+0.7) x 107!" sec, and the ratio of the ex- 
perimental and theoretical (Nilsson’s) probabili- 
ties Pyro is 6. 

Thus, our result indicates a larger value for 
the probability of the E2(480 kev) transition than 
does the Nilsson model. Results of a similar 
nature were also obtained for E2 transitions with 
energies of 646 and 511 kev in Re!® and Re/8! 
nuclei respectively. 

At this point it should be noted that for hindered 
E2 transitions in Ta‘®! and Np? nuclei where 
Nilsson’s description is assumed to be accurate, 
the experimental values for B(E2) also exceed 
Nilsson’s theoretical values.) Therefore, the 
divergence observed in the case of Re'®’ for the 
hindered E2(480 kev) transition is no particular 
reason to assume that the 686-kev level is not a 
Nilsson state. The excess of the transition proba- 
bilities over those predicted by the Nilsson and 
Weisskopf formulae in the cases of Re’® and 
Re!8’ nuclei can be explained by the fact that for 
these nuclei the strong coupling approximation is 
not quite accurate. 
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These slightly deformed nuclei may represent 
an analogy with the transition zone nuclei 1 listed 
in the table. The examined levels are single-par- 
ticle levels with collective effects that increase 
the probability of E2 transitions. 

Assuming that the 686 kev level is the [532 °/] 
state in Nilsson’s nomenclature, we can compute 
the El transition probabilities for the 686 and 552 
kev radiations. The transition probabilities given 
here for these two y-radiations are in good agree- 
ment with the values computed by the Alaga formula. 
It must be said of this type of transition and gen- 
erally of El transitions in deformed nuclei (8) that 
their experimental probabilities are either equal 
to the theoretical values based on the Nilsson 
model or about ten times smaller. Indeed, accord- 
ing to Nilsson Pypi (686) = 2.3 x 10 sec™!, which 
is about 10 times the experimental value for PyEj. 

Moreover, the relatively low energy of these 
levels tends to indicate that they are not of a vi- 
brational nature. Nathan and Popov"! think that 


Ho! nuclei whose transition probabilities were of 
the same order as those computed by the Weisskopf 
formula. It is worth noting that these levels have 
lower energies than the vibration energies com- 
puted on the basis of the vibration rotation inter- 
actions observed in the indicated nuclei. 

Thus, we cannot assert (unlike Gallagher, 
Edwards, and Manning (1) that the 686- and 511- 
kev levels in the Re!®’ nucleus are vibrational. 

Our result tends rather to indicate that the 686- 
kev level is a single-particle state. To reach a 
more definite conclusion we would need to know 
the theoretical values based on the intermediate 
coupling hypothesis, both for transitions from 
vibrational levels in odd nuclei (to determine 
whether they are close to the values obtained by 

the Weisskopf formula) and for the 480 kev transi- _ 
tion of the Re'®’ nucleus. 

I take this opportunity to express my apprecia- _ 
tion to A. I. Alikhanyan for his interest in this 
paper. 
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The angular distribution of 247 + 10 Mev gamma rays produced in the synchrotron of the 
Lebedev Physics Institute, which were scattered elastically on hydrogen, has been investi- 
gated. Differential cross sections were obtained for c.m. scattering angles of 148, 132, 108, 
93, 70, and 55°. The experimental results are compared with calculations based on one- 
dimensional dispersion relations with an additional contribution from a single-meson inter- 


mediate state taken into account. 


1. INTRODUCTION 


Tae elastic scattering of a y quantum by a proton 
(the Compton effect) is an elementary process 
whose investigation can in principle supply infor- 
mation regarding the structure of the proton. At 
the present time we unfortunately have no satis- 
factory meson theory of the proton Compton effect 
at y-ray energies above the meson photoproduction 
threshold. Some endeavors to construct a theory 
of the Compton effect based on different variants 

of meson theory or even using a phenomenological 
approach have produced no positive results. 

The attempts to develop a theory of the Compton 
effect on the basis of dispersion relations are more 
promising!!] However, difficulties are encoun- 
tered when the contribution of the high-energy re- 
gion and the effect of the nonphysical region are 
taken into account.L> 

It has been noted!®] that when constructing a 
theory of the Compton effect one must take into 
account the relation between y -ray scattering and 
the two-photon decay of the n°’ meson. It is then 
possible in principle to determine from experimen- 
tal data the mean life of the 7° meson (a funda- 
mental property) £71 

At the present time very meager experimental 
information is available regarding the elastic 
scattering of y rays on hydrogen at energies above 
the meson photoproduction threshold. In the only 
experimental investigation!*1 the dependence of 
the differential cross section on y -ray energy was 
measured in the 120 — 280 Mev range for 90° and 
130° c.m. scattering angles. The present work is 
a detailed investigation of the angular distribution 
of elastically scattered y rays of about 250 Mev. 
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FIG. 1. Kinematic relation between proton energy and 
y-ray energy at a fixed angle of proton recoil (Op = 36°). 
1—for Compton effect; 2—for 7° photoproduction. 


2. FORMULATION OF THE EXPERIMENT 


Method of identifying the process. The principal 
difficulty encountered in the experimental investi- 
gation of the proton Compton effect, 


1 p> py (1) 


is its extremely small cross section (otot 

~ 2x 107! cm?). At energies below the meson 
photoproduction threshold we can confine ourselves 
to registering only the scattered y ray, without 
observing the recoil proton.” 

Above the meson photoproduction threshold the 
difficulties are augmented considerably by the 
photoproduction of neutral mesons and their sub- 
sequent decay to two y quanta: 


—_> if 0 
y+p Baton . (2) 


Y1 + Y2 


with a cross section that is two orders of magni- 
tude larger than the cross section for process (1). 
For these reasons, the experimental investigation 
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of elastic y -ray scattering on hydrogen in the 
given energy region depends primarily on identify- 
ing process (1) against the background of process 
(2). 

In the present work process (1) was identified 
by registering coincidences between scattered vy 
rays and recoil protons. The registration of a 
recoil proton and the determination of its energy 
for a fixed y -ray energy provide the basis for 
distinguishing between processes (1) and (2). 

Figure 1 shows the kinematic relation between 
the recoil-proton energy in reactions (1) and (2) 
and the incident y -ray energy for a fixed proton- 
recoil angle. It is apparent that in a certain 
y -ray energy range, AE, = E; — E, the energy 
of protons from reaction (1) exceeds that from (2). 
Since the bremsstrahlung spectrum is continuous, 
the described method of discrimination can be 
used only at the end of the spectrum, where E, 
= Ey max- The scattered y ray must be regis- 
tered in addition to the proton in order to distin- 
guish process (1) from the reaction 


ytpont+n’t, (3) 


since the proton telescope sometimes registers 
charged mesons. The distinction of reaction (1) 
from reaction (3) is based on the difference be- 
tween the neutron and y -ray directions associated 
with a given angle of charged-particle flight. This 
difference in the correlated angles is used to ex- 
clude the background reaction 


ytd—-n-+p, (4) 


which can occur in the 0.02% natural admixture of 
deuterium contained in liquid hydrogen. 

An upper estimate of the background process 
associated with electron production in. the hydrogen 
target, and with the subsequent electron-proton 
scattering, has shown that this process contributes 
< 0.2% and can be neglected for all the registration 
angles used in our work. 
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FIG. 2. Experimental geometry (with notation ex- 
plained in the text). 


The background from the walls of the hydrogen 
target was also sharply reduced by registering 
proton-y coincidences. 

Experimental geometry (Fig. 2). The brems- 
strahlung beam from the synchrotron of the 
Physics Institute, operated at 260 Mev maximum 
energy, passed through two lead collimators K, 
and Ky, before entering the liquid hydrogen target. 
The y-ray pulse duration was ~ 3000 usec, corre- 
sponding to variation of the maximum bremsstrah- 
lung energy from 244 to 260 Mev. The beam was 
monitored by two thin-walled ionization chambers 
IC, and IC», one placed ahead of collimator K,, 
and the other positioned behind the hydrogen 
target. 

Proton telescope. Protons were registered by 
a telescope consisting of three proportional 
counters and one scintillation counter placed 
ahead of either the first or last proportional 
counter. The proportional counters were glass 
cylinders of 60-mm diameter and 200-mm length, 
each with its axial wire parallel to the flight paths 
of the registered particles. Pieces of 250-micron 
aluminum foil were cemented to the ends of the 
counters. The counters were filled with argon and 
1% CO, at 500 mm Hg. A collimated Po”? 

a -particle source was placed within each propor- 
tional counter for the purposes of energy calibra- 
tion of the counter and a sensitivity check of the 
setup during operation. The proportional counters 
in the proton telescope served to determine the 
energy range of registered protons and to distin- 
guish protons from charged particles of smaller 
mass (e+, m+). The minimum proton energy was 
fixed by the total amount of matter ahead of the 
third telescope counter, while the maximum proton 
energy was set by the electronic threshold in the 
amplifying circuit connected to the third counter. 

The scintillation counter in the proton telescope 
consisted of a plastic scintillator (p-terphenyl in 
polystyrene) 60 mm in diameter and 5.5 mm thick 
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for measurements at 16, 24, 36, and 44°, or 0.3 mm 


thick for measurements at 56° and 64°, a Plexiglas 
light pipe, anda FEU-33 photomultiplier. In the 
work involving coincidences with y -ray counter 
pulses the use of a scintillation counter in the 
proton telescope resulted in a sharp reduction of 
the random correlation background, and provided 
for supplementary discrimination of process (1) 
from the background process (3) based on the time 
of flight of particles in these reactions. The angle 
resolution of the proton telescope was + 1.5°. 

Gamma-ray counter. The y-ray counter con- 
sisted of two liquid scintillators (p-terphenyl in 
phenylcyclohexane) in Plexiglas containers of 
150-mm diameter and 30-mm thickness, used in 
‘conjunction with FEU-33 photomultipliers. A lead 
converter 8 mm thick was placed before each 
scintillator. Pulses from the two photomultipliers 
were summed and sent into coincidences with 
pulses from the scintillation counter in the proton 
telescope. The angle resolution of the y -ray 
counter was + 9°; its efficiency was found experi- 
mentally to be ~ 80% by comparing the proton-y 
coincidence count from reaction (2) with the count 
of protons alone. Details of the technique and the 
energy dependence found for y-ray registration 
efficiency are described in “19], 

Hydrogen target. Our liquid hydrogen target 
has been described in!!!], The irradiated target 
volume was a thin-walled brass cylinder of 
15-mg/cm? wall thickness, 50-mm diameter and 
100-mm length. The y-ray beam had the same 
diameter as the cylinder. Vacuum pipes were 
used for y -ray beam entrance and exit. The first 
section of the entrance vacuum pipe was located 
between the poles of a 2009-gauss electromagnet 
M 20 cm long (Fig. 2). In order to reduce the 
amount of matter in the proton path, the target 
vacuum cylinder was equipped with windows 
covered by 250-micron aluminum foil. The con- 
struction and thermal regime of the hydrogen tar- 
get insured continuity of the measurements during 
a prolonged period, with liquid hydrogen added at 
intervals of ~ 50 hours. 

Electronics. Figure 3 is a block diagram of the 
electronic circuit. Pulses from the proportional 
counters P;, Py, and P3; were amplified and fed 
through threshold circuits and gates to slow coin- 
cidence circuits I, I, and III having the resolving 
time t = 2x 10% sec. Proton-y coincidences 
were registered by a fast coincidence circuit with 
4 10-*® sec resolving time (gated by the scintilla- 
tion counters), from which pulses were fed to the 
coincidence circuit III. 
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(1234) (103x4) (103) (2x3) 
p-y coincidence register Proton register 
FIG. 3. Block diagram of electronic circuit. P — propor- 
tional counters; S—scintillation counters; I, II, I—‘‘slow’’ 
coincidence circuits; PA— preamplifiers; A — amplifiers; 
TC -—threshold circuits; G— gates; K —lead converters; 
F —pulse former; VDL — variable delay line; FC — “‘fast’’ 
coincidence circuit; GP — gating pulse; SP — master pulse 
from synchrotron. 


The entire apparatus was adjusted by registering 
the photoproduction of 7° mesons on protons 
[reaction (2) ]. The operation of all electronic 
units was charted, the dependence of the p-y 
coincidences on delay time in one of the fast- 
coincidence channels was determined, and the re- 
solution times of all coincidence circuits were 
selected. 

In adjusting for the registration of process (1) 
we took into account the different proton flight 
times in reactions (1) and (2). 

Formulation of experiment and measurement 
procedure. Our experiments were designed to 


determine the angular distribution of y rays, with 


a given energy, scattered elastically on protons. 
The kinematic conditions for distinguishing reac- 
tions (1) and (2) permitted measurements over a 
y -ray range AE, ~ 20 Mev for the maximum 
bremsstrahlung energy Eymax = 260 Mev. 

The measuring procedure consisted in the alter- 
nate registration of yields from reaction (1) at the 
angles 0p = 16, 24, 36, 44, 56, and 64°, and of the 
yield from reaction (2) at @p = 16°. The transition 
to registration of process (2) was accomplished by 
changing both the energy adjustment of the proton 
telescope and the angle of the y-ray counter. For 
the sake of reliability and convenience in treating 
the data, the yield of reaction (2) was measured as 
far as possible in the same y -ray energy range 
as for reaction (1). 

The measuring procedure gave the yield ratio 
of processes (1) and (2) for a given y -ray energy, 
so that the cross section for (1) could be calculated 
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BR at Vield ratio it cam 
C 2 |x10% of re- | @ / aie. 
x + actions (1) cm’/sr 
te | ie and (2) (c.m.s.) 
PEGI +5 {40+12 4,17+0.35 
247.8 a 410+9.0 3.33+0,28 
247 2, +5 74+8.0 3.09+0.33 
245.2 + 6 | 25,7+2:7 2.08+0,24 
237.0 | +45 | 9.43+1.37 | 1,60+0.20 
232.6 | +45 | 8.07+1.07 | 1,34+0.18 


dependence of differential cross sections given in 
[8 Figure 4 shows the resulting angular distribution. 


60 12 /(f,f cm /st 

0 Ss FIG. 4. Angular distri- 
bution (c.m.) of y rays scat- 

40 } tered elastically on hydro- 


gen, converted to 247 Mev 
(lab. system). o — present 
work; x — from [°], 


Comparison with other experimental results. 
The literature contains only one experimental in- 
vestigation! ®1 of the Compton effect at energies 
above the photomeson threshold. In that work the 
energy dependence of the cross section at c.m. 

y -ray angles 90° and 129° was measured for Ey 

= 239 Mev. The differential cross section for the 
Compton effect is also given at 6) = 70° (c.m.) 
for Ey = 230 Mev. Our angular distribution can 
thus be compared with only three points in [8]. 
Figure 4 shows that both experiments reveal the 
same tendency toward growth of the cross section 


for Oy > 90°, with greater increases in [8] 


Comparison with theory. Among the theoretical 
studies of the Compton effect at energies above the 
photomeson threshold the work based on dispersion 
relations is of current interest. Dispersion rela- 
tions for the proton Compton effect were first 
derived by Bogolyubov and Shirkov."!] Numerical 
results have been givenby severalinvestigators £2,371 
Our results can be compared directly with those of 
Akiba and Sato (abbreviated hereafter as As)8] 
and of Jacob and Mathews (abbreviated as J m) £7] 
The results given in'?! pertain to lower y-ray 
energies .* 


*Note added in proof (November 17, 1961). After the pres- 
ent article had been‘sent to press L, I. Lapidus and Chou 
Kuang-chao published (Preprint D-740 of the Joint Institute 
for Nuclear Research) numerical calculations for the Compton 
effect, extended to 300-Mev rays. These results are not com- 
pared with ours in the present article. 
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FIG. 5. Comparison of our results, converted to E., = 247 
Mev (lab. system), with theoretical results of Akiba and 
Sato [*] (dashed curve) and of Jacob and Mathews [7] (contin- 
uous curves). The numerals at the ends of the curves are 
values of 7 in the unit 10°* sec. 


Figure 5 shows the data of AS interpolated by us © 
for 247-Mev y rays, and the data of JM converted _ 
by us to the same energy for different values of the | 
mean 7° life. Both investigations suffer from some | 
uncertainty in the calculation of the dispersion in- 
tegrals, associated with the existence of a non- 
physical region and with the high-energy contribu- 
tion (5). At 247 Mey the inaccuracy associated 
with the nonphysical region can appear at c.m. 
angles , > 70°41] I addition to the basic dia- | 
grams of the process the JM article takes into $| 
account the Low diagram! ¢] relating y -ray scat- | 
tering to two-photon 7° decay. The Low amplitude 
makes no contribution to the differential cross sec- 
tion at 9 = 0° and increases monotonically with 
the angle. 

The JM result corresponding to zero contribu- 
tion from the Low amplitude (the curve for T= ©) 
should be close to the AS result. Figure 5 shows 
large disagreement between the two theoretical 
studies, and thus indicates the incompleteness of 
the existing theory. 

The comparison of the AS and JM results with 
our experimental findings in Fig. 5 shows that our — 
absolute values lie somewhat closer to the AS 
curve at small angles, but fall considerably below 
that curve at large angles. We could expect that 
an additional contribution from the Low amplitude 
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when a cross section for (2) was known. 

The measurements at each angle @p for reac- 
tion (1) were checked by varying the y -ray 
counter angle. 

Measurements were also obtained with an 
empty target for a few thicknesses of the absorbers 
ahead of the proton telescope, in order to determine 
the compensating effect of hydrogen in the target. 
The p-y coincidence count in the checking meas- 
urements and in the empty target run practically 
agreed and comprised about 10% of the count from 
reaction (1). Since the yield from (1) was very 
small, amounting to from 10 to 3 pulses per hour, 

a long period was required for the accumulation of 
sufficient data. In order to obviate all types of 
errors associated with variation of the synchrotron 
operating mode the measurements were performed 
in a number of runs, each of which included sev- 
eral angles 0p. The sensitivity of the proton tele- 
scope was measured regularly at the beginning and 
end of each run. All measurements were monitored 
by thin-walled ionization chambers, whose absolute 
sensitivity was determined with a thin-walled 
graphite chamber. 

Special attention was devoted to the stability of 
the energy limit Eymax and to the shape of the 
lengthened y -ray pulse. Continuous visual moni- 
toring was employed for this purpose. 


3. RESULTS 


Treatment of experimental data. The data ob- 
tained in each run of measurements on reaction 
(1) were subjected to separate statistical analysis, 
and the average yield per unit radiation dose was 
computed. This yield was then converted for 100% 
y-ray counter efficiency, taking the energy depend- 
ence of the efficiency into account!!9] All experi- 
mental runs were also combined statistically for 
each angle, with weighting according to the total 
radiation dose in each run. 

The measurements for the ‘‘background’’ 
process (the yield at the varied angle 9%) were 
treated similarly, and were subtracted from the 
corresponding values for reaction (1). The meas- 
ured yields were used to compute the ratio between 
the differential cross sections for reactions (1) and 
(2), averaged over the registered energy and angle 
intervals. In our calculations we used Schiff’s 
bremsstrahlung spectrum, averaged over the 
energies of the electrons impinging on the syn- 
chrotron target. 

The table gives the weighted mean angles 0 
and energies E and the corresponding half-widths 
A®@, and AEy calculated by means of the angular 
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and energy resolution functions. Specific caleula- 
tions of the resolution functions were performed 
by successive numerical integration taking account 
of the relation between variables. Integration 
limits were determined by the combined geometry 
of the proton telescope and target, the registered 
energy range of the proton telescope, and the 
kinetics of the process. The geometry of the 

y -ray counter did not affect the calculation of the 
resolution functions. 

Corrections for multiple proton scattering in 
the absorbers were computed for the mean proton 
energy in the registered interval, using Stern- 
heimer’s results [!?1 

The last column of the table gives the absolute 
differential cross sections for reaction (1) in the 
c.m. system. These were obtained by using the 
cross section for reaction (2) in the lab. system, 


“7 (16°) = (26.6 + 2.7) x 107° em*/sr, obtained 


from the literature [13] 

Our absolute value of the cross section for (2) 
derived from the bremsstrahlung flux agreed with 
the foregoing value within statistical error limits. 

Accuracy of results. Because of our procedures 
in the measurements and handling of the data, in- 
accuracy of the differential cross sections was de- 
termined mainly by the statistical inaccuracy 
(+ 10%) of the measured yields. For the differen- 
tial cross section ratio the inaccuracy of other 
quantities in the calculation is unimportant because 
of mutual cancellation. This does not apply to the 
inaccuracy, not exceeding + 5%, in determining the 
solid angle of the y-ray counter. The accuracy of 
the absolute cross section for reaction (1) was 
found to be about + 15%. This was determined by 
the indicated errors of the cross section ratio and 
by the + 10% inaccuracy of the cross section for 
reaction (2). 

The foregoing inaccuracy estimates are valid 
for all angles, except in the cases of y rays scat- 
tered at 56° and 74° in the c.m. system. For 
these two angles a + 3% error in determining the 
maximum bremsstrahlung energy can lead toa 
4+ 25% error in the cross section. 


4, DISCUSSION 


Angular distribution. The table shows that the 
differential cross sections measured in the present 
work pertain in most instances to y -ray energies 
close to 247 Mev. For the purpose of analyzing 
the angular distribution all results were converted 
to the single energy value 247 Mev, using the energy 
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in the AS calculations with the sign given by JM 
for the interference term would bring about agree- 
ment with experiment for all angles. 

Figure 5 shows that the JM theoretical results 
disagree with our experimental absolute values for 
all the given lifetimes T. 

Lapidus and Chou Kuang-chaol!41 have recently 
pointed out that the relative sign of the pole diagram 
used by JM is incorrect. A correction of the sign 
of the pole term should increase the discrepancy 
between the JM theory and our data. It should be 
mentioned in this connection that the agreement 
between the JM theory and experiment concerning 
the energy dependence of the cross section appears 
to be accidental. 

The theoretical curves given in Fig. 5 were ob- 
tained using numerical calculations of the disper- 
sion integrals. As already noted, these results 
may be incorrect, especially for large angles. 

The experimental data can be compared with the 
theoretical angular distribution in a form.unasso- 
ciated with numerical calculations of dispersion 
integrals. Following JM, we fitted our data for the 
angular distribution to the formula 


ds _ 
AG, 


(1—y/ 


(Y¥ — Yo)” 


B+ Cy + Dy? 


a ¥ — Yo 


; (5) 
where the parameter A is associated with the 1° 
lifetime. The 1° lifetime derived on the basis of 
this approximation was four orders of magnitude 
smaller than that obtained in experiments on 

K* -meson decay! 5] and from the Primakoff 
effect 16] This discrepancy between the values 

of the r lifetime obtained in §!°] and [16] on the 
one hand, and from the use of Eq. (5) as an approx- 
imate equation for our data, on the other, indicates 
that the JM theoretical treatment is inaccurate. 

It should be noted that a theoretical study by 
Nelipa and Fil’kov,/17 using double dispersion 
relations, also yields a form of angular distribution 
different from that of JM. 

Further improvement of the theory, especially 
an improvement of the approximation formula, will 
apparently permit a more detailed comparison of 
the theory with our experimental results, and will 
determine the 7° lifetime more accurately from 
the angular distribution of y rays scattered elas- 
tically on hydrogen. 
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The galvanomagnetic properties.of bismuth containing admixtures of selenium have been in- 
vestigated. From the values of the Hall constant in high fields it was established that one 
selenium atom changes the electron concentration in bismuth by 3 x 107 + 10% electrons 


per atom. 


Basep on the results of investigations of the 

de Haas-van Alphen effect, -! 24 cyclotron reso- 
nance,"*] the anomalous skin effect,-4] and of its 
galvanomagnetic properties, -*1 bismuth can be 
classified as a metal with a closed Fermi surface. 
For this group of metals the asymptotic behavior 
of the resistance tensor in a magnetic field is de- 
termined by the relation between the number of 
electrons n, and of holes ny. Owing to the small 
number of carriers (10~ electrons per atom) 
small admixtures of other elements to bismuth 
exert a great influence on its magnetic and elec- 
trical properties, and as we have shown,-61 bismuth 
can be taken out of one group of metals (with n, 
=n») to another (with n, = n,) bya relatively 
small number of admixtures. It seemed of interest 
to make a detailed study of the effect of small ad- 
mixtures on the galvanomagnetic properties of 
bismuth and to estimate the change in the carrier 
concentration produced by the admixtures. 

The initial bismuth of 99.998 purity 
(rso9°K /T4.2°K = 30) was purified by zone refine- 
ment. After 20 —30-fold recrystallization the 
ratio rgoeK /T12°K Teached 260. Radioactive 
selenium was introduced as the impurity, and its 
concentration was monitored by the specimen’s 
y -ray intensity. Specimens with 0.5 x 10+ and 
3.05 x 10 selenium were studied. Single crystal 
specimens in the form of 2—2.5 mm diameter 
rods, 30 mm long, were prepared by Kapitza’s 
method!" In all the investigations the trigonal 
axis of the specimens coincided with the specimen 
axis. 

Figure 1a shows the dependence of Aryt/ror 
= {ry(T) — ro(T)}/ro (T) on the field for speci- 
mens Bi-1 (pure bismuth with rgo9¢K /T4.2°K 
= 260) and Bi-2 (selenium admixture 0.5 x 10%, 


r3o0°K /Y4.2°K = 62). While specimen Bi-1 shows 
the characteristic quadratic dependence of Ar/r 
on field with the quantum oscillations, already ob- 
served by Skubnikov,8] superimposed on it, the 
resistance of Bi-2 tends to saturation in the same 
effective fields (Heff = HorgoeK /TaoeK)*. As is 
well known, ?1 if the number of electrons is not 
equal to the number of holes (n, ~ m), then in 
large fields the resistance tends to saturation, the 
value of which depends on the temperature, on the 
purity of the metal and on the direction of the mag- 
netic field relative to the crystallographic axes, 
while the Hall ‘‘constant’’ tends to the constant 
value R= 1/ec (n; —np). 

Figure 2 shows the dependence of the Hall con- 
stant R on field for specimens Bi-2 (0.5 x 107 
selenium) and Bi-3 (selenium admixture 3.05 
x 10+). It can be seen that the Hall constant R 
tends to saturation for both specimens, but we did 
not observe any appreciable reduction in the 
anisotropy of R with respect to the direction of 
the magnetic field relative to the crystallographic 
axes. Having determined the values of n; and no 
from the Hall constant for both specimens, the 
change in carrier concentration, produced by one 
atom of admixture, can be evaluated from their 
difference. If it is assumed that the Fermi sur- 
face for the holes changes little for these concen- 
trations, then one atom of selenium produces a 
change of 3 x 107? + 10% electrons per atom in 
the electron concentration [¢1 


*We should point out that a second quadratic dependence, 
Ar/r = £(H),©) should be observed for metals with an equal 
number of electrons and holes (n, = n,) in sufficiently great 
magnetic fields. Figure 1b shows the ratio Ar/r for Bi-1 as a 
function of H?. Two regions of a quadratic dependence of 
Ar/r on field are clearly seen. 
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FIG. 2. The dependence of the Hall constant on magnetic _ 
field strength (T = 4,2°K): a — for specimen Bi-2 (0.5x10™~ Se) 
b and b — for specimen Bi-3 (3.05 x 10~ Se). Full circles — cur- | 
rent parallel to the trigonal axis of the specimen, field parallel | 
to the binary axis; open circles — current parallel to the trig- 
onal axis of the specimen, field perpendicular to the binary 
axis. 
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The a spectrum of Pu?*® was measured with a double focusing magnetic a spectrograph. 

Besides the well known a transitions, some new transitions to the excited levels of the 

U5 nucleus (104, 198, 224 and 299 kev) have been detected. A possible interpretation 

of the U*> levels is discussed. A Pu2*9 decay scheme is presented. 

W: undertook an investigation of the @ spectrum Table I 
of Pu?*® using a double focusing a spectrometer. [1] ; 

‘ ‘ : the No. o Source Line Duration of 
Plutonium sources prepared by sputtering in vac experin Ediwareienss |v EG.).# alhalt-widihnhespoaure: 
uum were used for the measurements. Several ex- ment mm? Mev kev hours 
posures were made under the conditions indicated 3 


in Table I. In experiments 1—4 the magnetic field 
was adjusted to make the focusing conditions opti- 
mal for different portions of the spectrum. 

All the exposures were made at constant instru- 
ment aperture, which amounted to 0.21% of 47 for 
the central point of the source. 

Figure 1 shows the a spectrum of Pu? ob- 
tained in exposures 1, 4, and 5; the measurement 
results are listed in Table II. In addition to the 
known a lines !*-4] we observed a transitions to 
the 104-, 198-, and 299-kev levels (a4, ag, and 
a4, in Table 11). In [5] are given data on the 
existence of an a transition to the 234-kev levels; 
in this region of the spectrum we see the lines ay 
and 4), corresponding to transitions to the 224- 
kev level and possibly to the 243-kev level. It 
must be noted that the analysis of the data obtained 
on low-intensity transitions is considerably hin- 
dered by the fact that the spectral lines have long 
“‘tails’’ on the low-energy side. 

The transition a; is probably connected with 
the a decay of Pu‘? (transition to the 4* level 
of the daughter nucleus U**), contained as an 
impurity in our source; the line a4) can be attrib- 
uted to the presence of a U?*? impurity. 

_ It is known!®7] that the ground state of U?% 
has spin and parity % (the [743] level in the 
Nilsson scheme®] for deformed nuclei). How- 
ever, the excitation energy of the first single- 
particle state of U?*® is less than 1 kev. In the 
@ decay of Pu?*® the transition to this level with 
characteristic '/,* [631] is facilitated. On the 
basis of the a decay of Pu?*® and the spectrum 
of the conversion electrons /:3,5] it has been 
shown that the levels 13, 51, 84, and 150 kev are 


10 


*E (1) — energy of the a particles moving in the given 
field on a circular orbit with radius 1, = 335 mm (the focus- 
ing conditions are optimal for particles with this energy). 


members of a rotation band with characteristic 
K= re and their spins and parities are respec- 
tively, vty, .- "and, >, 

Calculation based on the formula for the energy 
spectrum of the rotational band with K = ant yields 
energies of 200 and 302 kev for the !/,* and yf 2 
levels. One must therefore assume that the lines 
Q@g and a4, which we have observed are due to the 
decay of Pu? to the levels 1%," and 1%,* of the 
rotational band of a state with spin and parity he 
(K ="). 

Coulomb excitation of the U?8* nucleus "*J dis- 
closed levels at 46 and 104 kev, which are mem- 
bers of the rotational band of the ground state of 
the nucleus (K = %~) with spins ¥% and 1%. The 
a spectrum shows clearly an a line cprrespond- 
ing to the transition to the 104-kev level. If we as- 
sume that this is indeed an a transition to the 
11 level of the band with K = %", then there 
should exist two other transitions, to the ground 
state and to the 46-kev level. These, however, 
are practically impossible to observe, since the 
former coincides in energy with the transition to 
the ¥,” level, and although the latter differs by 
5 kev from the transition to the 51-kev level, its 
intensity is tens of times smaller, making its ob- 
servation very difficult. 
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FIG. 1. The spectrum of Pu?*? obtained in exposures 1, 4, and 5, 
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FIG. 2. Proposed decay scheme of Pu 


If our assumption concerning the nature of the 
104-kev level is correct, the next members of this 
rotational band should be the 170- and 243-kev 
levels with spin and parity 4%” and '%~. The 
170-kev level was observed earlier and the parity 
of this state was shown!*] to be negative. Accord- 
ing to our data, the 243-kev level apparently also 
exists, although without complete reliability. The 
intensity ratios of the 104-, 170-, and 243-kev a 
transitions do not contradict the assumption that 
they belong to a single rotational band, but a seri- 
ous objection to such an identification of the ay, 
Q@,, and a4) transitions is the excessive difference 
in the spins of the initial (¥*) and final (1% ) 
states of nuclei for the 243-kev level. 


DZHELEPOV, IVANOV, and NEDOVESOV 


Table II 
Transition /{Hindrance 

No. of | Energy of intensity, coeffi- 

line level, kev % cient 
Ao 4 72 A 
Oy 13 17 (aya 
Oe D4 ahh Dell 
3 84 0.038 950 
om 104 0.030 1030 
Os Transition of Pu**® to the 4+ level of U***, 
Os 450 0.048 800 
7 470 0.008 4290 
dg 198 0,008 860 
Ag 224 0.008 580 
O10 243? ~0.003 ~1200 
On 299 0.004 360 
O12 U*** impurity (ground-state transition) 
Qis 424 | 0.007 ‘| 30 


Naturally, a final solution of this problem can 
be obtained only if more complete and more accu- 
rate data are obtained on the @ decay and on the 
spectrum of the conversion electrons, the latter 
being very complicated. The proposed decay 
scheme is shown in Fig. 2. 

The authors are grateful to L. L. Gol’din and 
G. I. Novikova for graciously furnishing the pluto- 
nium source for our measurements. The authors 
are also grateful to V. A. Belyakov and V. N. Dela- 
ev for help in the measurements. 
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The conversion-electron spectrum from the decay of neutron-deficient erbium isotopes was 
measured with a constant magnetic field 8 spectrograph. A new erbium isotope of mass 
number 159 (Ty2 ~1 hr) has been discovered. Some new y transitions which arise in the 


decay chain Er)? 


proposed. 


—» Ho!59 


nae spectrum of the conversion electrons pro- 
duced in the decay of the neutron-deficient erbium 
isotopes was measured with a constant magnetic 
field B spectrograph!] The neutron-deficient 
erbium isotopes were obtained by the bombardment 
of tantalum with 660-Mev protons from the syn- 
chrocyclotron of the Joint Institute for Nuclear 
Research. 

In a previous article!?] we discussed the data 
on the conversion electrons produced in the decay 
of erbium isotopes with a half-life greater than two 
hours. In the present experiment we studied the 
conversion-electron lines whose intensity decayed, 
according to our estimates, with a half-life Ty» 
<2hr. We estimated the half-life from the decay 
in intensity (darkening) of the conversion lines on 
photographic film from successive exposures in the 
B spectrograph. 

The target was bombarded for two hours. The 


— Dy'®® have been detected. A decay scheme for this chain is 


exposure of the first film was usually begun 3 —4 
hr after the end of the bombardment and 30 — 40 
min after separation of the erbium. The table lists 
the conversion-electron lines which we ascribe to 
isotopes with Ty. < 2 hr. 

Gromovy and Dneprovskii!3] observed conversion- 
electron lines of energy 118.9, 123.5, 255.8, 301.0 
and 307.4. kev during the study of the conversion- 
electron spectrum of an erbium fraction. The 
half-life of these lines, according to "31, is 50 
+10min. These lines are, of course, identical to 
lines No. 6, 7, 15, and 16 observed by us. We sug- 
gest that all the lines listed in the table are pro- 
duced in a decay chain which starts with a pre- 
viously unknown erbium isotope with a half-life of 
about one hour. The mass number of the new iso- 
tope can be determined on the basis of the following 
known experimental facts. 

1. The mass numbers 165, 161, 160, and 158 


Conversion-electron Lines of the Chain 


min, 


ears yo e7Hot? — gsDys 

No: Hy | Eekev | {CF tines “pages a identification 
1 753, 6 47 ’ 7 Ly —56 is) 56 .8+0,1 (66) Decay scheme 
7 928 ,2 70,8 L, —79.9 79,9+0.1 (66) Decay scheme 
3 4185 444 53 — — — — 
4 1189 412.4 — _ — — 
5 4196 Ase _ — — — 
6 4231 419.3 K —173,2 173,2+0,2 (66 Decay scheme 
7 1256 423,7 K —177.5 177,5+0,2 (66) ["] 
8 1400 150,3 K —205,9 205.9+0,3 67 (K, Ly1,L111) 
9 1630 496.0 K —249.8 249,8+0,.3 66 (K, L) 

10 1635 197.0 Lyi + Lu —205,9 

44 4639 197,9 Lin —206,0 

42 1646, 499.4 K —253.2 253 ,2+0.3 66 (K, L) 

13 1838 240;5 L, —249,6 

14 1855 244,2 Ly —253 ,3 

45 1907 255.6 K —309,4 309.4+0,4 66 (K, L) 

416 2103 30054 L, —309,.5 


*Charge of nucleus in which transition occurs. 
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are apparently excluded, since the half-lives of 
these erbium isotopes are considerably greater 
than two hours. 

2. Dalkhsuren et all4] studied the Er!® spec- 
trum and observed y rays of energy ~300, 430 and 
1100 kev. According to their data, the intensity of 
these y rays is no greater than 0.2% per decay. 
No y rays with energy less than 300 kev were ob- 
served. On the other hand, we observed a number 
of conversion lines (lines Nos. 1 —12) which, no 
doubt, are associated with y transitions from 
energies below 300 kev. It is also obvious that we 
cannot observe conversion lines of y transitions 
with energy 300 kev and greater and a y -ray 
intensity less than 0.2% per decay. These argu- 
ments enable us to exclude the mass number 163. 

3. We can definitely eliminate the mass num- 
bers 157, 156, and 155, since in the decay of 
erbium isotopes with such mass numbers we 
should have observed the well-known intense y 
transitions of the daughter isotopes 326.6-kev 
Dy97[5] 138.0-kev Ho!5?,(6] and 227.0-kev Dy!® [5] 
Despite a careful search, the conversion lines 
associated with these transitions were not observed. 

4. Toth"7] observed the radioactive Ho!? iso- 
tope with a half-life of 33 min. He studied the 
Ho!®? y spectrum with a scintillation y spectrom- 
eter and observed y rays of energy 125, 180, 250, 
and 305 kev. Conversion lines Nos. 9, 12, 13, 14, 
15, and 16 can be identified as K and L lines of the 
249.8, 253.2, 309.4 kev y transitions. The differ- 
ence in energy of the K and L lines was deter- 
mined with sufficient accuracy to establish that 
these transitions take place in the dysprosium 
nucleus. It is obvious that the energies of these 
three transitions coincide, within the limits of 
experimental accuracy, with the 250- and 305-kev 
y -ray peaks observed by Toth. The conversion- 
electron lines Nos. 2 —7 must include lines 
(K or L) associated with the 125- and 180-kev y 

lines, but we do not have any reliable arguments 
for the identification of these lines. Hence the 
comparison of the data of Toth with our results 
leads to the conclusion that the lines listed in the 
table arise in the decay chain 


33 oe Dy!89, 
K 


Er?°? ad ae Hot? 
K 

According to the data in the table, we can also 
identify the 205.9-kev transition. The difference 
in energy between the K, L,;, and Ly; lines shows 
that this transition occurs in the holmium nucleus, 
i.e., it arises in the decay Er!*? — Ho®?, 

On the basis of the data we can make some 
comments on the decay scheme Er!>*? + Ho!®® 
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— Dy®®, The quantum characteristics of ggDy'33 


should be determined by the 93rd neutron. Con- 
sideration of the Nilsson diagram indicates that 
the 93rd neutron should be in the ¥4- [521] state. 
The data in the literature on the Dy’? decay does 
not contradict the assumption that the ground state 
has a spin Saas In this connection, to construct the 
Ho!®? decay scheme we should, first of all, seek 
the rotational band level of the Dy*? ground state. 
The energy of the first rotational band level of the 
/- [521] state is 55 kev in ¢,Gd'3i and 60 kev in 
giGd'3’. We can expect that the energy of the first 
rotational level of Dye is close to this value. 
Among the lines in the table is one at 47.7 kev, 
which can be identified as the L, line of the 
56.8-kev y transition. We assume that this transi- 
tion determines the energy of the Dy’? first rota- 
tional state /) °,- [521]. The energy of the second 
rotational level in the first approximation can then 
be estimated from the formula 

E=A[I(I+ 1) —I)(I) + 1)]. The parameter A 
is calculated from the value of the energy level 
with spin %. It turns out that the energy of the 
level with spin ¥, should be about 136 kev. If it is 
assumed that the 70.8-kev line is the L, line of the 
79.9-kev transition and that this transition takes 
place between Dy!®® rotational band levels with 
spins %/ and */, then the energy of the level with 
spin '/, turns out to be 136.7 kev. Energy consid- 
erations also permit us to introduce a 309.7-kev 
level. Three transitions with energies 309.4, 
253.2, and (if we identify the 119.3-kev line as a 
K line) 173.1 kev go from this level. The pro- 
posed scheme is shown in the figure. 
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Results of an investigation of the radioactive decay of Np?" are presented. More than 20 
fine-structure monoenergetic a groups have been established by analyzing the a spectrum 
of Np", Most of the groups have been detected for the firsttime. On the basis of the exper- 
mental data obtained withthe help of a 6B and y spectrometer it has been possible to detect 


twelve y transitions in the Pa’*? 
constructed on the basis of the data obtained. 


1. INTRODUCTION 


‘Tae radioactive isotope Nowe discovered by 
Wahl and Seaborg [1] in the early Forties, is trans- 
formed via a decay into the B-radioactive isotope 
Pa?3, The half-life of Np?’ is 2.2 x 10° years. 
The low specific activity of this isotope has hitherto 
made difficult precise research of the fine structure 
of the a radiation and of the electron spectrum. 
Some information on the radiation produced in the 
decay of this nucleus and on the levels of the 
daughter nucleus Pa?3 is contained in several 
papers. (2710] 

We undertook a more precise study of the 
radioactive decay of Np", using apparatus of 
considerable efficiency and good resolution. 


2. APPARATUS AND PREPARATION OF 
RADIOACTIVE SOURCES 


We used in our research magnetic a and 8 
spectrometers with double focusing of the charged- 
particle beam in an angle 7V 2, and also spectro- 
metric proportional counters, a scintillation spec- 
trometer, and other devices. The a, £8, and y 
spectrometers were described in our earlier ar- 
ticles.'!1-13) We shall therefore discuss briefly 
only the preparation of the radioactive sources. 

The sources for the a, B, and y spectrometric 
measurements were prepared on the same day 
when the neptunium was thoroughly rid of extran- 
eous impurities by triple chemical purification. 
The source for the a spectrometer was obtained 
by evaporating the 4 ug/cm? of neptunium on a 
glass base in vacuum. The source area was 10 
x 100 mm. For f-spectrometer measurements we 
used three sources of much greater surface den- 
sity; the size of the strongest source was 1 X 4 cm. 
It must be noted that the solution used to prepare 


nucleus. An energy level scheme for the Pa? 


3 nucleus is 


the sources was also monitored by an ionization 
chamber with a grid and by a scintillation y spec- 
trometer, to check on the possible presence of 
other a- and f-active isotopes. Within the accu- 
racy of instruments of this type we could observe 
no other a-active impurities. 


3. FINE STRUCTURE OF a RADIATION OF Np” 


To obtain detailed information on the a struc- 
ture of Np?" with the aid of an @ spectrograph it 
is necessary to use a source of relatively large 
effective area and apparatus of high resolution. In 
our experiments the effective source area was 
1—3 cm? and the minimum apparatus line width 
was 4.4 kev. To investigate a relatively wider re- 
gion of the spectrum (~500 kev) and to carry out 
control experiments, several exposures with total 
duration of 300 hours were necessary. The energy 
calibration of the instrument was described by us 
earlier.“““] The standard line employed was the 
known group of other particles from Np?’ with 
energy 4787.0 key. (7 

The results of the investigation of the fine 
structure of the a radiation from Np?" are shown 
in Fig. 1 and in Table I. 

As can be seen from Fig. 1, the a spectrum of 
Np?" is very complicated and contains more than 
20 monoenergetic a lines. Some groups of @ 
particles are exceedingly close in energy, the 
spacing not exceeding 2—5 kev in many cases. The 
conclusion that several a groups exist is therefore 
based on analysis of the shapes and half-widths of 
the a lines. Thus, for example, a comparison of 
the as line (see the spectrum in the upper part of 
Fig. 1) with the groups 14,9, 7, 13,44 etc 
clearly indicates that the latter have a complicated 
composition. To confirm the data obtained we 
made three control experiments, which established 
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Table I. Fine Structure of a spectrum of Np” 
Hin- | Hin- | 
a; E,, kev J,% |drance|Ej;.,,kevi| «; Eg, kev J,% |drancel Frey, kev 
coef- f coef- 
ficient ficient 
ao 4872.3 0,441 2200 0 Qty, ?| 4698.2 | 0,067 920 (77 
a1 ? 4869. 0,925 4000 ~2-3 is 4693 34 0, 178 320 182.0 
se 4861.3 | 0.242 | 3400 | ~10.6 ous 4663,9 | 1.605* 20 | 242.9 
ds 4816.3 1,487 270 57,0 Oa 4658,1 | 0.573* 56 217.3 
Os 4802.3 1,565 240 71,2 Os 4638.4 | 4.617** sy) 238 6 
Os 4787,9 | 51,42 5! 86.3 dig 4597.6 | 0,063 180 279.5 
Ch 4769,, | 19,38 10; 104, O17 4593.9 | 0,085 130 2832 
G7 4764,, | 16.82 10 | 109.5 dig 4580.9 | 0.024 360 297.3 
Ag 4740,3 | 0.019 | 6400 |~134,5 O19 4572,7 | 0.054 140 304, 
Og? 4711, 0.126 610 | 163.5 Cleo 4513,5 | 0,04 420 |~365 
10 4107.3 0.293 250 | 167.5 a? |~4385.9 | 0.02 30 |~496 
* Jes ct Jaa + Jz = 2s 178. 
**Sum of three lines ax + ay + a,, (see Fig. 1). 
Nog | 
1000 
yy dy | 
Og Ny Uythg gt at [% hp |) Oy AA, clay, at, a a, 
200 {+ tt i on td Hi Sitieelisit ay tH 
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xf caf JSlkey x20~ 
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400 ' 14 
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r £5 pee ee RIE: 
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the reproducibility of the initial results. The lower 
half of Fig. 1 is part of the spectrum, obtained in 
one of the control experiments. 

In the next experiment we investigated the por- 
tion of the a spectrum of Np” in the energy 
range ~4350— 4750 kev(see Fig. 1), using a wider 
and more intense source. The resolution of the @ 
_ spectrograph was somewhat worse in this experi- 
ment than in the preceding ones. The purpose of 
the experiment was to confirm the series of a 
lines (Qy—Q49, Qyg—Q 49) with large statistical 


accuracy, and also to detect new ones with inten- 
sity ~0.01%. 

An analysis of the plotted a spectrum has con- 
firmed with great certainty the existence of the 
complex groups just mentioned, and also disclosed 
some other a lines (see Fig. 1). 

It must be noted that the accuracy with which 
the energies of most individual components in the 
complicated groups were determined did not ex- 
ceed 2 kev. It is also obvious that the intensities 
of these components (except a, and a7) cannot 
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be estimated accurately. Consequently the inten- 
sities listed in Table I for these lines are not 
exact. This inaccuracy is due primarily to the 
arbitrariness entailed in the graphic resolution of 
a complex group into individual components. 


4, MEASUREMENT OF THE ELECTRON AND 
y SPECTRA 


The electron and y spectra were investigated 
in order to detect new y transitions in Pa?33 and 
to determine the class of multipolarity of some of 
the more intense y transitions. Measurements of 
the electron and y spectra were made directly 
after radiochemical elimination from the Np" of the 
daughter Pa*83\ and therefore the activity of the Pa™? 
was small and did not affect the measurement re- 
sults. 

The 6 spectrometer used to investigate the 
electron spectrum permitted the use of sources 
with relatively large effective areas (Smax = 4 cm’). 
However, the slight specific activity of Np?3" 

(Ty. = 2.2 X 10° years) did not make it possible to 
obtain a source of required intensity with small 
surface density. 

The low activity and the large thickness of the 
sources did not allow us to plot the electron spec- 
trum with high degree of resolution. The spectra 
obtained in three different experiments, however, 
were identical and enabled us to separate reliably 
the conversion lines characterizing the y transi- 
tions in Pa?*3, In the analysis of the electron spec- 
trum we took into account the measured y spec- 
trum, and also the data on the investigation of the 
a radiation of Np?*", 

Table II summarizes some of the data on the y 
transitions, obtained from the analysis of the elec- 
tron and y spectra for Pa’; 

The determination of the multipolarity of most 
y transitions in Pa”* is impossible because of 


Table II. Energy (kev) of y 
transitions in Pa? 


Propor- ‘ 
B spec- tional y spec- Multi- 
trometer | counter trometer polarity 
| 
29,6 29,6 30 E14 
55.0? _ — Eas 
56.8 57—58 57—60 EQ 
84,5? 
ae’ } eit a EA 
105.0 ~10 
108.4 | ~108 \ Bil ae 
133,5 — 
? _ ~160? — 
207 — = put 
240 _— ~250 — 
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the low intensity and insufficient resolution of the 
conversion-electron lines. A comparison of the 
data obtained with a proportional counter, a B 
spectrometer, and a y spectrometer enabled us to 
establish the multipolarity only for the 29 kev 
(E1), 57 kev (E2), and 86 kev (E1) y transitions. 
The results obtained do not contradict the data of 
Magnusson et al./7 

It is mentioned in the literature [15] that an ano- 
malously high internal-conversion coefficient was 
obtained for 86-kev y rays. The possible existence 
of an 84-kev y transition can apparently change 
this anomaly. 


5. ENERGY LEVELS OF Pa”? 


The most complete among the energy level 
schemes listed in the literature [1,16-18] toy pg? 
is found in the book by Mottelson and Nilsson!!®8, 
This scheme is based on the data of an unpublished 
paper by Asaro, Perlman, and Stephens devoted to 
a study of the @ decay of Np?” (see also [19]) and 
the known Nilsson diagrams. Our new data make 
it possible to supplement this scheme. 

An analysis of the experimental data enables us 
to state that the Pa”*? nucleus has more than 20 
energy levels in a relatively narrow energy inter- 
val (0—400 kev). So large a number of levels indi- 
cates that this nucleus has several rotational bands 
with different values of K (spin projection on the 
symmetry axis of the nucleus). Of course, one 
cannot exclude the existence of levels belonging to 
bands with different K but having the same spins 
and parities. An ‘‘interaction of rotational 
levels’’ C20] ‘corresponding to different states of 
the nucleus K[N, nz, A], K’[N’, nz, A’] ete, should _ 
therefore take place in this nucleus. This may 
violate O. Bohr’s interval rule for rotational bands 
and, in accordance with Cat) probably causes a 
considerable increase (or decrease) in the intensi- 
ties of some a transitions. 

The data given above were used to construct the 
energy level scheme for Pa?*? shown in Fig. 2. On 
the left side of this figure is the Nilsson diagram; 
the vertical dashed line on the diagram corresponds 
to 6 = 0.24, a value customarily used for Pa?#3,'18 
If we ascribe to the ground state of this nucleus 
an orbit 1/,- [530] (see {'8»22)), then, in accordance 
with this diagram, the final levels °/* [642], 

*- [523], %4- [521], and %* [633] should be ob- 
served. As indicated by Mottelson and Nilsson (18) 
the existence of a ‘‘hole’’ level, with characteris- 
tics *4* [651] is likewise not excluded, from the 
point of view of the Nilsson diagram. 

The ground state of Pa”? has a spin 4 (23) and 
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FIG. 2. Energy-level scheme of the Pa?*? 
nucleus; a—Nilsson diagram for odd Z, b— 
experimentally obtained level scheme of Pa?**, 
Levels due to a,, ay, and a, transitions are 
not indicated. 


negative parity.!™] The levels with energies 51 
and 71 kev''8,22] and the ~11-kev level observed 

in our experiments apparently belong to the main 
rotational band (oh. Ip [530] ) with a spin sequence 
Le me el ee etc. It must be noted that al- 
though there is no doubt of the existence of the a, 
group, nonetheless the energy of the level (Ejey 
11 kev) has not been determined with sufficient 
accuracy. 

The next levels of this rotational band, with 
characteristics '4,- and °4~, can apparently be 
the 164- and 177-kev levels, respectively, but 
there is no rigorous proof of the correctness of 
this statement. 

The favored transition a, actually gives 
grounds for assuming [18,22] that the single-particle 
87-kev level can be assigned an orbit *4* °/ [642], 


so long as the ground state of Np”" is 5/,* °/ [642]. 


The members of this rotational bands are appar- 
ently the levels at 87 kev (°4* °/,[642]), 104 kev 
(%*), 168 kev (°*), and 249 kev ('Y,*). However, 
the assumption that the last two levels belong to 
the indicated rotational band is hardly correct, in 
view of the indicated interaction. It is not excluded 
that the third member of the rotational band re- 
ferred to here is a level with energy 109 kev, 

since the intensity of the a, group, which goes to 
this level, is high. 

As indicated above, the existence of a ‘hole’ 
level with characteristics °/,* [651] is expected 
from the point of view of the Nilsson diagram. The 
213-kev level apparently confirms this assumption. 
It is possible that one of the lines of the complex 
groups (045 + Qy and ajg + Q4,) determines ac- 
cordingly the positions of the next levels (%/,* and 
’%%*) of the new rotational band. 

Analysis of the complex line group (Q), 4, A) 
(see Fig. 1) apparently indicates that there exists 


Ie He 238 
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4 r/ 
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We Ve 9? 
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still another level with energy 2—3 kev. Naturally, 
the lines a) and a; are not sufficiently well sep- 
arated and a certain arbitrariness in the interpre- 
tation of the experimental results can therefore 
not be excluded. We do not insist that this level 
exists. If it does, however, we must ascribe to it 
either an orbit */,~ */, [523] or 4 *4 [532]. 

The interpretation we presented for most Pa 
levels is quite arbitary. We cannot pretend that 
the proposed level scheme of this nucleus is com- 
plete or final. 

It is our duty to thank S. N. Belen’kii, K. I. 
Merkulova, A. A. Arutyunov, Yu. I. Dmitriev, and 
Yu. I. Filenko (a student of the Moscow Engineer- 
ing Physics Institute) for help with the measure- 
ments, and also to G. I. Khlebnikov for radiochem- 
ical elimination of decay products and extraneous 
impurities from the Np”". 
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Radioactive decay of Pa?* 


was studied with a double-focusing magnetic B-spectrometer and 


a scintillation y-spectrometer. An energy level scheme for the u?2 nucleus is derived by 
analyzing the B spectrum, conversion-electron spectrum, and y-ray spectrum. The scheme 
agrees with the level schemes of other even-even deformed nuclei. The existence of EO tran- 
sitions between the levels 03 — Of and 23 — 2 is established. The experimental data are 
compared with the predictions of the Bohr-Mottelson theory and the theory of nonaxial de- 
formed even-even nuclei developed by Davydov, Filippov, Rostovskii, and Chaban. 


INTRODUCTION 


A study of the levels of deformed even-even nu- 
| clei is of interest from the point of view of check- 
| ing the theories that have recently been used to 
describe these levels. The prevalent notions are 


) that a developed band of rotational levels (I = 0*, 


| 2*, 4*), connected with the collective motion of 
| the nucleons in the nucleus, exists near the ground 
| state of these nuclei, with octupole oscillation 
| bands (I=1°, 3°) and £ and y vibrational nu- 
clear levels located above the rotational band. 
| These notions are confirmed by the experimental 
| data obtained in investigations of radioactive de- 
cay of the nuclei (see, for example, C1), 

The experimental data hitherto obtained on the 
| levels of U?** have been contradictory [2] and did 
| not fit the framework of the above scheme. We 
| have continued our investigation of the decay of 
Pa?® in order to construct a more complete level 
scheme for U?*, 


1. PREPARATION OF SOURCE AND EXPERI- 
MENTAL PROCEDURE 


The Pa? was obtained by bombarding Pa?#! 
with slow neutrons. The bombarded substance 
| was a mixture of 0.5 mg protactinium oxide and 
15 mg magnesium oxide. The initial Pa®*! sam- 
| ple had practically no extraneous a and B active 
| impurities, as checked by high-transmission 
spectrometers. After the irradiation, the mixture 
of oxides was dissolved in an 8N solution of hydro- 
chloric acid with addition of a few drops of hydro- 
gen fluoride. After the mixture was completely 
| dissolved, 5 mg of aluminum chloride was added 
to bind the fluorine ions. The resultant solution 
| was passed through a column with Dowex-1 x-8 


anion-exchange resin, on which the protactinium 
was gathered. After passing the entire solution, 
the compound was washed out to eliminate the ex- 
traneous activity of the hydrochloric acid. The 
protactinium was then selectively washed out of 
the resin with a mixture of 8N HCl + 0.1N HF. 
The cleaning operation was then repeated. The 
result was 5 ml of pure solution of protactinium, 
which was evaporated in a platinum crucible to 
0.5 ml. The sources for the B and y spectro- 
metric measurements were prepared of this 
solution. 

To investigate the electron spectrum, the Pa 
specimens were made by evaporating the solution 
on a thin organic film, on which a semi-transpar- 
ent strip of Aquadag was deposited beforehand. 
The sources for the 8 spectrometer had dimen- 
sions ranging from 1 x 30 to 5 x 40 mm. 

The window of the electron counter had dimen- 
sions corresponding to those of the source and 
was covered with a celluloid film, which trans- 
mitted all electrons with energies above 2 kev. 

The electron and y spectra were measured 
with the apparatus described in our earlier 
papers. [4] 
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2. EXPERIMENTAL RESULTS 


The electron spectrum produced in the 6B decay 
of Pa?®? is shown in Figs. 1—3, while the y spec- 
trum is shown in Fig. 4. Conversion-electron 
lines are interpreted in Table I. 

The electron spectrum in the energy range 
from 1 to 110 kev was measured with a source 
measuring 1 x 30 mm. In addition to the conver- 
sion lines of the known 47.5- and 109-kev y tran- 
sitions, the spectrum shows the electron lines 45, 
9, 16, and 19, which are respectively interpreted 
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FIG. 2. Part of electron spectrum of 
Pa?*? in the energy range from 120 to 500 
kev. 


<r 


ENERGY LEVELS OF U??? 1239 
| Table I 
Number of Observed , Y¥-transi- | Intensity, | Number of Observed tr i I i 
electron line} electron Interpretation |‘tion energy, relative  |electron line| electron Int tati ee ugh ERA 
in spectrum} energy, kev kev units in spectrum | energy, kev yea ana RR Re Eee 
8,3 SE a a a 30 40 48 444 M 449.5 (1.1) 
9 Ly 29.9 27 90 448 ,2 N 449 .6 0.2 
12.5 Liny 29.7 26 Average: 449.9 
25.2 Mi wy | 30 7 : 
, # ot , K | 466.6 A 
Average: 29.9 (49) a L A664 (0.35) 
26.5 Liy 47,5 +330 Average: 466.5 
30.33 a 47,5 275 54 463.7 K 579.2 1 
42.5 Myx 47.6 94 53 598.4 Li 079.4 0.5 
43.4 My 41.7 73 o4 962.5 Liny 579.7 
46.3 Ny 47.6 54 36 74.7 79.8 0.5 
47.2 O 47.4 14 ct es N | =79 
Average: 47.55 Average: 579.5 
88.2 Li 108.8 75 59 967.9 K | 683 \ 
91.6 aes 108.8 46 oe a Ly yy | 682.5 0.17 
103.9 My 109.0 19 si ih Linn | 682.4 | 
104.5 Myr 108.8 13 LY Oy ean k 
106.8 N 108.8 : Average: 682.6 
108.2 0 108.6 Ns re K "816.4 0.9 
nH 65 794.5 ke iinstG.a 0.5 
Average: 408.8 66 812 M 817 ; 
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361.8 L;, Il 382.8 3.7 13) 887 ,0 M ~892 O16 
365.7 are 382.8 0.7 | 
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'as Ly, Ly, Lyy, My and Myy conversion lines 
_of the 30-kev y transition and the K line of the 


(147-kev y transition. The spectrum shows a 
O14 


‘large number of Auger-electron lines, O,— 
' which are not interpreted in this paper. 


The electron spectrum from 110 kev to 1 Mev 


"was measured with a 3 x 35 mm source of activity 
15 times greater than that of the preceding source. 
_Multipole measurements and checks of the period 


of fall-off of the conversion-electron line intensi- 
ties have established that lines 34, 41, 42, and 43 
belong to the 416.8-kev y transition, while line 36 
corresponds to the 466.5-kev y transition in U**. 
Ong Ping Hok and Sizoo, 1 who worked with a 
mixture of Pa?3°, pa*82, and Pa?33, were appar- 
ently in error in assuming that the 416.8- and 
466.5-kev y transitions belonged to Pa”** and 
Pa**9 respectively. They observed in the same 
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FIG. 3. Part of electron spectrum of Pa?*? in the energy range from 500 to 980 kev. 


S. A. BARANOVY, et al. 


N, counts/min 


4000 


5000 


FIG. 4. y-ray spectrum 
of Pa’*? measured with 
scintillation y spectrometer. 
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energy region intense conversion lines which they 
ascribed to a 517-kev y transition in U232_ We 
observed no 517-kev y transition in our measure- 
ments. 

In addition to the indicated conversion lines, 
we observed the lines 30, 32b, 32c, and 32d, as- 
signed to the 236- and 280-kev y transitions. The 
very weak conversion line No. 78 (see Table I) is 
assigned to the 1150-kev y transition. 

The existence of the newly-observed y transi- 
tions with energies 147, 236, 280, and 1150 kev 
is confirmed by measurement of the spectrum of 
the y rays produced in the decay of Pa?* (Fig. 4). 
The y-ray spectra were measured with a scintil- 
lation y spectrometer with resolution 8—9% for 
Cs*87 (E, = 667 kev) when a 30 x 20 mm Nal (TI) 
crystal is used. 

Analysis of the B spectrum of Pa?*? with the 
aid of a Fermi-Kurie plot [5] has shown that this 
spectrum consists of at least four partial spectra 
(see Table II). We note that the low-energy par- 
tial B spectrum (Emax = 260 kev, J = 51%) is 


Table II 
Com- E k Inten- 
ponent mat ree sity, % log, ft 
I 260 + 30 54 | Dred 
II 330 + 30 34 6.4 
Ill 640 + 50 6 7.9 
LV 1220+100 9 8.6 
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apparently the sum of two or three components 
with end-point energies less than 260 kev. 


3. DISCUSSION OF RESULTS 


By comparing the experimental and theoretical 
values of the relative conversion coefficients on 
the K and L subshells, we established the multi- 
polarity class for several y transitions in U?*? 
(Table III). However, our experimental data do 
not yield an unambiguous level scheme for U2*2, 
We can therefore make only the following assump- 
tions concerning the series of levels of this nu- 
cleus (see also [8:9]), 

The levels with energies 0, 47.5, 108.8, and 
~ 321 kev are members of the main rotational 
band. Their energies, spins, and parities are in 
good agreement, like in all other even-even nuclei, 
' with the predictions of the theory of O. Bohr and 
_ B. Mottelson!!°] and also with earlier data by 
others. [28] 

Unfortunately, no such definite conclusion can 
be drawn concerning the remaining levels of this 
nucleus. This can be illustrated by the following 
example. The recently published short communi- 
cation by Bjornholm, Knutsen, and Nielsen, !“1] 
devoted to the rotational and vibrational levels of 
‘Uae points to the existence of a 564-kev y tran- 
sition in this nucleus. We did not observe this y 
transition in our measurements. We therefore 
cannot regard it as established that the 564-kev 
level is due to octupole oscillations of the nu- 
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cleus and that its characteristics K, I, and 7 are 
0 and 1” as indicated in [11], 

Let us consider the existence of 6 and y vibra- 
tional levels in U?**, The conversion lines of the 
816.4- and 817.5-kev y transitions could not be 
separated. But the shape of their summary line 
indicates that this is a complex electron line 
(Fig. 3). The y-ray spectrum shows no 817-kev 
line. It is established from this spectrum that the 
contribution of the 960- and 870-kev y lines to a 
possible 817-kev line cannot be more than 10%. 
Consequently, the internal-conversion coefficients 
of the 816.4- and 817.5-kev y transitions exceed 
the internal conversion coefficient of the 866- and 
863-kev y transitions by more than tenfold. This 
indicates that if the 816.4- and 817.5-kev y transi- 
tions are not pure EO transitions, they at least 
contain a large admixture of EO transition. Thus, 
we can assume that the 816.4-kev level has spin 
and parity 0*, while the characteristic of the 863- 
kev level is 2*, i.e., they apparently form a band 
of 8-vibrational levels. In accordance with the ob- 
served class E2 of y transitions with energies 


833 and 30 kev, we assign spin and parity 2* to 
the 893-kev level, which may be a y-vibrational 
one. We were unable to draw from our data any 
conclusions concerning the character of the re- 
maining levels. 

Let us see how the values of the energies and 
spins of the identified levels agree with the pre- 
dictions of the existing theories. 


Table III 
K/L (Ly +hLyyV/L 111 My \/Mj11 
a Multi- 
rhe Ex- ___Theory® for Ex- ‘Theory* for Ex- 4 polarity 
energy, | peri- peri- peri- 6 |of y-tran- 
kev | ment | Ei E2 M1 ment Ey Ey M3 ment | %/| sition 
HB 
30 4,42 M1i+ E2 
47.5 1.2+0. Ae 4.3 +0.1/1.2) E2 
108.8 1.6+0, aC} 4.0 + 0.2/1.5) £2 
147 ior OSD AIO 2 EA 
236 6 5 0.5 EA 
(280)? P 
383 1.8 5 1) 429 ayer 8,4 | 4 200 Mi -+ E2 
4146.8 | 2.2 Ls el [ne ln 5 10 9 4.5 200 M1 + E2 
450 a3) SA 2 5 8 10 Sy Ihe PAS) Mi -+ £2 
466.5 | (4) aah hee 9,4 12 6.5} 230 (E14) 
980 2 > 
683, 5 (E41) 
816.4 3.5 EO 
817.5 EO ge 
8 | ~6 | ~3 E2 
893 oP (EN)? 


963 |} 6,8 6 4 6 


*The theoretical values of the coefficient of internal conversion on the K and L sub- 


shells were taken from Sliv and Band co. 


**The theoretical values of the coefficient of internal congersion on the M subshells 


were taken from Rose (1. 
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The lower band of rotational levels is well de- 
scribed both by the theory of O. Bohr and Mottel- 
son for axial deformed nuclei, and by the theory 
developed in the adiabatic approximation by Davy- 
dov and Filippov C12] for non-axial deformed nu- 
clei. The theory of non-axial nuclei was further 
developed to account for the connection between 
the rotation of nuclei with £ oscillations, [13] 
which, depending on the values of the non-axiality 
and non-adiabaticity parameters y and yw and on 
the position of the 2[ and 2) levels makes it pos- 
sible to establish the values of other levels of 
even-even deformed nuclei. For U2**, in terms 
of the indicated theory, we have p = 0.212 and 
y = 8.8°. 

Using the Mallmann tables obtained on the 
basis of the Davydov and Chaban formulas, [13] 
we can establish the following level-energy ratios: 
E (6j); E(2j) =6.75 and E (0): E (27) = 19.6. 
The first value coincides with the experimental 
one, while the second differs from the experimen- 
tal one (~17.1) by 15%. The energy determined 
for the B-vibrational level 0* is thus in satisfac- 


tory agreement with the predictions of the theory.[13] 


In conclusion, we are grateful to G. V. Shishkin, 
A. A. Arutyunov, and Yu. A. Dmitriev for help in 
the measurement of the electron spectra. 
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Elastic pp scattering at 8.5 Bev was studied withthe aid of emulsion pellicles exposed perpen- 
dicularly to the primary proton beam. Altogether 480 elastic scattering events have been 
found. The total elastic scattering cross section is (8.74 + 0.40) mb. The differential cross 
section is investigated in the c.m.s. angular interval from 1.5° to 20.5°. The experimental 
data are not in agreement with the simple model in which the real part of the phase shifts and 
the dependence of the interaction cross section on the spin state are neglected. The total pp 
interaction cross section computed from the experimental data under these assumptions ex- 
ceeds the experimental value by more than three standard deviations of the error. It can be 
said that the real part of the scattering amplitude does not exceed half of the imaginary part. 
The rms pp interaction range is found to be 1.15 + 0.05 f. 


1, EXPERIMENTAL ARRANGEMENT, ANALYSIS 
OF EVENTS AND RESULTS 


ont of our data on proton-proton elastic scat- 
tering at 8.5 Bev have been published earlier [1] 
We now present results based on improved 
statistics. 

Two emulsion stacks (hereafter referred to as 
stacks Nos. 1 and 2) were used in the experiment. 
Stack No. 1 consisted of 400 NIKFI-BR emulsion 
pellicles 10 x 10 x 2 cm exposed to the 8.5-Bev 
internal proton beam of the proton synchrotron of 
the Joint Institute for Nuclear Research. The 
beam entered the stack perpendicularly to the 
plane of the emulsion. The emulsion contained 
(2.90 + 0.06) x 102 hydrogen atoms per cm?. 

The emulsion was scanned under magnifications 
of x 630 and x 450 over an area 3 x 3 cm in the 
central region of the pellicle. The mean beam- 
proton density in this area was (2.01 + 0.05) 

x 10° particles/em?. The total volume of emulsion 
scanned was 8.03 cm’®. 

In order to determine the efficiency for finding 
the events and to increase the reliability of the 
results, the volume was scanned twice. From the 
two-prong stars found we selected stars whose ex- 


ternal appearance resembled pp elastic scattering. 


Upon examination, part of them could be rejected 
as obviously not conforming with the criteria for 
pp elastic scattering (events classified as ‘‘not- 
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to-be-measured’’), the remaining part was 
measured carefully. The events in the latter 
group (‘‘to-be-measured’’) were used to deter- 
mine the scanning efficiency in the c.m.s. angular 
interval 0 —12.5°. The efficiency for finding 
events in the region 0 — 2.5° was investigated very 
carefully. Events which proved not to be elastic 
scattering were segregated according to the 
angular intervals as a function of the ‘‘recoil- 
proton’’ range. 
In order to improve the statistical accuracy in 
the determination of the scanning efficiency in the 
angular interval 12.5 — 20.5°, we also used the 
events of the ‘‘not-to-be-measured”’ type for 
which the scanning efficiency did not differ from 
elastic scattering. These events were also sepa- 


100 


50 


0 Q5 LO 


FIG. 1, Depth distribution of the recorded two-prong elas- 
tic-like stars. The abscissa axis represents the distance 
from the glass in fractions of the total pellicle thickness, the 
ordinate axis gives the number of events. 
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1244 DO IN SEB et al. 
Table I 
Scanning efficiency Differential cross sections, mb/sr 
Oc.m.s , : 
deg | Stack 1 Stack 2 Stack 1 Stack 2 ores 
a 
1.5—2.5 | 0.916 + 0,030 | 1,000—0.000 | 153.6433 | 142°79 | 149427 
2.5—4.5 | 0.970 + 0,008 | 0,918 + 0,046 | 124.0445 | 10332 | 120413 
4.56.5 | 0.968-+ 0,010 | 0,914+ 0.035} 93.0411] 92*2F | 9349.6 
6.5—8.5 | 0.945 + 0,015 | 0.868 + 0.049 | 63.347.7| sit ie | 59.546.3 
8.5—10.5 | 0.845 + 0.036 a 35.9+5,5 ue 35.9 +5,5 
10.5—12.5 | 0.890 + 0.040 ES 13.3 + 2.9 S 13.3 £ 2.9 
12.5 —14.5) a 6.5424 ae 6.5424 
14.5 — 16.5 — 4.04135 oo 4.0+1.5 
16.5 —48:ef | 0-700 + 0.055 s 1.0 £0.7 = 1.0+0.7 
18.5 — 20.5] tc 0.5 40.5 = 0.540:5 


rated into angular intervals as a function of the 
range of the slow proton or its ionization found 
from gap measurements. 

If N, is the number of events of a given type 
found in one scanning and N» is the number of 
events of the same type found in the second scan- 
ning, while Nj» is the number of events which were 
found in the first scanning that were also found in 
the second scanning, then, if the scanning efficiency 
is constant for the entire volume, the efficiency of 
the first, second, and double scannings are 


&; = Ny2/No, & = Ny/N, 
é = [1 —(1 —e,) (1 —,)], 
respectively. The statistical error in the deter- 


mination of the scanning efficiency is given by the 
expressions* [2], 


((Ae;)?) "= (2, (1 —e1)/N2)”, ((Aee)?)*=(e2 (I— &9)/N1)”, 


(eR = Nae (Ge) + Ge) +(GE+ ae) GR?) 
Se eee 


If the conditions given above are not fulfilled, the 
calculated value of the efficiency is overestimated. 
However, if the scanning efficiency is high 

(90 —97%), this systematic error cannot be appre- 
ciable. Upon examination of the events it was im- 
portant to discard events situated at distances 

less than 20» from the free surface and from the 
glass in unprocessed emulsion, since such events 
were missed very frequently (Fig. 1). 

The calculated scanning efficiency for stack 
No. 1 is shown in Fig. 2 and in Table I as a func- ~ 
tion of the scattering angle. 

To separate cases of elastic scattering ona 
free proton we used the same criteria given ear- 


+In[?] andl") it was shown that the formulas for Ag, and 
Ae, inl) are not valid. In/? , moreover, it was shown that the 
emais for Ac inl**] is also not valid. 


lier in'4], The range of the recoil proton was 
measured with an error not exceeding 5%. The 
angle of emission of the recoil proton was meas- 
ured to an accuracy of 1.5—2°. The scattering 
angle of the primary proton was measured we 
means of the method described earlier in"!J to an 
accuracy of 3—4’. Such an accuracy of measure- 
ment made it possible to reduce the contribution 
from background to (0.55 + 0.15)% (method of 
estimation of background is described in [1] Jye 

Altogether, hey cases (including 145 cases re- 
ported earlier!1] ) satisfying the elastic scattering 
criteria within the limits of three standard devia- 
tions were found. The measured differential cross 
sections are shown in Table I. 

In order to improve the statistics in the region 
of small scattering angles we used the water- 
soaked stack No. 23] The stack was exposed to 
an 8.2-Bev internal proton beam in the proton 
synchrotron of the Joint Institute for Nuclear Re- 
search also perpendicularly to the plane of the 
emulsion pellicles. The beam density at the time 
of exposure was 1.8 x 10° protons/cm?”. The emul- 
sion was'also scanned twice with an immersion 
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FIG. 2. Variation of the scanning efficiency for pp elas- 
tic scattering for a double scanning as a function of the c.m.s. 
scattering angle. 
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_ objective under a magnification x 630. The events 


eae analyzed in the manner described previously 
mM. 

To determine the angle of emission of the scat- 
tered proton 6, we carried out, as a rule, the 
‘coarse’? measurements described in!!], The 
standard deviation of the beam divergence was 5’. 
The mean thickness of the pellicles was 1100p. 

In this case the accuracy of the measurement of 6 
was about 6’. Events with range R < 200 yu, doubt- 
ful cases, and 12 cases of different range for es- 
tablishing the range—energy curve were measured 
accurately!11 on a base of 3300. The contribution 
from background events to the number of separated 
cases is (1.0—1.3)%. The scanning efficiency was 
determined from cases of scattering and elastic- 
like events of the ‘‘to-be-measured’’ type with 

the recoil-proton ranges lying in the same interval. 
The efficiencies are also shown in Table I. 

The water-soaked emulsion contained 
(5.40 + 0.13) x 10” hydrogen nuclei per cm®. The 
use of the water-soaked stack made it possible to 
increase the speed for finding elastic scattering 
events in the small-angle region two- to three- 
fold. We found in this stack 126 cases of elastic 
scattering, of which 107 were in the angular inter- 
val 1.5 —8.5 (c.m.s.). To determine the differen- 
tial cross section we introduced a correction for 
the loss of cases at the glass and free surface of 
the emulsion. The data for stack No. 2 are shown 
in Table I along with the combined data for stacks 
Nos. 1 and 2. 

The elastic scattering cross section turned out 
to be 8.74 + 0.40 mb. 


2, DISCUSSION OF RESULTS 


We have shown earlier that the measured values 
of the differential cross sections at small angles 
greatly exceed the differential cross sections at 
0° calculated from the optical theorem under the 
assumption of a spin-independent interaction. The 
total cross section for pp interactions otot was 
taken there as 30 mb. Subsequently, it was found 
that the total cross section considerably exceeded 
this value;“4»>] the mean value from the two meas- 
urements is ojo¢ = 41.5 + 1.0 mb. According to 
our data, the differential cross section at 2° is 
149 + 27 mb/sr, while the optical theorem leads 
to the value 111 + 5 mb/sr. 

As was stressed earlier, 11 the discrepancy 
between the experimental data on the differential 
cross sections in the small-angle region and the 
value calculated from the spin-independent model 
of a purely absorbing proton can be explained only 
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by the existence of a real part in the scattering 
amplitude or a difference in the total pp interac- 
tion cross section in the singlet and triplet states, 
or both factors simultaneously. The study of the 
interference between Coulomb and nuclear scat- 
tering can clarify this matter. If the amplitude of 
the nuclear scattering has a real part comparable 
to the imaginary part, then we should observe inter- 
ference between the nuclear and Coulomb scatter- 
ing, depending on the sign of the real part. Con- 
versely, if the real part of the scattering amplitude 
is small, then the increase in the differential cross 
section close to the angle zero to a value greater 
than that given by the optical theorem can be ex- 
plained only by the dependence of the cross section 
on the spin states. 

To study these possibilities we carried out cal- 
culations according to the following schemes. 

A. We considered a complex potential!®] vary- 
ing with the distance by a Gaussian law. It was 
assumed for simplicity that the interactions in- 
volving the proton spins o;, and o» can be due 
either to spin-orbital or spin-spin forces (tensor 
forces are not considered). We assumed that at 
large energies E the quasi-classical approxima- 
tion is valid (in our case the wagelength * is 0.99 
x 107! em, which is much smaller than the proton 
radius ) and we calculated the nuclear phase shift 
from the formula 


co 
13 r V(r, G1, G2) dr 


h2c2k 2__ p-2 1/2 
easy V 2? — k# (t+ Ys) 


The Coulomb phase-shift calculations followed the 
method given by Stapp, Ypsilantis, and Metropolis £71 


jo 


From the well-known expression for the M 
matrix of identical particles with spin Y, and with 
allowance for the Coulomb interaction, we calcu- 
lated, by the method of least squares, the best fit 
for the differential cross sections and the corre- 
sponding parameters for the potential. In a number 


_ of variants we also used the experimentally deter- 


mined total cross sections for pp interactions. At 
the same time, we calculated the total and inelastic 
pp cross sections from the identical-particle 
formulas. 

Silin and Shakhbazyan showed! ®1* that the spin- 
orbit interaction, at least in the generally adopted 


form, cannot cause a strong difference in the 


*As a result of errors made in the calculation and in the 
program for the calculation of model 5 in!*J the conclusion 
in ‘oe only one variant can occur when the real part of the 
potential has a plus sign and the singlet state predominates 
over the triplet state is not valid. 
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Caiculation B 


Table II* 
Calculation A 
Given - Given 
parameters Results of calculation parameters 
Stot V P=(4.19-+0.04)-10-em |] tot 
not aout w= 53.1 + 5.2 Mev not ames 
x= o,., = 48.3 + 1.8 mb x= 
az tot a ae = 
w=O0 y2 = 87 A =) 
est 7? = (1.22 + 0,05) -10-3em wer 0.8 
u = 32,5 + 3 Mev Ae 
Uinitiar> 9 w = 34.6 4. 5.6 Mev initiat > 9 
42 = 7.6 
nat |VP=(1.15 + 0.04)-10-%8 bear 
ioe O| wu = — 26.1 + 4,2 Mev A 0 
initial < w= 46.346,7 Mev initiet S 
y? = 6.06 
|» =0,244+0.14 
Minitiat< 1) V4 44 + 0.10)-10718 *initiar < | 
Uinitial 9| wy — 44 .o + 71.8 Mev A initiaa > 9 
w= 138,8 + 89.0 Mev 
NG heal ays PAY) 
% = 0.29 + 0,28 
% initiat <1] 72 = (1,41 + 0.08)-10-em|| “initia < 
4 nities Ol u = — 48.7 + 19,5 Mev initial <9 
w = 108.6 + 98 Mev 
v2? = 5,85 
" = 0.29 + 0.07 
(ee V F= (1.09 + 0.04)-10-%em 
ar w = 144.8 + 28.8\Mev 
Nand 5 
% = 16.5 + 67.8 
% snitiat > 1] Vi (1.13 + 0.06) 10-1, 
t=O oars 


x? = 6.55 


Results of calculation 


V 2 = (1.15 + 0.04)-10-em 
B=(0,5544.0.1 056). idtsno! 
Sot = 47.6 + 1.6'm 


V = (1.15 + 0.04)-10-em 
A =+(0.348 0.048), 40'4em-t 

= (0.623 +0,092)-1014 em—1 
aa —5,76 


VP = (1.23 + 0.04)-10-em 
A=(—0.350-+0.029) -10¥4em— 
B = (0.398 +:0,062)-10'4em™ 
4? == 6.96 


% = 0,28 + 0.18 


V a= (1.14 + 0.14) -10-8 om 
A=(0, 190 + 0.560) -10!4.cm+ 


Be (1.36 + 1.09)-10!4 em 


42 == 9),89 

“ = 0.34 + 0.29 

V 2= (1.42 + 0.07)-10-% em 
A= (—0,401 £0.33) -10!em7} 
B= (1.25 + 0.99)-10! em 
y2 = 5.85 


*Everywhere except for the first row we took Otot = 41.5 + 1.0 mb. 


scattering cross sections of the singlet and triplet 


states at high energies. 


a complex potential of form 


V(r, G1, G2) = — {(uy + ia) 


(= 


We therefore considered 


1)°** (ua + iws) (4162)} exp {— 72r?}, 


where S§ is the total spin of the system of two 
protons, (0102) are the eigenvalues of the operator 
(o,02), and the parameter y is connected with the 
rms radius of the interaction by the relation 


Chinon ATPL 


The following elements of the scattering matrix 
are different from zero: Mgs, My = M4-1 = Moo 


= Mt. 


If the equality of the particle masses are 


taken into account, we obtain a factor 2 in the 

expressions for the total cross sections. For 

simplicity, we determined the parameters of the 
singlet potential and the value of the ratio of the 
triplet to the singlet potential, which is assumed 
to be the same for the real and imaginary parts, 
i.e., we used the expressions 


Vs =—(u+iw)e", 


V; — “Vs. 


uy = ~u(1—x), 


Us 


B. We used the optical model in which we con- 
sidered the dependence of the complex refractive 
index on the spin states. 
was taken into account by the method of Bethe, 81 
Here, however, the nuclear scattering amplitude 
was not written in the Born approximation, but in 
the quasi-classical approximation and was differ- 
ent for the singlet and triplet states. 
limit ourselves to the least number of parameters, 
we also used a. simplified dependence of the com- 
plex refractive index on the spin states. 
fractive indices for the singlet s and triplet t 
states were taken with a Gaussian dependence on 
the distance: 


Ks =(A-+ iB) e-", 


The quantity a is connected with the rms radius 
of interaction by the relation (r?)¥7=V¥,a 


The transition from u, w,« to the quantities uj, 
Wi, U2, Wy is given by the relations 


= +u(3x—1), w, = + w(3x—1). 


w= ~w(l—x 


| 
| 
The Coulomb interaction | 
| 


In order to 


Kr = «Ks. 
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FIG. 3. Experimentally measured differential cross sec- 
tions and the best fits calculated for variants: 1) x = 1, 


a> 0; 2) k=1, u<0; 3) K=1, u=0; 4) *=0.24,u>0. 


The nuclear and electromagnetic form factors 


7 were taken to be the same. It should be noted that, 


under the conditions of applicability of the optical 


j model, the amplitudes for identical and nonidentical 


particles reduce to the same expression. We used 
in the calculation the experimental value of the 


total cross section and the method of least squares 


for the calculation of the model parameters. 
To characterize the deviation of the calculated 


/ curve from the experimental points in both schemes 
_ of calculation, we used the quantity y?, whose 


mean value is x? n—m, where n is the number 


| of experimental points, and m is the number of 


unfixed parameters of the model. 

The errors in the determination of the param- 
eters calculated from the error matrix by a linear- 
ization method are not valid if the function is al- 


| ready strongly nonlinear in these parameters 


within the limits of error (of course, if the errors 
are small, the linearity condition can be used). 
Hence we employed the quantity x? to estimate the 
errors. If the selected function is linear with re- 
spect to the parameters, then if one of the param- 
eters is changed from its value at the minimum by 
one standard deviation and if all the remaining 
parameters are minimized, x? increases to unity; 
for a change by two standard deviations, x? 
increases to 4, etc. In the general case, such an 
estimate can be invalid; however, it can frequently 
be used in the nonlinear case, too, since here the 
linearity condition is not a necessary one. A suffi- 
cient condition is the possibility of obtaining a 


| good approximation of the second derivatives of the 


selected function with respect to its parameters in 
This condition is 
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also necessary for good convergence of the linear- 
ization method used in our case. 

_ The results of the calculations by the two 
schemes of calculation are shown in Table I. In 
the most general case when none of the four param- 
eters are fixed, solutions exist for u>0(A > 0) 
and u< 0(A< 0) for both k <1 and x>41. In the 
latter case the parameters cannot be estimated 
with any reasonable accuracy and therefore this 
solution is not shown. The variant with k =0 (the 
absence of triplet states) is rejected by the ye 
criterion, since y? = 59.5 with y. aeo8 

It follows from the calculations that within the 
framework of the models employed, proton-proton 
scattering cannot be described without spin and a 
real part of the potential. Indeed, if oj 4 is not 
fixed in the initial data, then its subsequent calcu- 
lation from the parameters for the best-fit curve 
leads to a calculated value greater than the experi- 
mental one, the difference oto¢ caic — Stot exptl is 
approximately three full standard deviations. In 
this case the differential cross sections for purely 
nuclear scattering at 0° are 151 + 11 and 146 + 9 
mb/sr, respectively, for calculations A and B. 

The variants k = 1 and x <1 for u< 0(A< 0) 
do not differ from each other according to the x? 
criterion; the values of x? in these variants differ 
by less than unity. In the variants « = 1 and k < 1 
for u>0(A> 0) the values of x” differ by the 
quantity ~ 1.3. Hence, if we initially assume that 
the true value of x lies in the region 0<k < 1, 
then in the case u> 0(A> 0), we obtain 


re +0,76 
Hiz= 0.24 0a 


With good statistics it should, perhaps, be possible 
to distinguish this case from the case xk = l, 
u>0(A> 0). However, with our statistical accu- 
racy this difference lies within the limits of one 
standard deviation, which is illustrated in Fig. 3 
(see curves 1 and 4). 

The calculation shows that the experimental 
results can also be explained without the assump- 
tion of the existence of a real part of the potential 
(u = 0). As seen from Table II, if it is assumed 
that x < 1, then we obtain kx = 0.25 + 0.07, and for 
kK > 1 the best value is k = 16.5, but with a large 
error. 

We also carried out an analysis based on the 
assumptions made by Grishin et al'9]_ Here it was 
assumed that the real part of the scattering ampli- 
tude and its dependence on the spin can be neglected 
if the scattering amplitude is considered not to 
change sign in the angular intervals 0 — 90° and the 
identity of the particles is neglected. With 
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inelastic ojn interactions ob- 
tained under the assumptions 
formulated by Grishin et al. 2] 


é 
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such an approach we calculated from the experi- 
mental data the values B] = exp(2i6]), where 67 
is the phase shift. 

From the unitarity conditions we have 0 = Bp] 
= 1. We calculated the values of 87] for all values 
of 1 up to lmax = 22. The smallest value should 
be obtained for By. The calculated value was Bo 
= +0.27 and in this sense such a view of the ob- 
tained experimental data does not contradict the 
unitarity condition, although such an approach is 
not in agreement with the results of the foregoing 
calculations. This is due to the fact that By is de- 
termined with a large error, since the basic con- 
tribution to By comes from scattering at large 
angles. It thus follows that the unitarity criterion 
can only be used in the case of much greater 
accuracy. 

The pp total interaction cross section is found 
to be oto¢ = 47.3 mb, which is in agreement with 
the foregoing calculations. In view of the small- 
ness of the contribution of the first phases, the un- 
certainty in the total cross section is small. 

The partial cross sections for elastic and in- 
elastic interactions obtained in the calculation are 
shown in Fig. 4. It is seen that the maximum of 
the partial contributions is observed at 1 = 5 for 
the elastic interaction and at 1 = 8 for the inelastic 
interaction. As has already been indicated, the 
basic contribution to the first phase shifts comes 
from large-angle scatterings, which were not 
measured by us, and thus the errors in the calcu- 
lated first phase shifts are large. However, for 
B7, for example, the errors are less than 15%. 

3. CONCLUSIONS 

1. The rms pp interaction range is independent 
of all the models discussed above and turns out to 
be (1.15 + 0.05) x 107 em. 

2. A difference of three standard deviations is 
observed between the experimental data and the 
results of the calculations if it is assumed that 
the scattering amplitude does not depend on the 
proton spins and does not contain a real part. An 
attempt was made to explain this disparity by the 
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existence of a spin-spin interaction and the pres- 
ence of a real part in the scattering amplitude. If 
the scattering amplitude does not depend on the 
spins, then the real part of the scattering amplitude 
does not exceed 0.5 of the imaginary part and takes 
on its maximum value. ; 
If it is assumed that the scattering amplitude 
has no real part, there must be a difference be- 
tween the interactions in the singlet and triplet 
states. If it is assumed that the interaction in the 
singlet state predominates over the interaction in 
the triplet state (x < 1), then « = 0.254 0.07. If 
the reverse occurs (xk > 1), then the best value is 
K = 16.5 and as xk approaches unity the value of 
x” increases and passes through the value 1 when : 
K = 6.5. The statistics obtained in this experiment | 
do not permit us to establish which is the cause of 
the observed discrepancy—the real part of the 
scattering amplitude or the spin-spin interaction. 
In conclusion, the authors express their sincere | 
gratitude to V. I. Veksler for his constant interest 
and to K. D. Tolstov for assistance in this work. 
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attempted to analyze the relative probability of 
these different mechanisms by methods adopted in 
our preceding investigations of light nuclear de- 
cays. 1-4] 

Alpha particles were accelerated in the 120- 
_ centimeter cyclotron of the Research Institute for 
Nuclear Physics of the Moscow State University. 
_ Extracted from the cyclotron chamber through a 
system of. quadrupole lenses and a deflecting mag- 
net into the experimental room, they entered a 
chamber containing photographic plates (in a spe- 
cial cassette) inclined at an angle of 6° to the inci- 
dent beam. Exposures of tenths of a second were 
used. Stars formed in the emulsion by the incident 
23 + 1-Mev a particles and by a@ particles from 
disintegrations were observed in NIKFI photo- 
graphic plates (types Ya-2, T-1, T-3, and D, from 
| 50 to 400 p thick). The decay of C’? nuclei in the 
| emulsion was observed, and from the resultant 
stars the energy-sand emission angle of all @ par- 
ticles produced in the reaction as well as the en- 


All data were transformed into the center-of-mass 
(c.m.) system. About 100 stars resulting from the 
| disintegration of C!? nuclei induced by 23 + 1-Mev 
| @ particles were found among the stars analyzed. 


| 
The following mechanisms for the a-particle 
| induced decay of a C” nucleus into three a par- 
| ticles are possible: 


Cinbiny 5 OM Ci" oS Be? 9a 84a, ~(1) 


Cc# 4+ ¢ +> OM —, Cl" + a — 4a, (2) 

Bp C## + a — O16" > Be? + Be® — 4a, (3) 
| C2 + q@ —. O18 _. Be® + 2a — 4a, (4) 
Ch 4 @ is Ol'_. 4a, (5) 


energetically possible channels. The present study 


ergy of the incident a@ particles could be computed. 
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Submitted to JETP editor June 27, 1961 
J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 1757-1760 (December, 1961) 
The disintegration of the c!? nucleus induced by 23-Mev a@ particles into three a particles 
is investigated. Space and energy distributions of the decay products as well as excitation 
energies of the possible intermediate nuclei C!2* and Be® are presented. It is established 
that the basic reaction mechanism is the decay of the o' nucleus into four a particles with 
a resonance interaction between the final-state a particles. 
‘Tae disintegration of the C’” nucleus into three GY a. > CR a = Be 20° = 4a, (6) 
a particles induced by 23-Mev a particles can 
proceed by various mechanisms through various Cc? + a + C?* + a — 4a. (7) 


The first five mechanisms involve decay through 
the compound system O'*. The last two involve 
the decay of the C’* nucleus into three a@ particles 
as the result of a direct interaction between the 
incident a particle and the nucleus. 

In order to determine the probabilities of these 
mechanisms, the distributions of excitation energy 
of the intermediate nuclei C'* and Be®, as well as 
the a-particle angular and energy distributions, 
were investigated. It was noted when processing 
the stars that certain of them contained pairs of 
a particles with very small angular divergence. 
This fact suggested the possibility that a Be® nu- 
cleus in the ground state was involved in the reac- 
tion. To test this hypothesis, the energy distribu- 
tion of all possible values of excitation energy for 
the Be® nucleus was plotted as calculated from the 
energies of and angles between the a particles. 
Since four @ particles are produced in each event, 
it was necessary to consider six possible values 
of Be® excitation energy [Eexcit (Be®)] for each 
star. 

The Eexcit (Be®) distribution obtained is shown 
in Fig. 1a. It must be kept in mind that out of six 
Eexcit ( Be®) values for each decay event two can 
have a physical sense, since two intermediate Be® 
nuclei can be produced at a time. If the interme- 
diate Be® nucleus takes part in the decay of Gr 
into three @ particles, maxima corresponding to 
known levels of the Be® nucleus must appear 
against the peeesoure of a continuous distribution 
of Eexcit (Be®) values. As can be seen from Fig. 
1a, the ground and 2.9-Mev levels of Be® do ap- 
pear in the distribution, and there is also an indi- 
cation that the well-known broad level in the 8—14- 
Mev interval is involved in the decay. 
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FIG. 1. Excitation 
energy of possible in- 
termediate nuclei from 
C'*(a, 4a) reaction in- 
duced by 23+1-Mev a 
particles: a—Be’® nu- 
cleus, b—C’? nucleus. 


UPS Te Ae ry PE SLE HEA 


a Ee xcit (Be*), Mev 


GA Tene TIS TR BIG OP e ed 
b Eexcit(C)) Mev 


In order to examine the possibility that the Gi 
nucleus decayed into three @ particles through 
channels (1) and (2), excitation energies of the C!? 
nucleus were computed from the energy of the 
three a particles resulting from the decay of the 
intermediate nucleus C!’. Since it was impossible 
to determine which three of the four a particles 
produced in the reaction could have resulted from 
the decay of the c!? nucleus, its excitation ener- 
gies were calculated from all possible combina- 
tions of three from the four a particles. Thus, if 
the reaction proceeded via mechanisms (1) or (2), 
the true values of Eexcit(C!”) had to be weighted 
by %. 

The distribution of Eexcit(C'”) values is pre- 
sented in Fig. 1b, from which it is evident that 
maxima corresponding to known C!? nuclear levels 
are not observed. If the intermediate nucleus C!” 
had actually been involved in the decay, its 9.6- 
Mev level with zero isotopic spin should have ap- 
peared as a maximum against the background of 
false Eexcit(C!?) values (Fig. 1b). This level 
stands out far enough from neighboring levels and, 
as has been shown by the authors in a study of the 
decay of the C!? nucleus induced by 10—19-Mev 
neutrons, *! this level can appear when the C!? 
nucleus decays. 

Therefore, mechanisms (1) and (2) may be con- 
sidered as not very probable for the given decay. 
Moreover, if the C!? nucleus decayed into three 
a particles by mechanism (2), that is, the inter- 
mediate Be® nucleus was not involved in the decay, 
the Eexcit (Be®) distribution (Fig. 1a) should have 
been described by a curve calculated for mecha- 
nism (2) by a method used earlier.) This curve 
is plotted in dashes on Fig. la. Its disagreement 
with the experimental] data is sufficient testimony 


to the improbability of the reaction having occurred 


via mechanism (2). 


VASIL’EV, KOMAROV, and POPOVA 


FIG. 2. Distribu- 
tion (c.m.) of @ par- 
ticles from the reac- 
tion C'?(a, 4a) in- 
duced by 23+1-Mev 
a particles: a—angu- 
lar distribution, b— 
energy distribution. 


The angular distribution of a particles from 
the reaction is presented in Fig. 2a. As is visible | 
from the graph, this distribution is symmetrical 
with respect to 90° within the limits of statistical 
accuracy, which indicates the absence of.a direct. 
interaction mechanism in the decay. This conclu-_ 
sion is confirmed by the absence of a high-energy | 
‘‘tail’’ in the energy distribution of the a particle: 
(Fig. 2b). | 

We examine next mechanisms (3), (4), and (5), | 
which have to do with the decay of the compound | 
system O'** into two, three, or four particles re- 
spectively. The probability of these mechanisms ~ 
occurring can be determined by investigating the 
energy distributions of the a particles produced 
in the reaction. If the reaction proceeds via a 
direct decay of the compound system o'6* into 
four independent particles, the energy distribution 
of the a particles must obey the following relatior 


ee en) = ey (Emax — wE,)'”, 


where Eq is the a-particle energy, Emax is the 
maximum a-particle energy, and p is the mass 
coefficient. The curve plotted from this formula 
is presented in Fig. 2b by the dot-dashed line (one 
dot). No agreement with experiment is observed. 
If the compound system O'** decays into two 
Be® nuclei which then decay into two a particles 


d 


| 
| 


| 


er; 
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each, it is possible to construct a distribution of 
@ particles from the Be® decay in the center-of- 
mass system of all the products formed. In doing 


_8o we must consider the fact that both Be® nuclei 
may be produced in the first excited state, or one 
_ may be in the ground state and the second in the 


first excited state. A curve that takes into account 
the probability of Be® nuclear levels appearing is 
plotted in a dot-dashed line (two dots) in Fig. 2b. 

The case of two Be® nuclei being formed in the 
ground state was not considered in the calculations. 
If the O'8* system decays into two Be® nuclei in 


| the ground state, the star formed by the a-particle 


tracks in the emulsion will have the characteristic 
form of two pairs of grouped tracks. After trans- 
forming into the center-of-mass system, it be- 
comes possible to separate out such stars. There 
were none of them among the stars we observed. 

A comparison of the two-dot dot-dashed curve with 
experimental results shows that mechanism (3) is 
improbable. 

The probability of mechanism (4) occurring can 
be investigated by comparing the experimental en- 
ergy distributions of a particles with the curve 
calculated assuming a three-particle decay of the 
o'6* system into two a particles anda Be® nu- 


| tleus in the ground or first excited state (taking 


into account the probability of appearance of the 
Be® nuclear states). The theoretical curve is 
plotted in dashes in Fig. 2b. In this case the agree- 


| ment with experimental data was likewise not good. 


Let us examine one other possible way for light 
nuclei to decay into several particles which has 
not been considered in earlier studies, namely, the 
simultaneous decay of the compound system into 
particles which interact in the final state. In this 

“case we will have the decay of O'%* into four o 
particles resonantly scattering on the levels of 
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the Be® nucleus. The solid line in Fig. 2b repre- 
sents the curve calculated using this hypothesis by 
the method given in [4]. As can be seen from the 
graph, the experimental data are in good agreement 
with this calculation. 

We may thus conclude that the decay of the C!? 
nucleus into three a@ particles induced by a par- 
ticles proceeds with high probability through the 
direct decay of the compound system into @ par- 
ticles which interact in the final state. The inter- 
mediate nucleus Be® appears in this decay as the 
result of the resonance interaction of the final- 
state a particles from the simultaneous decay of 
the compound system O!**, From this it is clear 
why, when the Be® excitation energy distribution 
(Fig. 1a) indicated a large probability that this 
unstable nucleus should appear, the disintegration 
actually proceeded with low probability by mech- 
anisms (1), (3), (4) and (6), which involve states of 
the intermediate Be® nucleus. 
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LEVELS OF THE Si®° NUCLEUS FROM THE Si29(d, p)Si*® REACTION 
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New data on the 8.149- and 8.571-Mev levels of the Si®” nucleus are obtained by measuring 
on a multispectrograph the energy and angular distributions of protons emitted in the (d, p) 


reaction. 


Some new data on the levels of the Si®” nucleus 
were obtained during study of the Si”(d, p) strip- 
ping reaction on a multi-angle magnetic analyzer, 
the multispectrograph.!!»2] The bombarding deu- 
teron energy was 6.58 Mev. The 0.5-mg/cm? tar- 
get was composed of 34.9% Si*, 63.7% Si”, and 
1.4% si. 

Figure 1 presents the proton energy spectrum 
measured at an emission angle @ = 20°. 

Because of the insufficient abundance of the 
isotope Si2? in the target, data which we obtained 
earlier for the Si¥(d, p) Si” reaction! as well 
as the results of Browne and Radzyminski’s study 
of Si” nuclear levels! were used to identify the 
proton groups. 

A number of Si® nuclear levels discovered by 
Browne and Radzyminski [4] were confirmed by us. 

N 
$00 FIG. 1. Energy spec- 
trum of protons emitted at 
6 = 20° (N is the number 
of proton tracks in the 
microscope field of vision; 
L is the coordinate along 
the photographic plate), 
Proton groups 1, 2,3, and 
4 correspond to Si*° states 
with excitation energies 
E, = 6.630, E, = 6.734, 

E, = 8.149, and E, = 8.571 
Mev (E values are taken 
from |‘]), 


400 


Because of the complexity of the proton energy 
spectrum (presence in the target of Cle Oe and 
si? contamination), some of the proton groups 
from the Si2?(d, p)Si*® reaction could not be ob- 
tained at all angles; angular distributions have as 
yet been obtained for only two groups, which cor- 
respond to the Si” levels at excitation energies 
of 8.149 and 8.571 Mev. These are given in Fig. 2. 

A comparison of experimental and theoreticall® 
angular distributions yielded values for the orbital 
angular momentum transferred to the final nucleus 
by the neutron, as well as for final-state spins and 
parities, which are presented in the table. 

The presence in the target of a considerable 
admixture of Si allowed us to compare the prob- 
abilities of neutron ‘‘sticking’’ in the p-state of 
Si? and Si®” nuclei, since both proton groups were 
obtained in the same experiment. 

The last-column of the table gives the neutron 
‘¢sticking’’ probability Ay, ! taking as unity the 


o 
6 d0 
FIG. 2. Angular distri- 7) 
butions of proton groups b 
corresponding to various 
levels of the Si*° nucleus: rod ie Fe 
a) group 3, E, = 8.149 Mev; 2 


b) group 4, E, = 8.571 Mev. 
The solid curves are calcu- 
lated from the formula of 
Bhatia et al.l5] 


0 2 40 6 RB 0 20 40 KO M 


a Oc.ms., deg 6c.ms.» deg 
Excitation Possible 
Final nucleus| energy, os valued’ ar model AL 
Mev | l,7 configuration 
Si* 4.93 4 3/5 2 Py, 4 
Sj30 8.149 0". 15 e2 igh Sy) 2 P,,)} or | 0.48+0.20 
(28,82 By)! 
SiFe 8.571 1 or 0 
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magnitude of Ay for the 2P3,, state of the Si” 
nucleus. 
Study of the (d, p) reaction on isotopically en- 
riched silicon will be continued. 
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The electrical properties of thin nickel films of very high purity, obtained by thermal evap- 
oration in a vacuum inside a vessel kept in a helium bath during the deposition, have been 
investigated. Films with thicknesses from 30A and upwards had a residual resistivity and 
Hall e.m.f. of the order of magnitude close to that of bulk nickel specimens. 


A considerable number of papers have been de- 
voted to the study of ferromagnetic films. However, 
the features of the magnetic properties of films 
obtained in a vacuum of the order of 10-°—10°° 

mm Hg, found by several authors"! are, as shown 
by the later investigations of Neugebauer, related 
to a considerable extent to the effect of contamina- 
tion by the residual gas on deposition and to the 
oxidation of the film on bringing it into the atmos- 
phere. In particular, it was shown in Neugebauer’s 
work that the saturation magnetization of thin 
nickel films, deposited in a vacuum of 10° mm Hg 
is independent of thickness down to a thickness of 
about 30A. 

The present investigation was carried out with 
the aim of finding out to what extent the electrical 
and galvanomagnetic properties of films with thick- 
nesses down to 30A, deposited in a vessel im- 
mersed in a liquid helium bath, differ from the 
corresponding properties of bulk specimens. 

The films were obtained by thermal evaporation 
of nickel. Figure 1 shows the general appearance 
of the evaporation apparatus. A tungsten wire 
serves as evaporator. After the preparation of the 
evaporator (cleaning, degassing and preconditioning 
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FIG. 1. Apparatus for deposi- 
tion of the films: 1—substrate with 
deposited platinum contacts, 2— 
evaporator, 3— platinum electrodes. 


in a vacuum of 10~’ mm Hg) the substrate was 
sealed into the vessel and a second degassing of 
the whole apparatus was carried out in the same 
vacuum. A beaker, optically polished to 0.1 inter- 
ference fringe, was used as substrate. Four plati- 
num leads were sealed into the ends of the beaker. 
Current and Hall contacts were deposited onto the 
substrate by cathode sputtering. During deposi- 
tion of a film the apparatus was in a helium bath. 
The residual gasses, other than helium, were thus 
frozen out. The pressure in the apparatus before 
evaporation started, calculated from the amount of 
helium in the atmosphere, was of the order of 
107 mm Hg. The amount of metal deposited was 
controlled by measuring the electrical resistance 
during the process of deposition. 

The temperature dependence of the electrical 
resistance was studied for films of thickness from 
1300 down to:30A at temperatures from 2 to 300°K. 
In the temperature range 4.2 to 40°K the tempera- 
ture was measured with a constantan resistance 
thermometer; and above 40°K by a copper-constan- 
tanthermocouple. The thickness of the films was de- 
termined by an interferrometric method, using a 
universal monochromator of the UM-2 type*. 

Figure 2 shows curves indicating the change of 
electrical resistance of the films studied, on heat- 
ing newly condensed films from 4.2 to 300°K and 
on cooling to the original temperature (4.2°K) after 
holding at 300°K. Further heating produces no 
further changes in the form of curves 3 and 4. 
Calculation showed that the specific electrical re- 
sistivity for films of all the thicknesses mentioned 
above is close to the specific resistivity of bulk 
nickel. Destruction of the vacuum (taking the films 
into the air after keeping them for three months in 
the vessel) led to a rapid and sharp increase in 


*The authors are grateful to Yu. Durasova for measuring 
the film thickness. 
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FIG. 2. a—the change 
of electrical resistivity of 
a freshly deposited film 
on heating from 4.2°K to 
room temperature: b—the 
change of electrical resis- 
tivity of a film on cooling 
it from room temperature 
to 4.2°K after holding at 
room temperature for 18 
hours: curve 1—for 
d = 50 A, curve 2 —for 
d = 135 A, curve 3—for 
d=50 A, curve 4—for 


FIG. 3. The dependence of Ry/R, on temperature for 
films of different thickness: curve 1—d = 1300 A; curve 2— 
d = 835 A; curve 3—d = 135A; curve 4—d = 75 A; curve 5— 
d=30A. 


electrical resistance: the resistance of thick films 
increased 1.5—2 fold, and of thin films several 
tens of times. 

Figure 3 shows curves of the dependence of 
Ry/R7 on temperature for heated films of various 
thicknesses. Here Rr is the resistance of a film 
at temperature T and R7 is the resistance at 
helium temperature. The thinner the film the 
smaller is the relative change of resistance on in- 
creasing the temperature. For films of thickness 
1300A the value of R;/Ry = 0.4, where Ry is the 


resistance at room temperature. For a 30A thick 


film R7/Ro = 0.95. In addition, the curves show 
that the boundary of the residual resistance region 
is shifted to higher temperatures for thin films. 
Figure 4 shows curves of the dependence of the 
specific resistivity on film thickness for tempera- 
tures of 300 and 4.2°K. It can be seen that the re- 
sistivity at 300°K of films with thicknesses from 
1300 to 300 or 400A is independent of thickness 
and does not increase significantly with decreasing 
thickness for thin films of thickness from 300 to 
30A. An increase of resistivity with decreasing 
thickness is already observed at 4.2°K for films 
of thickness less than 900A. The resistivity de- 
creases 2—2.5 fold on going from room tempera- 


ture to helium temperature for thick films 
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“FIG. 4. The dependence of electrical resistivity on film 
thickness for temperatures: curve 1—300°K and curve 2— 
4.2°K. 


FIG. 5. The depend- 
ence of the Hall field for 
films of different thick- 
ness on the strength of 
the applied magnetic 
field: x—d=50 A, 
A—d =835 A, o— 
d= 1000 A, e—d= 
1300 A. 
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(d >1000A) and decreases by only 4—5% for thin 
films (d < 100A). 

We also studied the Hall effect in the films we 
obtained. The dependence of the Hall field on the 
magnetic field H, perpendicular to the plane of 
the film, is shown in the curves of Fig. 5. The 
H4ll field was measured at room temperature. It 
corresponds approximately to the bulk specimen 
value for thicknesses of 1300 — 835 A, but in- 
creases on going to 50-A films, evidently con- 
nected with the increase in resistivity of such a 
film. 

Preliminary calculations show that the behav- 
ior of the resistivity and its temperature depend- 
ence for thin films less than 300—400A thick, 
must be related to the fact that the electron mean 
free path in these films becomes comparable with 
the film thickness. 

In conclusion the authors express their deep 
thanks to A. I. Shal’nikov for valuable advice and 
great help in the carrying out of this work. 


1 Colombani, Coureaux, and Huet, Colloque in- 
ternational de Magnetisme, July, 1958, Centre 
National de la recherche Scientifique, Paris, 1959, 
p. 239. 

2N. I, Ginzburg and A. M. Polyakov, ZhTF 28, 
1029 (1958), Soviet Phys. Tech. Phys. 3, 957 (1958). 

3C, A. Neugebauer, Structure and Properties 
of Thin Films, ed. Neugebauer, Newkirk and Ver- 
milyea, New York 1959, p. 358. 
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By measuring the resonance absorption of the y quanta by nuclei in crystals, we have deter- 
mined the isomer shifts for the 23.8-kev transition of Sn'!® in several compounds of tin. We 
discuss a possible qualitative interpretation of the shifts; according to this interpretation, 
when the Sn'‘!® nucleus is excited there is an increase in the effective radius of the proton 


distribution in the nucleus and the proton core of Sn 


spherical symmetry. 


Tue method of resonance absorption of y quanta 
can be used to measure small changes in the en- 
ergy of nuclear y transitions and, in particular, 
the magnitudes of the isomer shifts (il which result 
from the interaction with the atomic electrons of 
the nuclear charge in the ground and excited states. 
We have previously noted 2] the presence of such 
shifts for the 23.8-kev y transition in Sn'®. Re- 
cently a detailed investigation of such shifts for 
the 14.4-kev y transition in Fe®’ has been made 
by de Benedetti, Lang, and Ingalls [8] and by Walker, 
Wertheim, and Jaccarino.“ 

In the present work we have measured the iso- 
mer shift for the 23.8-kev y transition of Sn? in 
various tin compounds. The measuring technique 
and apparatus are the same as those we used 
earlier.»®] The measurements were made with a 
source of Sn'!9™ in the form of SnO,; in this 
source there is no quadrupole splitting of the 
emission line and the effect of recoilless emission 
of y quanta is large at room temperature. The 
source was kept at room temperature in all meas- 
urements, while the absorbers of various crystal- 
line compounds of tin were at liquid nitrogen tem- 
perature or at room temperature. Some of the re- 
sults have been published previously; [2.5] for some 
of the substances previously measured, improved 
data are given in the present paper. 

Typical resonance absorption spectra are shown 
in Figs. 1 and 2. In Fig. 1 we give the resonance 
absorption spectrum for SnF», in which the ab- 
sorption line is split into two components as a 
result of quadrupole interaction of the excited 
Sn'!® nucleus with the electric field gradient in the 
crystal. The value of the isomer shift 6 was de- 
termined relative to the energy of the y transition 
ina SnO, crystal at room temperature (i.e., the 


119 in the excited state does not have 
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FIG. 1. Resonance absorption spectrum for SnF, polycrys- 
tal at liquid nitrogen temperature (AE = E,v/c, where E, = 23.8 
kev, v is the velocity of the absorber and c the velocity of 
light; N is the total number of pulses counted). 
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FIG. 2. Resonance absorption spectrum for SnCl, poly- 
crystal at liquid nitrogen temperature (notation the same as 
in Fig. 1). 


emission line of the source). Figure 2 shows the 
absorption spectrum for a SnCl, crystal, in which 
there is no quadrupole splitting. Similar resonance 
absorption spectra were taken for eleven tin com- 
pounds with the absorbers at liquid nitrogen tem- 
perature. The results of the measurements are 
shown in the table. For some of the compounds 
the isomer shift was also measured with the ab- 
sorber at room temperature. Within the limits of 
error, the isomer shift was the same as at liquid 
nitrogen temperature*; the exception was SnNbs, 


*The existence of a temperature dependence of the isomer 
shift for the B-Sn crystal [7] which we reported earlier has not 
been confirmed by the later measurements. 
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Isomer shifts* of the 23.8-kev yY transition of Sn119 


: Isomer ‘ Isomer 
Chemical 3 Chemical ; 
compound yee compound et 

SnO, << SnO 22,0+1.5 
SnCl4-5H,O 2,2+1.0 SnCl, 30.6+3.0 
Snl, 13.0+2.0 SnBro 1,6+0,7 
SnSe 8,5+2.0 B-Sn 22,0+2.0 
(NHa)o-SnCl¢ 3,341.5 SnNb3 18.04+1,5 
SnF, 23,5+3,0 


* Shifts measured at liquid-nitrogen temperature relative 
to-y-transition energy in SnO, crystal at room temperature. 


for which the relative change in energy was of the 
order of 1.5 x 107!” for a change in temperature 
from liquid nitrogen to room temperature. 

In addition to the previously observed cases of 
the 6-Sn and SnO crystals,*»®! quadrupole split- 
ting of the absorption line was found only in SnF», 
(Fig. 1). For this crystal the magnitude of the 
splitting A was (15.5 + 2.5) x 10-8 ev and (as 
for the SnO crystal) was not pone. temperature 
dependent (unlike the case of 8-Sn ay, 

From the data in the table we see that the iso- 
mer shifts for the 23.8-kev y transition of Sn!19 
do not show such clear regularities as one finds 
for the 14.4-kev transition in Fe’. It appears that 
the magnitude of the shift is affected not only by the 
valence of the tin atom in the particular compound 
but also by the chemical activity (electronegativity) 
of the other atoms, and by the crystal lattice struc- 
ture. The latter is confirmed, for example, by the 
existence of an isomer shift between the two tin 
modifications B-Sn and a-Sn,/*) which are identi- 
cal chemically but have different crystal struc- 
tures. 

We may note, however, that as a rule divalent 
tin compounds have a larger isomer shift than do 
tetravalent compounds. In the outer shell of the 
tin atom there are two p electrons, which give a 
much smaller contribution to the isomer shift than 
do the s electrons. We can assume that for diva- 
lent compounds of tin it is just these two p elec- 
trons that participate in the chemical bond; the 
valence electrons of the next shell (the two s elec- 
trons) only enter into the chemical binding for the 
tetravalent compounds, and this results in a marked 
change in the isomer shift. According to this in- 
terpretation one would conclude that the density of 
the s-electron wave function in the region of the 
nucleus is less in tetravalent compounds than in 
divalent compounds. The isomer shift is propor- 
tional to the product of the change in the square of 
the effective charge radius of the nucleus and the 
change in the square of the electron wave function 
at the nucleus for the two different compounds. 
Comparing the isomer shifts for di- and tetrava- 
lent compounds of tin, we can write 


aD ft 
Ey; — Ew ~ (Re — R5) [ | p (0) Iti — | *p (0) liv), 


where Re and Ry are the effective charge radii 
for the Sn!!? nucleus in the excited and ground 
states, ~(0) is the electron wave function (mainly 
from s electrons) at the nucleus. The left side of 
this equality is positive; the term in square brac- 
kets on the right is also positive (according to the 
interpretation given above). Consequently Re > Re 
i.e., when the Sn!” is excited the effective radius 
of the charge distribution increases. The excita- 
tion of the Sn! nucleus may be regarded as the 
excitation of the odd neutron (or of a group of neu- 
trons). Nevertheless, the proton-magic core of 
the Sn'!® nucleus does not remain inert in such an 
excitation, as is convincingly shown by the change 
in the radius of the charge distribution in the nu- 
cleus when it changes to the excited state. The 
presence of quadrupole interaction shows that the 
proton-magic core of the Sn'? nucleus does not 
have a spherically symmetric shape (at least in 
the excited state). These facts can be understood 
if we assume that the outer neutrons exert a po- 
larizing force on the proton core of the nucleus, 
causing it to deform and changing the effective 
radius when there is an excitation. 

A more detailed (quantitative) interpretation of 
the observed isomer shifts cannot be given, since 
the electronic wave functions are not known for the 
tin atom; the interpretation is complicated by the 
possible influence on the isomer shift of the crys- 
tal structures of the tin compounds. 
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The influence of additions of Al(NO;)3 to aqueous solutions of Cr(NO3)3 on the EPR (elec- 
tron paramagnetic resonance) spectrum of the latter is studied. The EPR line width is found 
to be independent of the macroscopic viscosity of the solution. 


P REVIOUS measurements of the temperature de- 
pendence of the line width AH of paramagnetic 
resonance in violet-colored aqueous solutions of 
the nitrate of trivalent chromium!) showed that 
this dependence could not be explained by the 
theory of paramagnetic relaxation presented by 
McConnell." However changes in AH in solutions 
over a wide temperature range can always be as- 
cribed not only to a direct dependence of the relax- 
ation time on temperature, but also to a change in 
the initial splitting of the spin sublevels with tem- 
perature. This is made more probable by the fact 
that cases are known among solid chromium salts 
in which the trigonal field constant Dchanges 
gradually with temperature over a wide range of 
the latter.'*! Therefore it was of interest to look 
into the dependence of the EPR line width in solu- 
tions of chromium salts on the viscosity at con- 
stant temperature. In doing this we strove to 
create changes in the viscosity of the solution with- 
out any disturbance to the immediate surroundings 
of a Cr** ion. It is to be noted that measurements 
of AH as a function of viscosity have hitherto been 
made only on solutions of Mn?* salts.{4-5] 

We prepared two series of aqueous solutions. 
Samples of the first series contained 0.6 mole/liter 
of Cr(NO3)3 and varying concentrations of 
Al(NO3)3 (from 0 to 2.5 mole/liter). The second 
series consisted of samples containing 0.01 mole/ 
liter of Cr(NO3)3 and the same concentrations of 
Al(NO3)3 as in the first series. The coefficient of 
viscosity 7 of each sample was measured with an 
Ostwald viscosimeter at 295°K. The EPR measure- 
ments were carried out at the same temperature 
in a PE-1301 double-modulation radiospectrometer 
at 9346 Mc/sec. The line width was measured as 
the separation between the maximum and minimum 
of the first derivative of the absorption curve. The 
results obtained agree with the earlier data, within 
the limits of accuracy of the measurement (+ 10%). 
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Thus, for 0.6 mole/liter Cr(NO3) 3 in water 6H 
= 130 oe, which corresponds accurately to Kozy- 
rev’s data,'4] if it is assumed that the shape of the 
absorption line in Cr(NO3)3 solutions is Lorent- | 
zian. | 

It is certain that the predominant type of chro- 
mium ions in the violet aqueous nitrate solutions 
is [Cr(H,O),]**. Since we added the nitrate of 
another trivalent ion, Al**, in order to increase 
the viscosity, we had grounds for believing that 
the concentration of Cr** ions, holding in the first | 
sphere not only water but also acid residues, will 
not increase here by any substantial amount. This 
found some confirmation in the measurements of 
the optical absorption spectrum of the solutions, 
made with an SF-2M spectrophotometer. It turned 
out that in the given series the location and inten- 
sity of the two observed absorption bands (the 
centers of which are at A; = 0.412u and A, 
= 0.580) do not depend on the Al** ion concen- 
tration in the solution. At the same time, in going 
from the violet aqueous solutions of chromium 
nitrate to the green aqueous solutions of chromium 
chloride [Cr (H,O),Cl,] Cl, a shift of the centers 
of both absorption bands toward longer wavelengths 
is observed. This shift equals 0.020y and lies out- 
side the limits of error of the experiment. 

The results of our EPR measurements are 
presented in the figure. It can be seen from it that 
the more concentrated solution exhibits a slight 
widening of the EPR line with the increase in 
viscosity as the Al°* concentration is made 
greater. For an almost ninefold increase in vis- 
cosity, the line width increases correspondingly 
only 1.6 times. On the other hand, for the 0.01 
mole/liter Cr(NO3)3 solutions (Curve 1) the line 
width remains unchanged for a ninefold increase 
in viscosity, within the limits of error. It is _ 
natural to attribute the weak dependence of 6H on ~ 
7 observed in the 0.6 mole/liter Cr(NO3)3 solu- 


; 
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tions (Curve 2) to the contribution to the width 

f brought about by the magnetic dipole interaction 

| between the [ Cr(H,O),]** ions. This contribution 
is practically nil at a concentration of 0.01 mole/ 
liter Cr**, where the line width is evidently com- 
| pletely determined by the spin-lattice relaxation. 

_ According to any of the theories on paramagnetic 
relaxation in liquid solutions, /2.6.1 the independ- 
ence of the spin-lattice relaxation time of the 

| macroscopic viscosity 7 is rather unexpected. 
This independence can apparently be explained 

| only by assuming that the correlation time T¢ is 
not connected with the macroscopic viscosity of 

| the solution as a whole, but with the microscopic 

_ viscosity on the boundary between the paramag- 

| netic complex and the solvent. This micro- 
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viscosity apparently changes little with the ionic 
concentration, as was first proposed by Tishkov C8] 
in an analysis of the data on paramagnetic relaxa- 
tion in parallel fields in solutions of Mn”* salts. 
Our measurements, having been made by a differ- 
ent method and on a different ion, confirm this hy- 
pothesis. 

In conclusion the author wishes to thank B. M. 
Kozyrev and N. S. Garif’yanov for guidance and 
assistance with the work, and R. R. Shagidullin for 
the optical measurements accomplished for the 
present work. 
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A method for ‘‘cutting-off’’ cyclotron resonances is described which can be employed for 
direct measurement of the Fermi momentum of conduction electrons in a metal. Results of 
experiments on tin single crystals are presented and discussed. The electron momentum in 
one of the Fermi surface sections has been measured with an accuracy of ~ 2.5% in the 
range of angles + 26° from the [100] axis in the (010) plane. 


A study of the phenomenon of cyclotron resonance 
is a direct and most reliable method for measuring 
the effective masses of conduction electrons.4~*] 
However, this phenomenon can also be used to 
study several other characteristics of the electrons 
in a metal. Kaner and Azbel’ [6] for example, note 
the possibility in principle of measuring the Fermi 
momentum of electrons. An experimental method 
for the direct measurement of the momentum of 
conduction electrons is described in the present 
paper, and the results of the first experiments car- 
ried out by this method are presented. 


THEORY 


Let us consider the motion of an electron 
along the largest closed orbit which can still be 
contained within a metal plate of thickness D, 
situated in a constant magnetic field Hy (Fig. 1a). 
We integrate the x component of the equation of 
motion of the electron p = (e/c)[v x H] with re- 
spect to time, over the limits of half a period of 
revolution: 

T/2 T/2 

\ pdt = —< Hy \ vadt. 

0 0 
We take px = —p-x (Fig. 1b), since the Fermi sur- 
face has central symmetry. As a result we find 


|p,| = H,Del2e. (1) 


This formula gives the extremal value of the 
momentum component px of electrons belonging 
to a certain section of the Fermi surface, if it is 
known for what field Hy the diameter of their 
orbits becomes equal to Dz. The latter condition 
can be determined by observing cyclotron reso- 
nance on the electrons of the given group. If reso- 
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FIG. 1. The trajectory of an electron in spatial coordi- 
nates (a) and in momentum coordinates (b). Corresponding 
points of the trajectory are indicated by the same symbols. 
s is the intersection of the surfaces of the metal plate 
with the plane of the drawing. 


nances of order 1 to n (at field H,) are observed, 
but the n +1 order resonance, which can be seen 
for a thicker plate, is missing for a given plate, 
then Hp > Hy > Hy, and the value of Hy can be 
determined with higher relative accuracy the 
higher the order n, i.e. the thicker the plate. 

For reduction of experimental data, it is con- 
venient to express px in terms of n, using the 
formula for the field Hy at cyclotron resonance: 1) 


H, = m'oc/ne, (2) 
where m* is the effective mass of the electrons 
and w the frequency of the high-frequency meas- 
uring field. Substituting Hy into (1) in place of 

Hy, we obtain 


Px = m*oD,/2n. (3) 
We should regard n as the magnitude of the meas- 
uring field Hy" at which ‘‘cutting-off’’ of the elec- 
tron orbits takes place, not necessarily having an 
integer value, as distinct from the meaning of n 

in (2). 


The considerations presented indicate the means — 
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FIG. 2. Trace of cyclotron resonances on tin 
single crystals of thickness 2 mm (curves I and II) 
and of thickness 0.982 mm (curve III). It can be 
seen that in curve III resonances of order 27 and 
higher are missing. The orders of the resonances 
are shown under curves I and III; the traces of 
some deep resonances on curve III are cut off. 


0 


of a direct experimental measurement of the Fermi 
momentum of electrons in a metal.* 


EXPERIMENT 


The experimental investigations were carried 
out by the frequency modulation method [7] on single 
crystals of extremely pure tin, characterized by 
the resistance ratio > fac LOaasek. = 14x10. 
(specimen No. 6 of “®!); at 3.75°K the electron mean 
free path is ~1 mm. The single crystals were in 
the form of 18 mm diameter disks of different 
thickness and were grown from the melt in de- 
mountable polished quartz molds; their natural 
surfaces received no further treatment. The plane 
surfaces of the disks had the (010) orientation; the 
disks were placed in a strip resonator [7 56 that 
the high-frequency currents flowed in the [100] 
direction. 

The results of experiments at a temperature of 
3.75°K with the constant magnetic field directed 
along the [001] axis are shown in Fig. 2, which 
records the derivative of the frequency of the 
measuring oscillator with respect to the field; this 
quantity is proportional to the logarithmic deriva- 
tive of the reactive part of the surface impedance 


*Analogous measurements on semiconductors should evi- 
dently also be possible in principle. However, in that case, in 
view of the existence of only first order resonance, one would 
have to determine the conditions for ‘‘cutting-off’’ the orbits 
both by changing the constant. magnetic field and the frequency 
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of the specimen with respect to the field.“ Curve 
I was obtained with a 2 mm thick specimen, curve 
II is a repeat trace of part of curve I with greater 
amplification. The minima of the curves are the 
cyclotron resonances; their order numbers are 
shown under curve I. The effective mass of the 
investigated group of electrons, belonging to the 
section of the Fermi surface by the (001) plane, 
was calculated from the period of the resonances 
and found to be m(91) = (0.558 + 0.005) me. Reso- 
nances of longer period are also clearly visible, 
corresponding to a mass m* = 0.101 me (detailed 
measurements of the effective masses of electrons 
in tin are given elsewhere [a], 

Curve III was obtained with a specimen of thick- 
ness D,(4°K) = 0.982 + 0.003 mm. In this case 
only 26 resonances are observed; the resonance of 
order n = 27 is already missing—this means that 
the diameter of the corresponding electron orbit 
is greater than the thickness of the specimen. For 
weaker fields only resonances for electrons of 
smaller effective mass are seen on curve III 
(n.='5/6, .). The clearly visible phenomenon of 
‘‘cutting-off’’ the electron orbit by the surface of 
the metal is also observed on a specimen of thick- 
ness 0.4 mm in the region of the most intense 
resonances (n = 10—11). 

The value of nj corresponding to the magnetic 
field strength at which the electron orbit cut-off 
takes place can be determined from curve III in 
the following way. The resonance n = 26 is clearly 


of the measuring field, which greatly complicates the experiment. visible; the next maximum of the curve, corre- 
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sponding to n = 26.5, is also observed. Resonance 
27 is missing - its position is marked by the 
dashed line (the magnetic field strength is shown 
above curve III for convenience). We can thus take 
Ny = 26.75 + 0.25. Substituting np into (3), with 

w = 5.967 x 10 cps, we find the momentum of the 
electrons belonging to the point on the section of 
the Fermi surface by the (001) plane determined 
by the [100] direction: 


Ptro0) = (5,57 £0,15)-10-2° g-cm/sec. (4) 


We can also calculate the mean Fermi velocity 
of the electrons belonging to the (001) section from 
the experimental data given: 


Voor) = @D,/2n = (1.10 + 0,01)-108 cm/sec. (5) 


If the curvature of the Fermi surface changes 
little on circuiting along this section (which is 
evidently the case, as will be explained below), 
then the value of the electron velocity at each 
point of the surface must differ little from the 
mean value found. 

The crystallographic orientation of the studied 
section of the Fermi surface is determined by the 
direction of the constant magnetic field. The de- 
pendence of the effective mass ‘’*) and momentum 
of the electrons on direction can be obtained by 
carrying out experiments with rotation of the field 
at different angles from the [ 001] axis in the (010) 
plane of the specimen. The results of such experi- 
ments are shown in Fig. 3. The accuracy in meas- 
uring the absolute values of the masses is about 
+1% and of the momentum + 2.5%; the accuracy in 
measuring their relative variations in one experi- 
ment on rotating the field is several times better. 

It turned out that the cutting-off of the electron 
orbits studied in these experiments took place at 
a value of np) that remained constant, within the 
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FIG. 3. The dependence of the electron 
momentum p [Eq. (4)] and of the effective 
mass m*/me [Eq. (2)] on the direction ¢ in 
a tin crystal. The angle ¢ represents: 

Dy 1) the direction of the vector p relative to 
2 the [100] axis in the (010) plane within 
the limits 0—26°; 2) the direction of the 
normal to the section, giving the mass 
m*/m,, relative to the [001] axis in the 
(010) plane. Different symbols refer to dif- 
ferent experiments. 


accuracy of measurement, over the + 26° rotation 
of the field. According to (3) this indicates that for 
electrons of the given group the momentum is pro- 
portional to the effective mass: 


p = (9,98 +.0,15)- 107° m"/m, g-cm/sec. (6) 


For larger angles of field rotation, resonances of 
sufficiently high order for observing cut-off are . 
no longer obtained, but measurements of the effec- 
tive mass can be carried out up to ~ 37°. 


DISCUSSION 


Part of the section of the Fermi surface by the | 
(010) plane and by the (100) plane equivalent to it 
can be constructed from the obtained dependence of 
electron momentum on the direction. The section 
of the first Brillouin zone for tin is given in Fig. 4; 
the lengths of the segments are shown in units of 
27/a, where.a = 5.796 A at 4°K (a/c = 1.8470). 

The experimental points represent the values of 
the wave vector in units of 27/a, calculated from 
the measured momentum values (Fig. 3). The full 
line shows the part of the section of the Fermi 
surface constructed from the experimental points 
and supplemented from symmetry considerations. 
The continuation of this section, shown by the 
dashed line (the angles have been smoothed out 
arbitrarily), takes account qualitatively of the in- 
crease in the electron effective mass with rotation 
of the field. It lies within 37° to the [100] axis, 
beyond which cyclotron resonance and, consequently, 
closed electron orbits cease to be observed in this 
section. 

A comparison of these data with the results of 
a study of the Fermi surface of tin by the de Haas- 
van Alphen effect“ leads to the following conclu- 
sions. 7 
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FIG. 4. Sections of the Fermi surface constructed from 
the experimental results. The hexagon shown by the thick 
line represents the section of the first Brillouin zone by 
the (010) plane. 


The section of the Fermi surface found pertains 
evidently to the open hole surface of the fourth 
zone, Jrepresented in Fig. 5. With the magnetic 
field parallel to the [001] axis, the electrons de- 
scribe the orbit ¢; Gold and Priestley"! esti- 
mated the corresponding effective mass from the 
temperature dependence of the de Haas-van Alphen 
effect at 0.70 me, and calculated it by Harrison’s 
method, 10] which gave 0.38 mg. The value m* 
= 0.558 me obtained by the method of cyclotron 
resonance is certainly more reliable. 

The electrons go over to inclined orbits as the 
direction of the magnetic field is changed, and one 
of these, ¢’ is shown in Fig. 5; the angle ~ 37°, 
within which cyclotron resonance is observed, 
practically coincides with the angle ~ 32° in which 
the G-oscillations/®! are observed. 

The diameter of the ¢ orbit in the [100] direc- 
tion is 1.02(27/a), as can be seen from Fig. 4. 

If it is assumed that the ¢ orbit is circular, its 
area is 0.82(27/a)’, while the area calculated 


from the period of the G-oscillations is 0.93 (27/a)?. 


The difference between these values does not ex- 
ceed the possible errors, and the shape of the ¢ 
orbit must, evidently, be really close to a circle. 
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FIG. 5. The hole Fermi 
surface of the fourth Bril- 
louin zone referred to the 


first zone of tin.?] The 
section 7 is constructed 


from the results of the 
present work. The shaded 
sections s must, evidently, 
be lower and considerably 
broader in the (001) plane. 
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Taking into account this fact, and also the ap- 
pearance of the section of the Fermi surface, 
shown in Fig. 4, it can be deduced that the shape 
of the part of the Fermi surface on which the 
orbits ¢ and ¢’ occur (Fig. 5) is close to the sur- 
face of a right cylinder. The irtcrease in the ef- 
fective mass of the electrons on rotating the field 
(Fig. 3) also confirms this, indicating a decrease 
in curvature and an increase in the area of the 
electron orbits on going from ¢ to ¢’. This con- 
clusion contradicts somewhat the weak dependence 
of the period of the G-oscillations on field direc- 
tion, noted by Gold and Priestley.!¥ However, this 
disagreement is probably due to the low accuracy 
of measuring the period of the G-oscillations, as 
can be judged from the scatter of the experimental 
points in Figs. 1 and 2 of Ca 

A comparison of the results of the present work 
with the conclusions of Alekseevskii et al can- 
not be so detailed, since the method used there 
only made it possible to consider some topological 
features of the Fermi surface. It should be stated 
that there are no contradictions with the later com- 
munication of Alekseevskii and Gaidukov.412J 

The order of magnitude calculation of the elec- 
tron momentum Pring] © 2 X 10°° g-cm/sec., 
made by Galkin, Kaner, and Korolyuk [13] does not 
differ from the results of the present work or 
from that which should have been expected, since 
the orders of magnitudes of the velocity and effec- 
tive mass of the electrons are known. Comparison 
of numerical values is, evidently, meaningless in 
view of the uncertainties of the data of Galkin et 
allt3]. we only note that in a later work of 
Korolyuk [14] the momentum for the plane (100) 
containing the direction [010], equivalent to [100] 
is calculated as p © 5 x 107° g-cm/sec., which 
practically coincides with the result of the present 
work. Olsen! obtained a somewhat smaller abso- 
lute value for the electron momentum in the [100] 
direction, namely (4.5 — 4.8) x 10°", but the form 
of the directional dependence of the momentum 
quoted by him agrees with that found here. 


CONCLUSIONS 


The present work is the first attempt at an ex- 
perimental measurement of the momentum of 
electrons in a metal and a study of its Fermi sur- 
face by the new method of ‘‘cutting-off’’ the elec- 
tron orbits in cyclotron resonance. The results 
obtained are evidence of the great possibilities of 
the method. 
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The only serious drawback to its wide applica- 
tion is the necessity of observing high order cy- 
clotron resonances, which requires, above all, the 
use of single crystals of very high quality, pre- 
pared from extremely pure metals (naturally, the 
method of measuring the surface impedance of the 
specimens must also be sufficiently good). 

Even when these requirements are satisfied, 
however, high order resonances are by no means 
observed for all the electron groups. But if one is 
content to lower the accuracy of the results, cut- 
ting-off of the cyclotron resonances of less high 
order can be observed on specimens of smaller 
thickness. In these cases the observation of the 
cutting-off of the orbit for cyclotron resonance in 
a magnetic field inclined relative to the plane of 
the specimen, as a function of the angle of inclina- 
tion of the field, can be a useful method for the ac- 
curate measurement of the diameter of the orbit 
(for cyclotron resonance in the central sections of 
the Fermi surface). 

The author is grateful to P. L. Kapitza for his 
interest in the work, to R. T. Mina for help with 
the preparation of the specimens and to G. S.- 
Chernyshev and V. A. Yudin for technical assist- 
ance. 
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The a radiation of platinum of natural isotopic composition was studied with a grid ioniza- 
tion chamber. More precise values for the a-particle energies and half-life of the isotope 
pt!” were obtained. A conjecture was made as to the existence of some new a lines in the 


spectrum. 


Tue a activity of natural platinum was detected 
for the first time by Porschen and Riezler using 
photographic plates, {2 and was ascribed to the 
isotope Pt!**. Kohman predicted the a activity of 
this isotope earlier.) A half-life T of about 10!” 
years and an a-particle energy E =3.3 + 0.2 Mev 
were found for Pt!®°. Macfarlane and Kohman, [4] 
studying platinum enriched in Pt!” as well as 
natural platinum with a large proportional counter, 
determined the values T = (6.9 + 0.5) x 10!! years 
and E =3.11 + 0.03 Mev. 

Our investigation of the a activity of platinum 
was carried out with a cylindrical pulse ionization 
chamber containing a grid as well as auxiliary 
equipment, which permitted a particles to be 
analyzed from the ionization and orientation of 
their tracks. Taking into account corrections for 
wall and end effects, the greatest chamber collect- 
ing power was 2900 X 27 em’-sr. The platinum 
used was a natural isotopic mixture containing up 
to 0.11% of the usual impurities, 321 + 5 mg being 
deposited on the effective surface of the chamber 
cathode by cathode sputtering. A layer of samar- 
ium up to 1 pg/ cm? thick covering the platinum, as 
well as natural uranium, periodically employed, 
served as reference sources. All the equipment 
was calibrated and monitored by a generator of 
pulses of precise height. 

When analyzing the a spectra (to be more ac- 
curate, the pulse-height distributions), calculated 
corrections were introduced for the shifting of the 
peaks. The largest corrections were those asso- 
ciated with energy loss by the a particles in the 
platinum layer (25—27 kev) and with the effect due 
to the positive ions (~3 kev for samarium; 4—7 
kev for platinum, within the limits of the chosen 
energy interval; 15 and 22 kev for u?8 and U2 
respectively). The remaining corrections, includ- 
ing those associated with electron collection time 
and the effect of recoil nuclei, were smaller. 


The pulse heights were compared with the en- 
ergies of a particles from the reference sources, 
taking into account the corrections mentioned 
above and also the unresolved fine-structure com- 
ponents in the a-particle spectra of the uranium 
isotopes. The pulse height turned out to be pro- 
portional to the energy of the a particles. Accord- 
ing to the empirical formula we derived for the 
a-particle energies (E = 0.226V + A, where E is 
the a-particle energy in Mev, V is the pulse 
height in relative units, and A is the total calcu- 
lated correction in Mev), the Sm'4" a particles 
had an energy of 2.225 Mev, which is close to the 
recently obtained value of 2.223 + 0.002 Mev, 4 
and the main groups of U7, U*® and u™ a 
particles had energies of 4.19, 4.39, and 4.77 Mev 
respectively, that is, close to the known values. 
This shows the applicability of the given formula 
to our energy evaluations, and indicates that the 
ionization is proportional to a-particle energies 
when a particles with such energies are slowed 
down in argon containing 5% methane (the gas mix- 
ture used in the chamber). 

The a spectra obtained by us are presented in 
the figure. The main peak in the right-hand sec- 
tion, which corresponds to pt!®?, yielded an a- 
particle energy of 3.17 + 0.02 Mev and a half-life 
of (4.7 + 1.7) x 10! years. The errors here are 
somewhat higher than the calculated errors: for 
the first value because of the indeterminacy of 
data on the energy of Sm!" q@ particles, and for 
the second because of the complexity of the spectra 
obtained. Certain peaks observed in the spectrum 
could not have resulted from background fluctua- 
tions or interference, since the pulses coming from 
both anode and cathode were analyzed jointly. The 
possibility is not excluded that certain of these 
peaks are related to Pt'®, but it is impossible to 
make definite assumptions. We can only note that 
the a particle groups detected are in no way con- 
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nected with the well-known energy levels of the 
Os'® nucleus (137 and 764 kev). It is possible to 
relate group A (corresponding to an energy of 
~2.50 Mev) or a part of this group to the probabil- 
ity of detecting a particles from Sm'“8; the value 
E = 2.55 + 0.05 Mev is known"! from this isotope 
artificially obtained). Group B(E = 2.75 Mev) and 
the apparently associated weak group C(E *® 2.85 


Mev) are observed, but poor statistics and the rel- 


atively large background prevent the confirmation 
of their presence here. We are inclined to assign 
group B to the isotope Pt!®?, for which only the 
lower limit of the half-life, or 10 years, is es- 
timated. We note that Porschen and Riezler, 4 
who observed several tracks on photographic 
plates corresponding to a particles with an en- 
ergy of ~2.6 Mev, attributed them to pt!??, Mac- 
farlane and Kohman™! could not detect Pt!®? a 


particles, since there was low resolution (width at 


half maximum of ~0.5 Mev) in the spectrum from 
the natural platinum. In the present study the 
resolution in the platinum spectrum was ~80—90 
kev. Additional research is necessary to clarify 
the nature of group D (E ~ 3.40 Mev). 

{W. Porschen and W. Riezler, Z. Naturforsch. 
9a, 701 (1954). 
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The sign of the local magnetic field at the gold nucleus has been determined by measuring the 


asymmetry of the 6 radiation from Au!®8 


polarized in dilute solutions of gold in iron and 


nickel. The most probable values for the fields are Hy = —1.0 x 10° oe in iron and Hy = -1.8 


x 10° oe in nickel. 


Measurements have been made of the asym- 
metry of the 8 radiation from Au! nuclei, polar- 
ized in dilute solutions of gold in iron and nickel, 
in order to determine the sign of the local magnetic 
field at the dissolved gold nuclei. The study of the 
anisotropy of the y radiation of Au, oriented in 
an Fe-Au alloy, could give only" #! the absolute 
value of the local field Hy, since the angular dis- 
tribution of the y radiation from oriented nuclei 
depends only on even powers of the product upp 
(where pn is the magnetic moment of the nucleus). 
The direction can be found from measurements of 
the asymmetry of the 8 radiation from oriented 
nuclei. 

The angular distribution of the 6 electrons 
emitted by oriented nuclei can be written in the 
form 


N @) = Sa[1+ Diis/fam) BuPx(cos®)], (1) 
k 
where S, is a factor determined by the spectrum 
shape for an n-th forbidden f transition; the f, 
are parameters describing the degree of orienta- 
tion of the nuclei, and f,,, their maximum possi- 
ble values; the By are parameters which contain 
the dependence of the f ray distribution on the 
nuclear matrix elements, and P, (cos @) are 
Legendre polynomials. 

The overwhelming majority of Au’* nuclei de- 
cay according to the scheme 27 (8) 2°, which cor- 
responds to a first-forbidden f transition. The 
electron spectrum has an end point Wy = 2.9 mc 
(where m is the electron mass and c is the ve- 
locity of light) and has an allowed shape. In the 
case of a first-forbidden transition, the summa- 
tion in (1) goes over k = 1, 2, 3; i-e., the electron 
angular distribution is determined by the orienta- 
tion parameters f,, f, and f3. At not too low tem- 
peratures, f; is negligibly small and the term with 
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k = 3 can be dropped. Using the approximate ex- 
pressions for B; and Bo, which were found by 
M. Morita and R. Morita“! for the case of aZ/2p 
>> W, and (wZ)* «1,* (where p is the nuclear 
radius in units of the Compton wavelength f/mc, 
and @ is the fine structure constant), and also 
making use of the fact that the electron spectrum 
has an allowed shape, one can show that the ap- 
proximate expression 


(2) 


ear Ys +2V%sd/e pfs 
NOS] t+ Qiu W fap P, (cos 9) 


gives the angular distribution correctly. Here 


‘p =v W2 - 1 is the momentum of the electron, and 


A and pw are parameters which are linear com- 
binations of the nuclear matrix elements, in the 
notation of M. and R. Morita. 

The asymmetry of the 6 radiation can be char- 
acterized by the value of the quantity 


&p = [N (0) — N (x)]/No, (3) 


where N(@) is the 8 counting rate at an angle 0 
relative to the direction of the magnetizing field 
on the sample, and Nj is the isotropic counting 
rate in the absence of orientation. Substituting 
the values of N(0) and N(7) from (2) into (3) and 
using the approximate equation f;/fym © HpHp/2kT, 
we find for ¢€g the expression 
ey wer me ae (4) 

This expression was used for determining the 
intensity of the local magnetic field Hp, since all 
the other parameters appearing on the right side 
of the equation are determined independently. The 


*The latter inequality is satisfied only approximately, 
but this does not affect the form of (2) and manifests itself 
only in the definition of the parameters A and p in terms of 
the matrix elements. 
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FIG. 1. Temperature dependence of asymmetry of B radia- 
tion from Au'®® dissolved in iron and in nickel; 


es =[N(30)—N,]/N; ef = [N(150%-N,]/Ny, eg = es — eg - 


ratio A/u can be found from the results of 
Steffen,“ who studied the 8-y angular correlation. 
The average value of p/W over the portion of the 
electron spectrum recorded by us was taken to be 
0.78; and the nuclear moment was set at Un 

= +0.5 n.m. No direct measurements of the sign of 
the magnetic moment of Au'*8 have been made, but 
according to the shell model it is very probably 
positive. The values of «g and 1/T were deter- 
mined separately in the experiments. 

The apparatus and experimental method were 
the same as in our previous work. 2] The samples 
contained ~ 0.3 w % of gold for the iron alloy 
~1w % for the nickel alloy. After activation with 
thermal neutrons the samples were annealed for 
2—3 hours at ~1000°C. Figure 1 shows the results 
of several series of experiments with the Fe-Au 
alloy and of one series with Ni-Au. Each point 
was determined from the change in intensity of 
the 8 radiation when the sample was artificially 
heated to the temperature of the helium bath. We 
see that the points lie well on a straight line, 
which corresponds to a dependence of €g only on 
1/T, i.e., only on f,. After making corrections for 
the fact that the direction of polarization and the 
direction of the 6 radiation which is recorded are 
not the same, and for the fraction of scattered 
electrons in the recorded radiation* (this was done 
in supplementary experiments), we found from the 
slopes of the lines the following values for eg: 


*Corrections were made only for back-scattering of 
electrons from the material of the cold pipe. No corrections 
were made for electrons scattered from the walls of the 
apparatus. 
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&g = — (8.9+0.3)-10°T + 
for gold dissolved in iron, and 
&g = —(1.6+0.1)-1037 7+ 


for gold in nickel. 

Substituting these values in (4), we can find the 
dependence of the local field on the parameter 
A/u. For gold in iron, 


41+ (A/p)? 


Hn = (6.2 + 0.2) ————=— .-10° 0e; 
0 = 08 £0) 2 Via 
for gold in nickel 
4 + (A/p)? 
H, = (1,1 + 0.07) ——“——— _ .-10° oe. 
(TS yt 2V eh 


The dependence is shown graphically in Fig. 2. 


ae 
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FIG. 2. Dependence 
on the parameter \/p of 
the local magnetic field 
at gold nuclei dissolved 
in iron and nickel. The 
most probable value is 
d/u=-1. 


From Steffen’s work we can get only the ap- 
proximate value A/y = —1 + 0.7. But as we see 
from the curve, despite the large uncertainty in 
the determination of A/p, the local field intensity 
in iron is apparently close to the value Hn * —1.0 
x 10° oe, which agrees in absolute value with our 
previous results. 4] The local field in nickel is 
5.6 times smaller and is equal to Hy © —1.8 
x 10° oe.* Thus in both iron and nickel the direc- 
tion of the local field at the gold nuclei is opposite 
to the domain field. 

At present only one mechanism has been pro- 
posed which leads to a negative sign for the local 
magnetic field. This is the contact field of the 
electrons of the inner s shells. This mechanism 
assumes that there is a partial polarization of the 

*The degree of quadrupolarization of the gold nuclei is 
approximately 30 times smaller in nickel than in iron, This 
may explain the negative result of the attempt to detect the 
field at the nuclei of gold in nickel from the anisotropy of the 
y radiation.L*] Probably insufficient sensitivity is the reason 
why Roberts et al. give a zero value for the field at gold 


nuclei in nickel, as found by them from an investigation of 
the Méssbauer effect.[*] 


DETERMINATION OF THE SIGN OF THE LOCAL MAGNETIC FIELD 


inner shells by. the exchange and dipole interaction 
with the unfilled shell of the paramagnetic ion. The 
_assumption of such a mechanism for the origin of 
the local field is equivalent to assuming an uncom- 
_pensated shell for the impurity atom. Also not 
completely excluded is the possibility of explaining 
the negative sign of the local field as the result of 
contact interaction with the polarized conduction 
electrons of the alloy, assuming that their polariza- 
tion has the opposite sign. However such an as- 
| sumption is not in agreement with the conclusions 
| of Kondorskii.'® 
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Production of mesons in the reaction ™ +n— 7 +n+mz7_ is investigated with a freon 
bubble chamber. The momentum of the incident meson is 2.8 Bev/c. The results obtained 
are compared with the statistical theory and the peripheral interaction model. 


Ar present there is very little information about 
the reaction 


ec tnon n+ mn, m= 1, 2, (1) 


and about the isotopically symmetrical reaction 
att pont+t+ p+ mn. 


A study of these reactions supplements the in- 
formation on inelastic interaction between pions 
and nucleons at high energies, and in particular 
on the applicability of the statistical theory and 
also the model of peripheral collision between the 
incoming meson and a meson in the ‘‘jacket’’ of 
the nucleon. 


1. EXPERIMENTAL PROCEDURE 


To obtain data on reaction (1), we examined 
stereo photographs obtained with a 17-liter freon 
bubble chamber" 50 cm long. The 7 -meson 
beam had a momentum 2.8 + 0.3 Bev/c. The bubble 
chamber operated without a magnetic field. The 
main feature that made this procedure feasible 
was the relatively high efficiency of registering 
the y quanta produced in the decay of the 1° 
mesons. 

In scanning the stereo photographs we selected 
the single-prong stars accompanied by electron- 
positron conversion pairs, directed towards the 
interaction point. It was assumed that the chosen 
single-prong stars are produced via reaction (1) 
when the incoming mesons interact with the quasi- 
free neutrons of the nuclei contained in the freon. 
Since the screening coefficient of the nucleon in 
the nucleus is not known for reaction (1), no ab- 
solute cross sections were determined. 

Altogether 221 events were registered. In ad- 
dition, we registered two single-prong stars in 
which the conversion pairs were accompanied by - 
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‘¢forks’’ of two pions, produced in K’ meson de- 
cay. The efficiency of registering reactions with 
production of neutral strange particles has been 
estimated previously 2] to be ~0.4. Consequently | 
the contribution of such reactions to the investi- _ 
gated process can be estimated at < 3% and is 
disregarded. 


2. ANGULAR DISTRIBUTIONS OF y QUANTA 
AND 7 MESONS 


The angular distribution of the registered y 
quanta accompanying the single-prong stars is 
shown by the dashed line of Fig. 1. The abscissas 
are the cosines of the angle of emission of the y 
quantum in the c.m.s. of the incoming meson and 
nucleon, while the ordinates are the numbers of 
the y quanta. The circles denote the angular dis- 
tribution of the y quanta with account of the vy 


260 
420 


160 


Qe 08 / 
cos Oc. m.s. 
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FIG. 1. Angular distribution of y quanta in the c.m.s. of 
the incoming meson and nucleon. Dashed histogram—distribu- 
tion of registered y quanta without account of efficiency. 
The circles represent the same distribution with account of 
the y counting efficiency in the chamber. Curves 1 and 2— 
calculated angular distributions assuming 50\% (curve 1) 
and 30% (curve 2) contribution from peripheral collisions. 


1270 4 


counting efficiency for the chamber. The errors 
‘are statistical. 

The counting efficiency € was determined for 
‘each y quantum producing a pair directed towards 
the single-prong star. For this purpose we meas- 
ured the distance L along the direction of y- 
quantum motion from the point of interaction to 
the boundaries of that region of the chamber, where 
the conversion pair, if produced, would be regis- 
tered in the scanning. The counting efficiency of a 
y quantum leaving a given point in a given direc- 
tion is € = 1 — exp (—L/Lk), where Ly = 30cm 
is the known conversion length for the freon mix- 
ture in the bubble chamber. 

As can be seen from Fig. 1, the angular distri- 

bution of the y quanta in the 7N c.m.s. is aniso- 

tropic and asymmetrical. The ratio of the number 

| of y quanta emitted forward and backward in the 

7Ne.m.s. is 1.76 + 0.30. It is possible that this 

_ ratio is underestimated compared with the data 

1 for the free nucleon, since it is known that the 

' Y-quantum angular distribution for all the stars 

i (including those accompanied by development of a 
nuclear cascade) is relatively large in y quanta 

emitted backward. 

Figure 2 shows the angular distribution of the 
7m mesons in the laboratory system (l.s.). The 
same figure shows for comparison the angular 
‘distribution of the y quanta in the l.s. Both distri- 
butions are normalized to the same area. It is 
seen that within the limits of statistical errors the 
angular distributions of the y quanta and of the 
'm@ mesons are the same. Figure 3 shows the angu- 
lar distribution of the 7 mesons for two groups 
of mesons: with momentum > 300 Mev/c (solid 
curve) and with momentum < 300 Mev/c (dashed 
curve). The choice of 300 Mev/c is based on the 
experimental feasibility of determining the mo- 
mentum in the chamber. The momenta of the 7 
| mesons were estimated from the ionization, multi- 
ple scattering, and also from the range if the 7 
/meson stopped in the chamber. The abscissas in 
Fig. 3 are the cosines of the l.s. 7 -meson emis- 
' sion angle. The two distributions are likewise 
| normalized to the same area. The experimental 
‘data indicate that the anisotropy increases with 
increasing 7 -meson energy. 

The angular distributions of the y quanta in the 
TN c.m.s., as affected by the 1l.s. 7 -meson emis- 
sion angle, ™ meson momentum, and the number 
of counted y quanta all agree, within the limits of 
‘statistical errors. A tendency can be observed, 
however, towards increasing anistropy in the y- 
quantum distribution with decreasing number of 
'Y quanta directed towards the point of interaction 
\(Fig. 4). Thus, the anisotropy for y quanta from 


—_ 


? 


INVESTIGATION OF THE 7r~ +n — 77 + n+ m7° REACTION 


1271 


=I Usain O G2 06 / cos, gs, 


FIG. 2. Angular distributions of y quanta and 7 mesons 
in the l.s., normalized to equal area. Solid curves — 7 
mesons, dashed curves — y quanta. 


be 


-? -06 -02 &@f 06 7 cos A, s, 
FIG. 3. Angular distributions of 7 mesons in the l.s. as 
affected by the 7-meson momentum p_-; solid curves — 


> 300 Mev/c, dashed — p_ < 300 Mev/c. 


Pr 


stars with a single registered y quantum (histo- 
gram 1 of Fig. 4) is 1.7 + 0.4, that for two regis- 
tered y quanta (histogram 2 of Fig. 4) is 1.7 + 0.5, 
while that for three to five y quanta (histogram 3, 
Fig. 4) is 1.5 + 0.7. 

We can also note that the anisotropy of the 
angular distribution of y quanta from stars with 
m™ -meson emission angle > 41° in the l.s. 
(1.85 + 0.47) exceeds that for < 41° in the Ls. 
(1.68 + 0.39). 


3. MULTIPLICITY OF 7’-MESON PRODUCTION 


Table I lists the distribution of the single-prong 
stars relative to the number of electron-positron 
conversion pairs directed towards the point of in- 


FIG. 4. Angular distribu- 
tions of y quanta in the 7N 
c.m.s. as affected by the num- 
ber of registered y quanta 
emitted from stars: 1—stars 
with single y quantum; 

2 — stars with two y quanta; 
3 — stars with 3, 4, andS y 
quanta. 
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teraction, and also as a function of the l.s. 7 - 
meson emission angle. In Table I, and further in 
the text, N;—number of single-prong stars with 
one registered electron-positron conversion pair 
directed towards the point of interaction, N».—the 
same with two pairs, etc, Ny—the total number of 
single-prong stars with pairs, and N—total number 
of registered conversion pairs. The last line of 
Table I lists the values of Ny—Ns, No, and N for 
all 7 -meson emission angles. The values obtained 
are determined by the multiplicity of 7’-meson 
production in reaction (1) and by the average con- 
version y counting efficiency in the chamber. 

The average y counting efficiency was calculated 
from the formula 
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where n—number of registered electron-positron © 
pairs. It was shown that within the limits of statis- 
tical errors the average y counting efficiency does) 
not vary with the 7 -meson emission angle. Nor 
do changes occur in the counting efficiency of vy 
quanta accompanying single-prong stars with 1, 2, 
etc. counted conversion y quanta, i.e., the counting) 
efficiency can be assumed constant for all the 
single-prong stars. We can therefore calculate | 
the average counting efficiency of the y quanta 
produced in reaction (1) for the entire chamber, 
independently of the 7 -meson emission angle. 

The value obtained was 0.34 + 0.02. 

Starting from this value and the values of Ny, 
and N;, and also from the fact that not a single \ 
event was registered with six electron-positron | 
pairs, we can estimate the contribution of the | 
cases with production of three 7’ mesons. The | 
relative contribution to reaction (1) from processes) 
involving the production of one and two 7 mesons | 
can be based on the ratios Ny/Ny, No/Ny, N3s/No, 
N/Ny. Knowing the contribution of the reactions 
with m =1, 2, 3, we can readily determine the 
average multiplicity of 7°-meson production, 
which was found to be 1.47 + 0.15. The error in- | 
cludes here the uncertainties in the contributions 
of the channels of reaction (1) with different m 
(see the last line of Table II). 

Figure 5 shows the dependence of the average 
multiplicity (ordinates) on the ™-meson emission 
angle (abscissas), calculated by the method indi- 


| 
| 
| 
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Table I 


Number of registered single-prong stars 


7 meson 

emission Total number 
angles N, N2 | Nz | Ng | Ns No of pairs, N 
O— 15° 34 14 1 — - 46 62 

45— 30° 33 15 4 4 — 50 70 

30— 60° 43 24 3 4 —_ 68 98 

60— 90° 25 40 3 — 4 39 59 

90—180° 10 6 1 1 oo 18 29 
O0—180° 442 66 9 3 4 224 318 


Table II. Multiplicity of 


Tt Production in the Reaction 


n+7 —-n+7 +m? for E7- = 2.8 Bev 


Statistical theory with account | 
of the isobar (data ofl3}) 


Percentage of cases 


with different m pyerare 
m= 1 | m=2 m=3 plicity, ™m 
| 55 37 8 1,53 
~6345 | ~2745°] ~1045 | 1,4740.15 


Experimental data 
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a FIG. 5. Dependence of multi- 
rT ane l plicity of 7°-meson production 
if on the l.s. 7--meson emission 
¥ . angle. 
20 «68 = ‘100 40g, 180 


cated above for five angle ranges. There is a 
tendency for the multiplicity to increase with in- 
creasing 7 -meson emission angle. The multiplic- 
ity of production of 7m mesons in reaction (1) de- 
pends only on the ™ meson momentum, being 

1.33 + 0.15 for a meson with momentum > 300 
Mev/c and 1.71 + 0.12 when the momentum is 

< 300 Mev/c. The errors are statistical. 


4. DISCUSSION OF THE RESULTS 


Table II shows comparisons of the average 
multiplicity and of the percentage ratio of different 
channels of reactions (1) with the statistical 
theory. The calculation was made by Maksimenko 
using statistical theory with the isobar taken into 
account. The agreement between calculation and 
experiment is satisfactory. However, the statistical 
theory cannot explain the noted dependence of the 
multiplicity on the 7 -meson emission angle and 
on the momentum, nor the observed angular dis- 
tributions of the y quanta and ™ mesons. 

We note that the y-quantum angular distribu- 
tions given in Figs. 1, 2, and 4 coincide with the 
angular distributions of the 7 mesons from reac- 
tion (1) if the 7’-meson spectrum is sufficiently 
hard, as is apparently the case of 2.8-Bev 7 
mesons. At any rate, the angular distribution of 
the 7° mesons is not broader than the given y- 
quantum distributions. 

The observed anisotropy in the angular distri- 
bution of the neutral and charged mesons in the 
m™N c.m.s. can be explained by assuming, as is 
frequently done in the literature, the existence of 
peripheral 17 collisions along with the central ™N 
collisions. If at the same time the angular distri- 
bution of the 7 mesons produced by the central 
collision is assumed to be isotropic in the 7N 
c.m.s. (in accord with the statistical theory), and 
the distribution of the 7 mesons from the peri- 
pheral collisions is assumed to be isotropic in the 
m™ c.m.s., then the fraction of peripheral collisions 
is determined by the results obtained. To recon- 
cile an anisotropy value 1.76 + 0.30 we must as- 
sume 2 30% peripheral collisions (curve 2 of Fig. 
1). The angular distribution of the y quanta is in 
good agreement with the assumed 50% contribution 
of the peripheral collisions (curve 1 of Fig. 1). It 
is easy to understand why the concept of an inter- 
action between the incoming meson and the weakly 
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bound meson in the ‘‘jacket’’ of the nucleon ex- 
plains qualitatively the similarity in the angular 
distributions of the 7’ and 7~ mesons (Fig. 2) and 
the dependence of the multiplicity on the -meson 
emission angle (Fig. 5). 

The results of the present investigation do not 
contradict the assumed validity of the statistical 
theory (with account of the isobar, and possibly 
with account of the 7-meson interaction in the 
final state) when a large number of mesons 
(> 2 or 3) is produced. The angular distribution 
of the 7’ mesons apparently becomes more iso- 
tropic with increasing multiplicity (Fig. 4). 

These conclusions are in good qualitative 
agreement with those reached in investigations of 
the production of > 1-Bev mesons in 7™N interac- 
tions other than the reaction (1). Thus, to explain 
the angular distribution of charged pions produced 
in tp collisions at 4.5 Bev, Walker [4] considered 
first direct knock-out of pions from the nucleon. 
His data indicate an isotropic pion distribution in 
the pion c.m.s. From the value ~7 mb, given by 
Walker “4! for the cross section of inelastic ™N 
collision via the 77 channel, we can estimate the 
fraction of the peripheral collisions to be about 
30%. The notion of central and peripheral colli- 
sions was developed by V. 8S. Barashenkov many 
times. In his work [6] based on the data of Belya- 
kov et al 8 concerning the production of charged 
7-Bev mesons in emulsion, Barashenkov estimates 
the fraction of the peripheral collisions to be 
50—60%. Grote et al'4, in an investigation quite 
similar to!®, deduced the presence of mm interac- 
tion from an analysis of the target mass.!®) The 
contribution of peripheral collisions to scattering 
is also proposed by Shalamov and Shebanov"! to 
explain the angular distribution of 7’ mesons pro- 
duced in the reaction ™ +p— n+ mm at 2.8 Bev. 

The foregoing investigations and many other 
experiments |!!!) indicate that the statistical 
theory is applicable to an evaluation of the mean 
multiplicity of production of mesons and of the 
angular and momentum distributions of the second- 
ary particles in processes having large multiplic- 
ity. 

In conclusion, we are grateful to Yu. S. Krestni- 

kov and V. A. Shabanov for supplying the films, 
N. S. Khropov, M. U. Khodakova, V. A. Krutilina, 
Z. I. Pal’mina, and Yu. S. Petrykin for help in the 
measurements, and also N. G. Birger for numer- 
ous discussions. 
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The ratio of the 7°-meson photoproduction cross sections on deuterium and hydrogen was 
measured for energies in the range of 170—210 Mev. The measurements were carried out 
for meson emission angles of 44, 84, and 124° in the laboratory system. The experimental 
data are compared with the momentum approximation theory. 


INTRODUCTION 


A. relatively large number of published experi- 
mental results '!~4) on the photoproduction of 1° 
mesons on deuterium were obtained at bremsstrah- 
lung energies > 200 Mev. Only one experiment [5] 
was carried out near the photoproduction threshold. 
However, the m°-meson photoproduction on hydro- 
gen at these energies has been studied rather ex- 
tensively. 

The energy range near the photoproduction 
threshold is of special interest, since the transi- 
tions into final S and P states of the meson-nu- 
cleon system are mainly involved. This greatly 
facilitates the interpretation of experimental re- 
sults. In fact, disregarding for the time being the 
dependence of the corresponding transition opera- 
tor T on the spin and polarization, we can write 


T =f (Ex; Mi (7/2); Mi (?/2); Ee), 


where E, and E, are the amplitudes of the elec- 
trical dipole and quadrupole transitions respec- 
tively, and M, (4) and M,(*%/) are the amplitudes 
of the magnetic dipole transitions into the state 
with total angular momentum of ve and hs respec - 
tively. 

Baldin and Govorkov"®! have shown that the 
amplitudes E, and M, (4%) near the photoproduc- 
tion threshold can be neglected. Therefore, the 
main contribution to the process under considera- 
tion is due to the transition to the *4—'/, state and, 
in the energy range of interest, we have 


T=f (Ex; M; (7/2). 


The above considerations facilitate the comparison 
between the experimental results and the momen- 
tum approximation theory. A test of the applica- 
bility of that theory to the processes under consid- 
eration is interesting for its own sake. 


Thus, we can expect that the study of the reac- 
tions 


(I) 


in the energy range near the threshold and the 
comparison of their parameters with the known 
parameters of the process 


{+ pn -+ p (II) 


will yield information on the photoproduction of 
7° mesons on the neutron. 

For an analysis of the process (I), it is neces- 
sary to know the relative contribution of both re- 
actions at various primary-photon energies, and 
also the angular distributions. 

The simplest method of comparing the proces- 
ses (I) and (II) is the measurement of the ratio of 
their differential cross sections under identical 
conditions. 


APPARATUS 


The experiments were made with the synchro- 
tron of the Lebedev Physics Institute of the U.S.S.R. 
Academy of Sciences. A diagram of the setup is 
shown in Fig. 1. Liquid deuterium and hydrogen 
placed in a vacuum target (VGM-1) developed in 
the photon-meson laboratory of the Physics Insti- 
tute of the Academy [7] were used in the experi- 
ments. The working volume of the target, using 
the chosen method of collimation, was 53 cm’. 

The collimation system and the filtering magnet 
ensured the removal of electrons from the brems- 
strahlung beam. 

The method employed in the experiment, that of 
7°-meson detection using one of the decay y rays, 
has poor angular definition (details below), but 
permits us to obtain the results relatively rapidly 
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FIG. 1. Diagram of the experimental setup (geometry in 
the hall). 


with good statistical accuracy. In experiments 
carried out in order to determine the most inter- 
esting range of angles and energies for further de- 
tailed investigations, such a method of 7°-meson 
detection is definitely acceptable. The decay y 
rays were detected by a scintillation telescope 
consisting of three counters employing liquid 
scintillators and FEU-33 photomultipliers. 
The block diagram of the electronic apparatus 
is shown in Fig. 2. The pulses from counters 2 
and 3 were fed to a fast coincidence circuit.'# 
This branch of the telescope circuit forms the co- 
incidence channel. The output pulses from counters 
1 and 3 were fed to a similar coincidence circuit, 
and then into an anticoincidence circuit. In the co- 
incidence channel, the pulses passed through a 
distributed amplifier (with gain k = 30) and a dis- 
criminator, and were then fed to an anticoincidence 
system. The pulses of the anticoincidence channel 
were fed to the second input of this system passing 
through a discriminator and a generator producing 
standard square pulses of 2 x 107’ sec duration. 
The resolving times of the fast coincidence circuit 
and of the anticoincidence circuit were T = (5—6) 
x 10-* sec and tT =2x107" sec, respectively. 
Beenie 
| | | photomultipliers and output 
stages, 4—coincidence circuits, 
4 ! 5 — anticoincidence circuits, 
6—time analyzer, 7 —trigger of 
the time analyzer, 8 —differen- 
tial monitor, N,—N, — outputs of 
analyzer recording the effect, 
Ni—N, — outputs of analyzer re- 
cording the pulses from the dif- 


ferential monitor, Ny — telescope 
count. 


FIG. 2. Block diagram of the 
electronic apparatus: 1,2,3— 
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The electronic circuit of the telescope is such 
that the anticoincidence system produces, in addi- 
tion to the output signal fed to the time analyzer, 
another fast signal with a rise time of (1—2) 

x 1078 sec. This enabled us, where necessary, to 
analyze the coincidences of the telescope pulses 

with a signal of a single counter or an analogous 

telescope, obtaining a resolution better than 

10-8 sec. 

The pulse from the telescope output was fed to 
a time analyzer similar to the one described in Ca) 
In the analyzer, the signals were fed to channels, 
each of which corresponded to a definite range of 
maximum energies in the bremsstrahlung radia- 
tion spectrum from the synchrotron. The time 
analyzer was triggered by pulses produced in a 
special circuit at the moment the magnetic field 
of the synchrotron reached a given value. Such a 
method enabled us to fix the required energy range 
of each analyzing channel. 

The effect was measured for each of the three 
selected angles in five channels with maximum 
energy equal to 178, 186, 194, 202, and 210 Mev. 
The time spread of the bremsstrahlung pulse from 
the synchrotron ensured the measurement of the 
upper limit of the spectrum from 160 to 220 Mev. 
Thus, it was possible to avoid the errors due to 
instability of the energy at the limits of the pulse 
duration. Simultaneously with the recording of the 
effect in the corresponding branch of the analyzer, 
pulses of a differential monitor (see below) were 
recorded in five channels of the analyzer. A spe- 
cial test system operating with a Co source was 
used for a regular check of the sensitivity of the 
electronics. 


PRINCIPAL CHARACTERISTICS 


In order to calculate the yield of reactions (I) 
and (II), it is first necessary to know the efficiency 
of the telescope for y rays. This efficiency was 
measured in a series of experiments using mono- 
energetic electrons in which the detection proba- 
bility of an electron with a given energy, produced 
by a photon in the i-th layer of a lead converter, 
was measured. The efficiency 7 of the y-ray 
telescope determined in such a way is shown in 
Fig. 3. With good accuracy, it can be written in the 
form 

A ie 0,0052—0,12 Ey <110 Mev — (1) 
0.42 E,, > 110 Mev 
Such an efficiency is in good agreement with the 
known efficiencies of analogous y-ray telescopes 
described in the literature. 


et 


———— ee 
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FIG. 3. Energy dee 
pendence of the y-ray 
yield in the decay of 7° 
mesons from. deuterium 
(per 100 counts of the 
monitor). 
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In addition to the telescope efficiency, it is nec- 


] essary to take the following facts into considera- 


tion: 

1. Spurious counts due to the detection of pho- 
tons propagating out from the target within the 
solid angle Af of the telescope and producing a 


| pair in the lead shielding. 


2. Spurious counts due to the fact that the effi- 
ciency of the anticoincidence circuit is different 
from unity, since there exists a certain trigger 
threshold of the generator of standard pulses (see 
block diagram) which, at its input, receives the 
diffuse amplitude spectrum of the pulses after the 
coincidence circuit. 

3. Missing counts due to the conversion of pro- 
tons in the walls of the target and in the absorber 


before reaching the lead converter of the telescope. 


These corrections, calculated as a result of a 
series of special experiments in which the posi- 
tion of converters and the operating conditions of 
the telescope were varied, are not greater than 
10%. 

Let us now consider the problem of monitoring 
the bremsstrahlung beam. It was mentioned above 
that, simultaneously with the detection of the tele- 
scope pulses in the corresponding channels of the 
analyzer, the pulses of a monitor counter were re- 
corded. The analyzer channel width was chosen to 
be 8 Mev, which corresponds to a time of about 
200 usec. (For-different channels, the time did not 
differ by more than 5%.) The effect recorded in 
each analyzer channel referred to a definite num- 
ber of counts of the differential monitor." 

Corrections were made to account for the sen- 
Sitivity of the differential monitor to the induced 
activity and neutron background, and also for the 
variation of the monitor counting rate with maxi- 
mum energy of the bremsstrahlung spectrum. In 
order to reduce the role of these corrections, the 


differential monitor was used only for determining 


ON DEUTERIUM AT 170—210 Mev 


1277 


the relative intensity distribution in the channels. 
According to this distribution, the total count of a 
thin-wall monitor chamber was divided among the 
channels. The absolute calibration of the thin-wall 
ionization chamber was carried out using a thick 
graphite chamber and using the induced activity 
from the C!?(y, n) C!! reaction in a plate placed 
in the bremsstrahlung beam. The latter method 
was used for a regular check of the calibration. 
Both methods used in different series of measure- 
ments agreed to within 5 to 10%. 

Having thus determined the counting response 
of a thin-wall chamber in Mev for the given value 
of the upper energy of the bremsstrahlung spec- 
trum I! (Mev/count), we can easily show that the 
number of photons per count of the thin-wall cham- 
ber with energies between the photoproduction 
threshold and to the maximum energy in the i-th 
channel (Winax) is given by the relation 


Zz 


max Way 
a FM fap (at) to| ( wf (o, wi) dew 


aN 


(2) 


0 


where wt is the energy corresponding to the photo- 
production threshold, wi, is the mean value of the 
maximum energy in the bremsstrahlung spectrum 
for the i-th channel, and fgp (w, Winax) is the en- 
ergy spectrum of photons taking into account the 
spread of the beam from an electron with energy 
Winax incident upon the synchrotron target. 

The integrals in Eq. (2) were calculated graph- 
ically for all channels taking the beam spread into 
account and using the tables of Penfold and Less.10] 
The difference in the 7’-meson photoproduction 
thresholds on hydrogen and deuterium was taken 
into account in the calculations. 


MEASUREMENTS 


The energy dependence of the y-ray yield from 
the decay of 7’ mesons produced on hydrogen and 
deuterium was measured for the angles of 44, 84, 
and 124° in the laboratory system (Il.s.). The 170— 
210 Mev and 160—220 Mev energy ranges for an 
angle of 84° were investigated. A comparison of 
the experimental conditions at various angles of 
the principal y-ray telescope was checked by a 
test telescope, whose position did not change 
throughout the experiment. The measurements 
were carried out alternatively with hydrogen, deu- 
terium, and an empty target. The energy depend- 
ence of the yield decay y rays from n> meson de- 
cay from deuterium is given in Fig. 3. 

Using this data, we have determined the cross 
section for the emission of decay yy rays in the 
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l.s. by the photon difference method. In order to 
check the efficiency of the array, the monitoring, 
and the other parameters entering into the cross 
section, the results obtained with hydrogen were 
used to calculate the coefficients A, B, and C in 
the expression do/d® = A + Bos 0 + C cos? 8. 
For the same purpose, we have determined the 
energy dependence of the total cross section of the 
process. Both results are in agreement with pre- 
viously known values, [11-13] within the limits of 
statistical errors. This provides the basis for 
using the results of the experiment for further 
analysis. 

The chance coincidence background was deter- 
mined during the measurements by introducing a 
time delay in one of the coincidence channels. 
When working at an angle of 44° in the range of 
small energies, it was smaller than 2—3%. How- 
ever, the background from the empty target was 
considerable, and varied from 30% in the first 
channel to 15% in the last one. The relatively large 
statistical errors are due to this fact. 

The energy width of the analyzer channels was 
periodically reset, and, for a long period of time, 
the variation in the width of separate channels was 
less than 5%. The graph characterizing the energy 
resolution of the analyzer channel has a tail at 
small energies. It was, however, shown that the 
number of protons due to such a characteristic of 
the curve is negligibly small. 

A certain contribution to the measured effect 
may be due to y rays from the Compton effect on 
nucleons. However, in the narrow range of ener- 
gies at which the experiment was carried out, the 
cross section for this process is small (of the 
order of 107*2 emYsr ) 14] and varies little with 
the energy of the primary beam. In connection 
with the above, the use of the photon difference 
method practically removes the contribution of 
the Compton effect to the final result. In addition, 
in control experiments on channels set for ener- 
gies lower than the photoproduction threshold 
there were practically no counts. 

Throughout the present article, only statistical 
errors are indicated. 


DISCUSSION OF THE RESULTS 


The analysis of the experimental data and their 
comparison with theory was carried out along two 
lines. First, using the value of the ratio of the 
cross sections of processes (I) and (II) obtained 
by the momentum approximation theory, the ratio 
of the decay photon yield was calculated. Second, 
the angular and energy dependences of the cross 
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sections of process (I) were used to calculate the 
corresponding distributions of the decay photons. 
The experimental results were compared with the 
distributions obtained in such a way. To calculate 
the distributions, it is necessary to know the angu- 
lar resolution of the array. ' 

It can be shown (see the Appendix) that the angu’ 
lar resolution function, or the probability that a 
neutral pion emitted in the photoproduction at an 
angle 67 is detected by a y-ray telescope placed 
at an angle 0, (the angles are reckoned with re- 
spect to the direction of the bremsstrahlung beam), 
is given by the equation 


sin @,, (4 — BZ) n (E,) dp 
Af aie (cos §,, cos §,, + sin 9, sin 0, cos @ 


(3! 


W. (055 Brey, 9-).= 


where n(Ey ) is the y-ray telescope efficiency and 
Bq is the 7’-meson velocity. The remaining sym- 
bols @7, 4), and p are defined in Fig. 8 (see be- | 
low). Since the angular resolution functions for 
given values of 6, and 6. depend on the 7’-meson) 
velocity, they should be calculated separately for 
each of the three investigated processes (photo- 
production on hydrogen and elastic and inelastic 
photoproduction on deuterium). 

For the photoproduction of mesons on hydrogen 
and the elastic photoprocess on deuterium, a 
unique kinematic relation exists between 07, Br, 
and the energy for the primary photon x. For the 
inelastic process, where, in the final state, three 
particles are produced, such a relation does not 
exist. Moreover, at a given angle 9,, mesons will 
be emitted with a certain velocity distribution 
which is determined by the binding energy of the 
nucleons in deuterium and the interaction of nu- 
cleons in the final state. These distributions have 
a maximum in the range of velocities determined 
by the single-nucleon kinematics, and can be con- 
structed by using the formulae and tables of (15) | 
Thus, for the inelastic process, it is possible to 
determine the range of variation of 87 for a given 
angle 67, and then to calculate the angular resolu- 
tion for the limiting values of 67. 

The angular resolution function was calculated 
by numerical integration of Eq. (3) for the three 
investigated processes. Typical functions of angu- 
lar resolution for 0 = 84° are shown in Fig. 4. 

For inelastic photoproduction on deuterium, the 
graphs corresponding to the limiting values of By 
are slightly different, and the average value of the 
angular resolution function was used for the proc- 
ess. 
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In this notation, the photoproduction cross section 
of 7’ mesons on hydrogen is 


(do/dQ), = Aj. (8) 
If we assume that Ap = An, then we have 
ds compl. ; , ds . 
(a5), / dQ . =e Wh i. F(2q)}, (9) 
ds \e! AON as 4 a8 
(a), bhaeal = 4F*(q). (10) 
The functions F(q) and F(2q) can easily be cal- 
a 45° 0° 135° 160° culated if we accept any wave function of the 


ground state of the deuteron. It is found that, for 
a relatively large class of wave functions and taking 
into account both S and D waves, the form factor 


|| \ FIG. 4. Angular resolution function of the arrangement for 
| Ey = 210 Mev and the angle 0,, = 84°. Curve 1—for the elas- 
| tic photoproduction of 7° on deuterium, 2—for 7° photoproduc- 


| tion on hydrogen, 3—for inelastic 7° photoproduction on deu- F and its dependence on q differ relatively little. 

r | terium accompanied by the emission of 7° mesons with minimum In the range of small angles @,, the form factor 
| energy. of the deuteron tends to unity when the primary 

i Using the momentum approximation, we write photon energies tend to the threshold value for 


"| the photoproduction cross section for 7 mesons photoproduction, i.e., when q tends to zero. (i 
total cross section for the photoproduction of 7 


on deuterium"®! in the form 
mesons on deuterons is then equal to the elastic 


ill ds = (a) TET ik <M); (4) cross section [see Eqs. (9) and (10)], and the ratio 
| of the cross sections of the processes (I) and (II) 
_ where k is the meson momentum, p the relative should be equal to four. 
| momentum of nucleons in the deuteron, k the mo- Using the Hulthén wave function of the ground 
mentum of the primary photon, E the meson en- state of the deuteron, and using Eqs. (6), (9), and 
ergy, M the nucleon mass, and < M>{,— square (10), we have calculated the energy dependence of 
of the photoproduction matrix element. In order the ratio of the cross sections of the processes (I) 
| to obtain cross sections that can be compared with and (II) for three angles. The results obtained in 
| the experimental results, it is necessary to inte- this way are in agreement with the experimental 
grate Eq. (4) over the relative momentum of nu- results shown in Fig. 5. 
cleons p within the limits from 0 to pmax. For It can be seen that, for all investigated angles 
this purpose, we have to know all the parameters of emission of 7’ mesons, the ratio of the total 


determining the matrix element and the wave func- 
tion of the final state of the nucleons. This can be 
avoided using the so-called completeness theorem 
approximation. 46,17 In this approximation, the 
differential cross section of the process (I) can be 
written as 


(do/dQyrr?" = A® + AX + 2Re Ay An F(2q). (5) 


where Ap and Ay are the 7-meson photoproduc- 
tion amplitudes on protons and neutrons respec- 
tively, F(2q) is the form factor of the deuteron 
given by the expression 


et ga(r) dr = F(2q), (6) 
160 170. 180 180 200 210 
| where q =(k —k)/2, r is the relative nucleon Ey, Mev 
| coordinate, and yq(r) is the total function of the FIG. 5. Ratio of the integral yields of 7° mesons from deu- 
ground state of the deuteron. terium and hydrogen for the angles 44, 84, and 124°. Solid line— 


The cross section of the elastic process in this calculated ratio of the cross section of elastic processes on 
case will have the form deuterium to the cross section on hydrogen, dashed line—calcu- 
lated ratio of the total cross sections of photoproduction on 


(do/dQ)$! = A? F%(q) + A® F%(q) + 2Re Ap A, F%(q). (7) deuterium and hydrogen. 
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and elastic cross section of process (I) to the 
cross section of process (II) depends very little on 
energy. These results are well confirmed by the 
experiment. However, the experimentally obtained 
value of this ratio for 44 and 84° is considerably 
greater than the theoretical value, and already in 
this range of angles and energies, is equal to about 
four. At 124° the experimental point coincides with 
good accuracy with the theoretical curve corre- 
sponding to the ratio of the total cross sections. 
For this angle, within the limits of the whole in- 
vestigated energy range, the form factor F(q) is 
small, and the elastic photoproduction of 7’ me- 
sons on deuterons is suppressed. 

Thus, the comparison made shows that, at 
170—210 Mev energies of primary photons at lL.s. 
angles 67, smaller than 90°, the cross section of 
the elastic photoproduction of 7’ mesons on deu- 
terium is considerably greater than the value ex- 
pected from the momentum approximation theory. 

For a more detailed comparison of the experi- 
ment with the momentum approximation, we have 
used the results of Lebedev and Baldin.“! In this 
reference, the cross sections of the elastic and 
inelastic processes in reaction (I) are obtained 
taking the interaction of nucleons in the final state 
into account. The calculations are free from the 
above-mentioned assumptions, but the S-wave 
photoproduction is not taken into account. The dif- 
ferential cross sections of both branches of reac- 
tion (I) in the l.s. are given by the equation 


(22)" = (Ge) FZ —B cos? Oy) | Ms Ca) P48 


| F (08 + kj — 2xk, cos 6,,)/2) P 


_LE (G84 #3 — 2h 008 9/2) (11) 
| k,/ VA + + (k, —x cos §,)/2M | 


where (27)*| M,(%) |? = (0.6 + 0.1) x 107*k’, and 
k, is the root of the equation 


(x2 — k?) —4M(x — V1 + FR) 


cos 6, = ak 


The remaining symbols have been explained above. 
Furthermore, 


inel 
(BP = 8M 5 cost) LF (Ds, 4) 
+ E' (ps, qs)1 + (1 — cos?) [F* (p,, 9,) 


— E* (p,, 9.) p, | Ma CP/2) [5 


where 


(12) 


q, = |x —k|/2, 
p, = {M Ix —e —V 1+ R? 
— (x2 + k® — Qnk cos 6,)/4M]}*. 
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The functions E’S and F&S have been tabulated 
in [15] € is the binding energy of nucleons in the 
deuteron, and a = VMe. Equation (12) was inte- 
grated over k by a numerical method. 

The angular dependence of the photon yield in 
7°-meson decay was determined using the corre- 
sponding angular resolution function for each of 
the channels of reaction (I). The calculations 
carried out for primary photon energies of 174 
and 206 Mev are compared with the experimental 
data in Fig. 6. The theoretical curves are normal- 
ized to the experimental point corresponding to 
6. = 124° and primary photon energy of 174 Mev. 


FIG. 6. Angular depend- 
ence of the pfoduction cross 
section of decay y rays from 
7° mesons on deuterium. 
Curve 1—calculated for 
E+ = 206 Mev, curve 2—for 
Ey = 176 Mev. The calcu- 
lated curves are normalized 
at the point E, = 206 Mev, 
Oy = 124° 


a 45° 50° 135° 
6, (1.s.)} 


The character of the angular dependence of the 
cross section for the energy of 206 Mev is in sat- 
isfactory agreement with the experiment. It can 
be seen that, at these energies, the contribution of — 
the elastic cross section is already small. 

For 192 and 174 Mev, the experimentally ob- 
tained angular dependence of the cross section has 
a considerably steeper forward peaking than that 
which follows from the theory. 

Thus, both methods of comparing the results of 
the experiment with the momentum approximation 
indicate the existence of a discrepancy in the re- 
gion where the contribution of the elastic process 
of 7? meson photoproduction on deuterium is con- 
siderable. Further experiments in the range of 
small energies and small angles 6, are necessary 
for a more detailed analysis. 

In addition to the above-described method of 
analyzing the results, experimental data were used 
to determine the ratio of differential cross sec- 
tions of the processes (I) and (II) for the energy 
ranges from the reaction threshold to 178 Mev, 
and from 178 to 210 Mev. The results are shown 
in the table and in Fig. 7 where, for the angle of 
84°, they are compared with earlier ratios of the 
differential cross sections.'+4*] It can be seen 
that the results of the present experiment are in 
good agreement with the conclusions of André. 1 
All the known data show that, in the energy range 
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Differential Ratios of the yield 
of 7’ Mesons from Deuterium 
and Hydrogen 


Ey 
6, _ , deg. 
Ist SSS | 478 Mev| 178=210 Mev 
4h 4,840,8 | 3,740.3 
84 4,541.3 3,0-+40,6 
124 4,95+40.2 1.740.4 
GIS, 
6 o Present experiment, 84° 
© (7), 90° 
4 s 4 (1, 90° 
Df’ }, 73° 
Zz 4 4 4 Oo a 
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FIG. 7. Differential ratio of the cross sections for the 
photoproduction of 7° mesons on deuterium and hydrogen 
according to the data of different authors. 


of about 200 Mev, the ratio of the cross sections 
dd/op increases sharply. 

The experiments are at present being continued 
in order to measure the ratio of the cross sections 
of processes (I) and (II) at an angle 6p © 0° in the 
range from the reaction threshold to 240 Mev. The 
7 mesons are, in that case, detected from the two 
decay photons. 

In conclusion, the authors take the opportunity 
to express their gratitude to P. N. Shareiko for 
designing the electronic apparatus and taking part 
in the measurements, to A. M. Baldin and A. I. 
Lebedev for valuable discussion, and also to the 
members of the synchrotron team. 


APPENDIX 


ANGULAR DISTRIBUTION FUNCTION OF A 
y-RAY TELESCOPE 


Let k be the momentum of the primary photon, 
and k and p, the momenta of the 7’ meson and 
of the decay photon respectively moving in the di- 
rection of the telescope. The definition of the 
angles @., O7, 0x, and gy is clear from ae 8. 

If do/o® is the angular distribution of 1° 
mesons in the 1.s., then the number of mesons 
propagating at an angle 9, within a unit solid 


angle is . 
nx = K (do/dQ) sin 0, d6,, dg; (A.1) 


where K is a factor depending on the number of 


nuclei in the target and the primary photon flux. 
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FIG. 8 


The probability of the decay of a 7° meson with 
velocity 8, into two photons so that one of them is 
emitted at an angle 6, to the direction of motion 
of the 7’ meson in the l.s. can be written as 


P (0. Bx) = (1 —B5)/2n (1 —B, cos 0,)?. 


The number of photons propagating in the direction 
of the telescope and due to the decay of nt’ mesons 
Eq. (A.1), will then be given by 

ge 2 
= = sin 6, d0,dp ee 
The decay photons from mesons propagating on 
the generator of the cone with an opening angle 0, 
(the angle 6x is variable) will also propagate in 
the same direction. In order to take these y rays 
into account, it is necessary to integrate Eq. (A.3) 
over the angle ~. Moreover, as can easily be 
shown 


(A. 2) 


fy (A.3) 


cos 8, = cos®, cos@, + sin®@, sin®,cos@. (A.4) 


Finally, it is necessary to take into consideration 
the contribution of the decay photons from 1° 
mesons emitted at different angles. For this pur- 
pose, it is necessary to integrate Eq. (A.3) also 
over 67. 

Taking the detection efficiency of the y-ray 
telescope into account, we shall obtain the number 
of the decay photons detected per unit time by the 
telescope set at an angle 6., to the direction of the 
bremsstrahlung beam (the solid angle of the tele- 
scope enters through the factor K): 

2r 


° E.)(4— Bp? 
Ny (8) =\\or K ds. n (E,) ( Bo) 
0 


dpdé,. (A.5) 


2m da * On G — cos 6.) 


7 is given by Eq. (1), and 
Ey = poc?/2y (1 — 8, cos 8x), 


where pc” is the meson rest mass and 
y=(1- Be )-!7, Introducing the angular resolu- 
tion function of the telescope (see text) W(@7, Br), 
we obtain 
Cd 
Ny (0) Sy \zr WV (0. Bx) dx, 


0 
where, taking Eq. (A.4) into account, W(@,, 87) 
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written in the form (5) is determined by Eq. (A.5). 
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A diffusion chamber filled with He*® was used to observe the p~ + He? ~ H’ + v reaction. 
The upper limit of the mass of the neutral particle emitted in muon capture by nucleons 
(my <6 Mev) was determined by measuring the recoil energy of H®. According to pre- 
liminary data, the probability of this reaction is (1.30 + 0.40) x 10° sec~! and agrees with 
the theoretical value predicted by the universal theory of weak interactions. 


oe of the most studied among the weak interac- 
tions of nonstrange particles is the capture of a 
muon by a nucleon. The study of the not yet ob- 
served capture of a yp” meson by a free proton is 
of great interest. However, the interpretation of 
the experimental results will be complicated by 
various molecular effects.“ In experiments on the 
capture of muons in complex nuclei, it is the total 
probability of the various pi ocesees which has 
generally been measured. 2] The only definite 
process studied in detail is the process of the ab- 
sorption of a muon by the Cc! nucleus with the 
formation of B!,'34) But even in this case, the in- 
terpretation of the experimental results is made 
more difficult by insufficiently accurate knowledge 
of the nuclear wave functions and by a number of 
other factors. Also, the results of the measure- 
ments made by different authors do not agree with 
each other at the present time. 

Interest in the experimental study of the capture 
reaction of slow p~ mesons in He’ with formation 
of tritium and a neutrino in the final state 


u- ++ He®—> H? + (1) 


is due to the fact that the theoretical calcula- 

tions > of the probability of this reaction, based 
on the known value of ft for the 6 decay of tritium, 
have high accuracy. Measurement of the probabil- 
ity of the process (1) makes it possible to deter- 
mine the effective muon-nucleon interaction con- 
stant and thus to confirm the validity of the univer- 


_ sal theory of weak interactions. 7q 


In addition, determination of the energy of the 
tritium formed in process (1) makes it possible to 
‘estimate by a direct method the upper limit of the 
mass of the neutral particle emitted in the muon 
capture, and to prove, by the same method, the 
existence of the process [8] 


p+ p>n+y, (2) 


which, although it is generally accepted, has not 
yet been observed with complete reliability either 
for free protons or in complex nuclei.* 

The first results of a study of the reaction (1) 
are described below. 

Because He? is a rare isotope, we first contem- 
plated using a mixture of hydrogen and helium for 
the study of muon capture in He’®, relying on an 
effective interception of the muons from the state 
of meso-hydrogen, similar to the well-known in- 
terception of muons by deuterium and other nuclei. 
However, as experiments carried out by us with a 
diffusion chamber filled with a mixture of hydro- 
gen and helium have shown (as well as the theo- 
retical estimates of S. S. Gershtein) an effective 
interception of muons by the helium does not oc- 
cur, even at a helium concentration of 15 per cent. 
Therefore, we used pure He® in the subsequent 
experiments. 

In the experiments, a diffusion chamber was 
used which was filled with He® at a pressure of 
20 atm. The purity of the gas used was better than 
99.999 per cent. The impurity of tritium amounted 
to about 10-!®. The vapor pressure of the methyl 
alcohol in the sensitive layer of the chamber was 
less than 50 mm Hg. The chamber was placed in 
a magnetic field of 6000 oe and was also inserted 
in the extracted 217-Mev/c meson beam of the syn- 
chrocyclotron of the Joint Institute for Nuclear 
Research. The slowing of the mesons and the sep- 
aration of the mesons from pions was accomplished 
by a copper filter located near the chamber. Spe- 


*The most direct measurement of the energy carried by 
the neutral particle in the process of muon capture by the 
nucleus, was made by Fry;l’] nevertheless, his data do not 
permit a reliable estimate of the mass of the neutral particle. 
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cial precautions were taken to shield the chamber 
from thermal neutrons which produce the reaction 


n+ He — p+ H3, (3) 


with a large cross section, creating a large back- 
ground and a large ion content in the chamber. 

To date, about 6000 photographs of the stopping 
of mesons in He® have been obtained in ‘‘muon 
exposure,”’’ i.e., in exposures in which the thick- 
ness of the filter corresponds to a maximum num- 
ber of muons present in the chamber. The identi- 
fication of the reaction (1) was based on the fact 
that the nucleus of tritium emerges with a sharply 
defined energy (1.897 Mev) and consequently has a 
definite range. Single-pronged stars produced by 
the stopped mesons were analyzed. Figure 1 shows 
the spectrum of path lengths of the secondary 
charged particles stopped in the sensitive layer of 
the chamber (‘‘muon histogram’’). The six cases 
shown with dashed lines in this drawing were iden- 
tified with less reliability because of poor visibility 
condition or because the track of the stopped meson 
was short. To clear up the problem of the back- 
ground which can be produced by the stopped pions 
present as an impurity in the ‘‘muon exposure,”’ 
some 1200 pion stars were analyzed. These were 
obtained in a separate experiment (‘‘pion expo- 
sure’’), in which the thickness of the filter was 
chosen so as to obtain a maximum of pion stops 
in the chamber. The histogram of the paths of 
products of the pion stars which stop in the sensi- 
tive layer of the chamber is shown in the same 
drawing by shaded rectangles (‘‘pion histogram’’). 
The latter histogram is ‘‘normalized’’ to the area 
of the ‘‘muon histogram’’ in the region of paths 
from 5.00 to 6.00 mg/cm?, where events of radia- 
tive capture of ™ mesons in He® should generally 
occur: 


m + He? > H? + 7. 
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FIG. 1. Spectrum of the range of particles stop- 
ped in the sensitive layer of the chamber; the spec 
trum is connected with the stopping of mesons. __ 
AN, /AR is the number of cases per range interval | 
obtained in a ‘‘muon exposure;’? AN7/AR is the 
same factor, obtained in ‘‘pion exposure.’’ The 
arrow 1 marks the experimental range of tritium in 
reaction (1); the arrow 2 — the expected range of 
26 tritium in reaction (1), computed from the range- 

energy relation [} under the assumption that the 
10 mass of the neutrino is equal to zero. 


From the number of stars obtained in the ob- 
served range interval it follows that the impurity 
of pions stopped in the chamber in the ‘‘muon ex- 
posure’’ amounted to ~2 per cent. This estimate 
agrees with the independent determination of the 
pion impurity made from the total number of stars 
in a chamber filled with He’. 

The results obtained indicate that the stars re- 
corded in the ‘‘muon exposure,’’ in the entire 
range interval considered, were chiefly produced 
by pions, with the exception of the region around 
2.40 mg/cm”, where a monoenergetic group of 
particles formed by stopped muons is apparently 
observed. An estimate of the absolute scatter of 
the values of the range was carried out on the basis | 
of the measurement of a large number of total 
ranges of the proton and tritium formed in He® by 
thermal neutrons in the reaction (3). The number 
of such events on each frame was about 20. The 
mean square error of the range in these measure- 
ments was found to be equal to 0.06 mg/cm’. The 
error curve with this half-width is also plotted in 
Fig. 1 for illustration of the scale of the rangé 
spread of the monoenergetic particles measured. 

It is seen that the group of particles with range 
of about 2.40 mg/cm? can actually be regarded as 
monoenergetic. The energy of these particles 
agrees with the expected value of the energy of H? 
in process (1). This means that in the capture of 
the muon in He? there is a transition in which only 
one neutral particle should be emitted. In this 
case, its mass is very small and is compatible 
with a value equal to zero (see below), while its 
spin must be half integral. It can be assumed that 
14 cases of p~ meson capture in He*® with forma- 
tion of tritium and a neutrino in the final state were 
observed by us. A typical photograph of process 
(1) is shown in Fig. 2. The mean value of the range 
of the tritium, determined from the 14 cases, 
amounts to 2.37 + 0.02 mg/cm’. 
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OBSERVATION OF THE REACTION u~ + He? — H? + v 
Le 


FIG. 2. Typical photograph of the reaction p- + He*® > H® 
+ v. The short traces visible on the photograph are generated 
by thermal neutrons in the reaction n + He® > H® + p(Ru3 
+ Rp = 0.86 mg/cm’), 


Using this value of the range and experimental 
data on the ionization losses of the energy of pro- 
tons in helium, {10 one can determine the upper 
limit of the mass of the neutral particle emitted in 
the process of muon capture by the nucleons. In 
this case it is shown that its mass is less than 
6 Mev, with a probability of 99 per cent. The 
masses of the charged particles taking part in the 
process (1) were taken to be the following: mye? 
= 2808.22 Mev, m3 = 2808.75 Mev, my = 105.65 
Mev. It should be remarked that the estimate car- 
ried out includes only the statistical errors in the 
determination of the range of tritium and does not 
take into account possible systematic errors which 
can undoubtedly take place, in particular, in the 
transition from range to energy. Therefore, a 
more definite conclusion would be that it was not 
possible for us to observe the finite mass of the 
muon neutrino emitted in the reaction (1); the 
scale of uncertainty in the mass of the neutrino, 
as analysis of the various inaccuracies shows, 
amounts to ~8 Mev. 

The probability of reaction (1), A, can be de- 
termined in practice as the ratio of the number of 
cases of this reaction to the total number of muon 
stoppings in He’, multiplied by the known probabil- 
ity of u-e decay. The observed number of cases of 
(1) and the number of muon stoppings satisfying 
the accepted sampling criteria (5196) were cor- 
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rected with account of the effectiveness of the 
scanning. The effectiveness of the recording of 
the tritium was determined from analysis of the 
spectrum of visible lengths of tracks of charged 
particles in pion stars, and amounted to (88 + 4) 
per cent. The effectiveness of the scanning was 
determined from the results of independent repeti- 
tion of scanning of part of the material, and was 
shown to be equal to 94 per cent. 

Taking the value 2.21 x 10~® sec for the lifetime 
of the muon, we obtain a value of A equal to 
(1.30 + 0.40) x 10? sec’?. This result should be 
compared with the theoretical value of (1.54 + 0.08) 
x 10° sec™!, obtained by Wolfenstein [6] on the basis 
of the universal theory of weak interactions, and 
is clearly the most accurate of the theoretical 
values of A. 

The reliability of the agreement of the result 
that was obtained with the theory is small because 
of its large statistical error; therefore, at the 
present time, work is being carried on by us on 
the improvement of the statistical accuracy of the 
results. It can be noted, however, that the accuracy 
with which the universal interaction theory is 
tested in the experiment described above (~30 
percent) is comparable with the accuracy of the 
test of this theory [6] by experiments on the study 
of a pure Gamow-Teller transition in the reaction 
pu- + Cl?— Bl? 4p, The result obtained by us gives 
the first rough information on the value of the 
vector constant of y-nucleon interaction, the sign 
of which, as is well known, /#4] is opposite to the 
sign of the axial-vector constant. 

If we assume that the hyperfine states of the He® 
mesoatoms are statistically populated (there are 
strong theoretical arguments in favor of this C12) then 
the probability of the reaction (1) determines the value 
of 8GG + G2, where Gg and Gp are the Gamow- 
Teller and Fermi effective coupling constants. For 
our purpose, one can express them approximately 
in terms of the axial-vector gl) and the vector 
Bry constants: 

Gr = gy, Gow gt. 
Combining the most accurate value of the probabil- 
ity of the reaction p~ + C!?— Bl? + v, equal to 
(6.31 + 0.24) x 10° sec”! [4] with the value of the 
probability of the process u™ + He® — H*®+ vp, we 
get the result that l ety | <9 lots |, with a probabil- 
ity of 90 per cent. 
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Data are presented on superconducting solenoids constructed of Nb3Sn, and the critical cur- 
rent vs. external magnetic field curve for this superconducting compound is discussed. 


‘Tae superconducting intermetallic compound 
Nb3Sn having a critical temperature T, = 18.06°K 
was discovered some time ago, Lt but only at the 
beginning of the present year was it established 
that, although the magnetic field begins to pene- 
trate this material at a relatively low value of the 
field intensity, the resistance nevertheless remains 
zero up to 100 koe, while the current density in the 
sample can reach 10° amp/cm’.'2-4] These data 
indicate a real possibility for construction of sole- 
noids from this superconductor to generate strong 
fields. 

Practical use of this compound, unfortunately, 
is impeded by its extreme brittleness. Kunzler et 
ay Lal have described the use of a superconductor 
based on Nb;Sn, prepared by filling a tube of 
niobium with a mixture of powdered Nb and Sn, 
drawing this combination through a die to a diam- 
eter of ~0.4 mm, and then sintering the powder 
within the capillary thus formed at ~1000°C. 

We have developed several alternate techniques 
for preparing mechanically durable superconduct- 
ing wires and ribbons using Nb3Sn, consisting of 
an inner core of niobium and a relatively thin sur- 
face layer of the intermetallic compound. Small 
short-circuited solenoids containing from 20 to 
112 turns were made from compound wire of this 
type, 0.3 mm in diameter, and the dependence of 
the field Hy within the coils upon the external 
field H) was investigated. If one uses the values 
of the residual fields of the solenoids to compute 
the currents flowing through them, one can obtain 
the field dependence of the critical current at 
4.2°K shown in Fig. 1. In this graph the points cor- 
responding to a field of ~30 koe were obtained 
from experiments on the destruction of supercon- 
ductivity in a single wire 0.3 mm in diameter by a 
current in a constant field, while the point at 
~80 koe was obtained from the destruction of 
superconductivity in a single wire of the same sort 
in a pulsed coil. 


FIG, 1 


} 


It is evident that the curve thus obtained is sim- 
ilar to that representing the external magnetic 
field dependence of the critical current in a binary 
superconducting alloy (see “!), and is character- 
ized by an extremely high critical current for zero 
external field (Ig * 1800 amp), which corresponds 
to a critical current-induced field at the surface 
of the superconductor of ~24 koe. This value is 
quite close to that of Hey, which may be obtained 
for Nb3Sn from measurements of the magnetic 
moment* (see /6)), 

Another feature of this relation is the very slow 
decrease in critical current with field for strong 
fields. 

The high value for the frozen-in field of the 
short-circuited solenoid can be illustrated by the 
photograph in Fig. 2, which shows the helium 
Dewar containing the coil. Several quite heavy 
iron bolts are supported freely against the outer 
surface of the Dewar under the influence of the 
scattered field (the axis of the coil is horizontal, 
the number of turns n = 900, and the external 
dimensions of the coil are d = 18 mm, 1 = 20 mm). 
The field within the coil in this experiment 


*H.; represents the first critical field of the alloy, 
corresponding to a change in the induction in the sample 
as the external field is increased. 
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FIG, 2 


amounted to ~15 koe. It should be mentioned that 
this value for the field is not the limiting one for 
this coil, and was determined by the parameters 
of the magnet used to excite the magnetic field in 
the coil. 
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In addition to short-circuited coils, we have 
also constructed small externally-supplied coils. 
With these, we used as lead-in conductors super- 
conducting busbars prepared by a method analo- 

2 Rae 
gous to that proposed by Kunzler, et al,-“ with the 
exception that copper tubing was used in place of 
niobium. 
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The differential cross sections for photoproduction of positive pions on hydrogen have been 
measured in the photon energy range from 167 to 212 Mev. The measurements are carried 
out at an angle @ = cos”! (kw — 0.93)/kq (the angle for which the contribution of the nonphysi- 


cal region to the dispersion integrals is zero). 


The results are in good agreement with the 


dispersion theory. A detailed analysis is made of the experimental results together with the 


data on the angular distribution. 


INTRODUCTION 


Paoropropuction of m™ mesons on hydrogen 
is one of the fundamental reactions of meson 
physics. Particular interest is attached to the 
region near the energy threshold of pion produc- 
tion. 

Photoproduction of mesons on hydrogen was in- 
vestigated in many laboratories, but only recently 
were experimental data obtained on the angular 
distribution of the mesons in a wide range of 
angles, for photon energies of 195f11 2302], 260, 
and 290 Mev!?_ All these experimental data, to- 
gether with data on 7’ mesons,"!], were compared 
with the results of dispersion theory. The com- 
parison has shown that experiment does not agree 
with theory as well as expected. For angles close 
to 180°, the experimental points lie below the theo- 
retical ones, the deviation reaching several stand- 
ard errors at certain energies. At low angles the 
discrepancy is less, but the point always lies some- 
what above the theoretical curve. 

As emphasized by Baldin!*1, the reason for this 
may be that the theoretical cross sections depend 
on the contributions that the nonphysical region and 
the regions with very high energies make to the 
dispersion integral. Baldin also noticed that, un- 
like the scattering of pions on nucleons, where the 
contribution of the nonphysical region is small 
only when the angles are very small, in the case of 
photoproduction of pions on nucleons the contribu- 
tion from the nonphysical region is equal to zero 
along a curve satisfying the relation 


ko — kg cos§ = ky = 0,93, (1) 


where k —photon momentum, kt — threshold value 
of the photon momentum, q, w — the momentum and 
total energy of the pion (here and throughout fi 

= c =p = 1, where yp is the pion mass) and 6 — 
angle of meson emission. All the quantities are in 
the,center-of-mass system (c.m.s.). 

An investigation of the experimental data on the 
photoproduction of 7° mesons at angles satisfying 
relation (1) has shown that experiment agrees well 
with theory [>] No such check was made on the 
theory for the photoproduction of charged mesons, 
owing to the lack of experimental data. We have 
therefore undertaken to measure the energy de- 
pendence of the cross section of the photoproduc- 
tion of 7* mesons on hydrogen at angles @ satis- 
fying relation (1). The dependence of the angle @ 
on the photon energy Ey in the laboratory system 
(1.s.), defined by this relationship, is shown in 
Fig. 1. The figure also shows plots of kw — kq x 
cos 0 = 0.7 and kw — kq cos @ = 1.6. Within the 
region bounded by these curves, the experimental 
data on the photoproduction of n° mesons agree 
with the theory within 10 or 15%.(°] It is seen 
from the figure that at photon energies near 
threshold (165 —220 Mev) the measurements 
must be made in the interval 50 — 60° (c.m.s.), 
corresponding to 40 — 50° in the 1.s. 


EXPERIMENT 


We measured the differential cross section of 
photoproduction of 7* mesons in the photon energy 
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interval from 167 to 212 Mev; at 42.5° (1.s.) to the 
photon beam. This corresponds to the c.m.s. 
angles indicated in Fig. 1 by the dashed line. As 
can be seen from the figure, Eq. (1) is rigorously 
satisfied for 195 Mev photons, while the value of 
kw — kq cos 6 for the boundary values of 167 and 
212 Mev is respectively 0.88 and 0.99, which 
differs little from the value 0.93 in Eq. (1). 

A photon beam from the synchrotron of the 
Physics Institute of the Academy of Sciences, with 
maximum energy 250 Mev, was guided by a system 
of collimators and a clearing magnet to a hydrogen 
target, comprising a vertical brass cylinder of 50 
mm diameter and 17 yp wall thickness. The cylin- 
der was in the center of a vacuum chamber of 
519 mm diameter. Outside the vacuum chamber 
was placed, on a special holder, a detector com- 
prised of a stack of 50 NIKFI type BK-400 pellicles 
measuring 5x 10cm. The stack was placed be- 
tween two emulsion blocks 2 cm thick and was so 
secured that the mesons entered the stack from the 
end. A diagram of the experimental setup is shown 
in Fig. 2. 

The pellicles, processed in the usual manner, 
were scanned under MBI-1 microscopes with mag- 
njfications 300 and 210. All t-y decays were reg- 
istered, as wellas (for additional control) the 
terminations of the muon and pion tracks near the 
stopping points. To determine the background of 
the 7 mesons produced in the target walls, we 
also registered the ™ mesons terminating in a 
star with one or more prongs. By tracing the 
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FIG. 1. Curves 1 and 3 are plots of kw — kq cos 0 = 0.7 
and kw — kq cos 9 = 1.6. Curve 2 is the dependence of the 
angle of zero contribution of the nonphysical region to the 
dispersion integrals on the photon energy Ey. 


FIG. 2. Diagram of ex- 
perimental setup: 1 —mon- 
itor, 2—collimators, 
3—clearing magnet, 
4—target, 5—pellicle 
stack. 
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Table I. Distribution of number of 
m* mesons over the photon energy 


intervals 
Ey inter- Number of Ey inter- | Number of 
val, Mev m+ mesons val, Mev 7+ mesons 


192 ,0—196.6 299 
196 .6—201 3 261 
201,3—205.7 264 
205.7—210.2 299 
210,2—214.8 228 


164.7—169.5 403 
169.5—173.9 329 
173.9—178.6 307 
178,6—183.0 319 
183 ,0-—187.4 287 
187 .4—192,0 319 


tracks in neighboring pellicles we were able to 
identify reliably each event and to eliminate the 
random background, and also to increase the 
counting efficiency. Altogether 3322 1-1 decay 
events and 64 m mesons were observed ina 
340 cm? area. 

The energy of the 7* mesons was determined 
from the position of the t-y decay in the plate. 
Table I lists the distribution of the number of 7 
mesons over the energy intervals. In determining | 
the meson energy we took account of the losses in | 
the liquid hydrogen and in the target walls. These 
range from 1 to 0.1 Mev, depending on the meson 
energy. The correction for the scattering of the 
meson in the emulsion did not exceed 0.1 Mev. 

In the determination of the cross section, we 
calculated the nuclear interaction between the 
mesons and emulsion for each energy interval, 
which resulted in a correction ranging from 0 to | 
12.7%, and the decay in flight, which gave a cor- 
rection ranging from 4.2 to 6.9%. The background | 
due to mesons from the target walls was on the 
average 2%. The intensity of the photon beam was 
measured with a thick-wall graphite chamber. The) 
solid angle ranged from 2.5 x 10° to 3.3 x 107 sr, | 
depending on the interval. : 

The cross sections obtained are shown in Fig. 3. 
The errors indicated are statistical. The absolute 
values of the cross sections were normalized in 
accordance with the data of the Illinois group (1:6] 
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FIG. 3. Dependence of the differential cross section at an 
angle 0 = cos™ (k@ —0.93)/kq on the photon energy: ®—our 
data, 0 —data ofl?], o— data ofl], x and A — data ofl® 
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DISCUSSION OF RESULTS 


Figure 3 shows the dependence of the cross sec- 
tions obtained for the photoproduction of 7 mesons 
at angles @ = cos! (kw — 0.93)/kq on the photon 
energy, and also experimental data obtained by 
others.'*°36] The solid curve is calculated by dis- 
persion theory, with the imaginary part of the 
resonant amplitude taken from the experimental 
data (see C5] ). As can be seen from the figure, 
the experimental data are in good agreement with 
the theoretical curve. 

To permit a more detailed comparison of ex- 
periment with theory and to obtain the threshold 
value of the square of the 1* -meson photoproduc- 
tion matrix element, these data were reduced by 
the least squares method to determine the de- 
pendence of y'do/dQ on the meson momentum, 


_where x = (q/k) x (1+ w/M)~ and M is the 


nucleon mass. The dependence of the square of the 


photoproduction matrix element x 1do/ dQ on the 
square of the meson momentum q’, calculated from 
dispersion theory, is represented by the solid line 
of Fig. 4. Generally speaking, this dependence is 
given by 


y-tdo/d2 = A+ BG4+C9?4+Dqg+... 


(2) 


Qi 02 03 04 05 06 07 08 09 10 Wi ie As 14 15 16 17 18 M8 


FIG. 4. Dependence of the square of the photoproduction 
matrix element on the square of the meson momentum. 


However, for angles satisfying the relation kw 
— kq cos @ = const, this dependence simplifies to 


4-tdoldQ = ao + arg? + arqt +.. (3) 


The coefficients a, a;, a9, etc. were determined 
from the experimental data by the least squares 
method. The expression 


2 
S= YP | gp ar — Oo + + aegi + .. } ) (4) 


_ where pj is the weight of the i-th measurement of 


x do/dQ, was minimized. 
As a result of this analysis we obtained the 
following expressions 


| = (1,90 + 0,15) — (0.34 + 0,22) q? 
(5) 
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43) 48) 19- a tec1Le 


an m. £m | = 2.39 + 0.21) 


— (2.87 + 0.93) gq? + (2,80 + 1,0) q4, (6) 
with almost identical Gauss criteria S/(n — m) 

= 0.01, where n is the number of experimental 
points and m is the number of parameters. 

These expressions were obtained from our ex- 
perimental values of Q” in the interval from 0.17 
to 0.74. In this region, both expressions describe 
the experimental results sufficiently well. In order 
to find the preferred expression, we extrapolated 
to the region of values q? > 0.74. 

Figure 4 shows y~!do/dQ as a function of q?. 
The dashed line shown is a plot y~!da/dQ vs. q? 
as obtained from (5). The extrapolation of this 
curve to q’> 0.74 is shown by the dash-dot line. 
The figure shows that the experimental data prac- 
tically coincide with the theoretical values. The 
data of Malmberg and Robinson!?J for q? = 0.89 
and of Knapp et all3] for q” =.1.18 and 1.84 are 
also in good agreement with (5), and, as can be 
readily shown, completely disagree with (6). 

For a more detailed comparison let us examine 
the experimental and theoretical expansions of the 
square of the matrix element in powers of q. It 
proved more convenient to represent the theoreti- 
cal data in the form of an expansion 


3 4 
(@— 397) sje = Ao + Aig? + Arg +. 


(7) 
in even powers of q. The coefficients of this ex- 
pansion are listed in Table Il. As can be seen 
from the table, the coefficients A, and A; agree 
very well with theory. The coefficients A, and 
A3 are subject to large errors and it is premature 
to compare them with theory. Furthermore, their 
contribution to the square of the matrix element is 
small in the investigated region. The third line of 
Table II shows the theoretical value of the coeffi- 
cients, calculated under the assumption that the 
dispersion integrals are equal to zero. 

Thus, an investigation of the energy dependence 
of the cross section at an angle 
6 = cos”! (kw — 0.93)/kq yields for the square of the 
matrix element at the pion photoproduction thresh- 
old a value a) = (1.90 + 0.15) x 107” cm?/sr, 
which agrees well with the theoretical value ay 
= 2.04 x 10779 em’/sr. It must be emphasized that 
the threshold value was obtained by extrapolating 
the experimental data on the basis of the dispersion 
theory. Our theoretical premises are free of the 
uncertainties connected with the possible influence 
of the nonphysical region. In addition, the contri- 
bution of the region of high energies along the 
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Table Il. Coefficients of the expansion of (7) in even powers 
of q (in units of 10-7? em’/sr) 


feral cia eee 

Experiment 4,50+0.44 | 2,14840,26 | 0.33+0.28 |—0.2340.08)| 0.1440,01 
Theory, with account 

of the dispersion 

integrals 4.62 4,92 0.44 —0.69 0.40 
Theory without ac- 

count of the disper- 

sion integrals 1.62 1.96 0,35 —0.18 —0.02 


curve (1) is a constant. This clarifies greatly the 
fundamental parameters of pion physics at low 
energies. 

Indeed, if we use the obtained threshold value 
ao, the theoretical ratio o /o* = 1.28, and the dif- 
ference in the pion-nucleon scattering s-phases 
la; — a,|!/q= 0.245 + 0.007," we obtain the fol- 
lowing ratio of the probabilities of scattering with 
charge exchange and radiation capture of negative 
pions in hydrogen (the Panofsky ratio): 


P=o6(n + p>n+n)/o(x + p—n-+t y) = 1,57 40,11. 


The weighted mean obtained from many measure- 
ments of the directly-measured Panofsky 
ratiol 8-13] is P= 1.54 + 0.015. However, good 
agreement of the two results does not mean com- 
plete agreement with theory, for possible deviations 
from the theoretical amplitude may influence the 
threshold parameters. This is illustrated by the 
following example. 

Using P = 1.54 + 0.015, las — a, |/q = 0.245 
+ 0.007, and our threshold value of the square of 
the matrix element for positive pions (1.90 + 0.15) 
x 10-°, we obtain o/o* = 1.34 + 0.11. The theo- 
retical value of o /o” with an account of the 
y-8m interaction is [14] 


R= 
{1 + p/2M + p(w, + By,)/2M + dig [*a(bp — Pp) + 1/28)}? 


~ (1 — p2M — p(B, + B,)/2M — Mag Pa (Bp —B,) + E)}2’ 
(8) 


where the coupling constant is g?/4m = 15, Mp and 
Mn are the anomalous magnetic moments of the 
proton and neutron respectively, é is the proba- 
bility of dissociation of the nucleon, and dA, is the 
effective coupling constant of the y-37 interaction. 
If 0 /o* = 1.35, then dA, is positive and lies be- 
tween A; = 0.26 when é = 0 and \& = 0.17 when ¢ 
= 1. The positive sign of A; agrees with the fact 
that the y-37 interactionis responsible for the iso- 
scalar part of the electromagnetic form factor of 
the nucleon! "41 Thus, further study of the thresh- 


old parameters can yield interesting information . 
the influence of pion-pion interaction. 

Unfortunately, the experimental data obtained do 
not enable us to calculate the photoproduction am- — 
plitudes and to compare them with theory. This is | 
due both to the insufficient accuracy of the experi- 
mental data and to the complexity of the equations 
for the amplitudes. We have attempted to deter- 
mine the amplitudes from our experiments, using 
the angular distribution of the pions at a photon 
energy 185 Mev! 

According to the theory, the differential cross 
section of pion photoproduction has the following 
dependence on the photoproduction amplitudes 


do/dQ = (q/k) {| F1|* +| F2|?— 2Re F; F, cos 6 
+i sin?6[|Fs/?+| Fl? + 2Re FaFs 


+-2Re FiF, + 2Re F3F, cos 9]}, (9) 


where we have for the region near threshold 
Fi =V 2F yy — Fy =V 2F 20 
Fs =V 2F 9 + V2F 3/(1 —B.cos 9), 
F,=V 2Fu/(1 — Boos 9); 


B — velocity of the pion. It follows from these 
formulas that if we have experimental data for 0 
and 180° we can|determine the amplitude F,) and 
the sum of the amplitudes Fy, + Fa. 

Using our data!1] for 15° and 165° in the c.m.s., 
we obtain the following two sets of solutions for 
185 Mev photon energy 


(Fro) = (1.81 + 0,034). 10°, 
(Fir + Foo). = — (0,105 + 0,034) -10°?, 
(Fio)2 = — (1,81 + 0.034) - 107, 


V 2F 11 cos 9, 


(Fi -+ Foo)o = (0.105 £ 0,034) - 1072. 


In addition to the indicated errors, we must also 
take into account an uncertainty on the order of 5% 
due to the presence of the term with sin’. Theo- 
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retically, Fy) = 1.92 x 10°? and (Fy, + Fa) 
= 0.110 x 107%. The value of F4), determined from 
the coefficient ay in the expansion of y~'do/dQ in 
powers of q, is +(1.85 + 0.074) x 107. If we con- 
fine ourselves only to positive F,), we find that the 
sign of F,,; + Fa) is the opposite of the theoretical 
value. An analogous conclusion follows also from 
the analysis of other experimental angular distri- 
bution data [3-461 

Figure 5 shows the dependence of the coefficient 
By of cos @ in the angular distribution of the 
photomesons. The coefficient By) was calculated 
from the formula 


By = 28 18(B + D) + A+C + El/(1 — 3%), 


where A, B, C, D, and E are the coefficients in the 
expansion 


(1 — Bcos 6)?ds/dQ = A+ Bcos@+ Ccos?6 


(10) 


+ D cos? 6+ E cos‘*6, 


obtained by reducing the experimental data by the 
method of least squares [isd at photon energies 
Ey < 230 Mev, we have By ~ —4F iq (Fy, + Fao)- 


w. 
10 B, cm?/sr 
Iz 
a FIG. 5. Dependence 
of the coefficient B, of 


the photon energy E,. 


0 by 
WO 210 250 280 S-*, 40 


h] 


As can be seen from the plot, By is positive up to 
Ey = 330 Mev, passes through zero at 330 Mev, 
and becomes negative when Ey > 330 Mev. The 
positive value of By at low energies indicates that 
the sum Fj, + Fe is a negative quantity. As was 
already mentioned, the theoretical value of this 
quantity remains positive. To be sure, it must be 
noted that the coefficient By) is subject to a very 
large statistical error (which reaches 200% in 
some cases). Disregarding the errors, so inter- 
esting a conclusion should stimulate an exhaustive 
study of the angular distributions of nm mesons 
near threshold (Ey < 230 Mev). 


More accurate experiments near threshold will 
permit in the future a more detailed comparison 
between experiment and theory and hence deter- 
mine the pion photoproduction amplitudes. 

In conclusion the authors are grateful to Prof. 
P,. A. Cerenkov for interest in the work, to A. M. 
Baldin and A. I. Lebedev for valuable hints in the 
discussion of the results. The authors are also 
grateful to the entire synchrotron crew and partic- 
ularly to Engineer A. A. Svetlov. 
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The energy spectra and angular distribution of neutrinos produced in the atmosphere in the 


7 


neutrino energies € = 10°—3 x 10‘! ev into account. It is shown that the neutrino flux from 
the p» — e +v+v decay is comparable with that from the — yw + vy decay. u-meson energy 


7™—>p+v and uw—e+v+vy decays are calculated taking the y-meson energy losses at : 
| 


losses only weakly affect neutrino production. K mesons produce neutrinos more efficiently 
than do 7 mesons. An experimental arrangement for detecting high-energy cosmic ray 


neutrinos is proposed. 
1. INTRODUCTION 


ie ONSIDERABLY increased attention has recently 
been given to possible experiments on the detection 
of neutrinos in cosmic rays. °] This interest is 
due primarily to the possible investigation of weak 
interactions at high energies, and to the possibility 
ef finding an explanation to a number of basic theo- 
retical questions (the behavior of the weak interac- 
tion cross section with increasing energy, 4-4 the 
existence of an intermediate vector meson respon- 
sible for weak interactions, the existence of two 
pairs of neutral leptons: muonic and electronic, 
etc.). On the other hand, cosmic-ray neutrino ex- 
periments open a new approach to a number of 
astrophysical problems. 

The main object of the investigation in the un- 
derground cosmic-ray neutrino experiment as pro- 
posed by Markov, and in a modified form by us, 8] 
are the neutrino-nucleon reactions of the type 


yviN—-N' +h, 
viN—-N’+yp-+n2 


[7,6] 


(1) 


(where N denotes a baryon). This is so because 
the cross sections of these processes are consid- 
erably larger than the cross sections of lepton- 
lepton interactions (6,3,4] and because of the re- 
markable interaction properties of the yu meson.'4,5J 
The character of the energy dependence of the in- 
teraction cross section of neutrinos with nucleons 
may vary with the transferred momentum corre- 
sponding to the nucleon size h/Myec. The study of 
interactions at neutrino energies € 2 1 Bev is 
therefore of special interest. 

The neutrino flux in cosmic rays consists 
basically of two components of different origin. 
One comprises the truly cosmic neutrinos, i.e., 


those coming to earth from outer space, of galactic 
or metagalactic origin. The other component com- 
prises the neutrinos produced by cosmic rays in 
the atmosphere of the earth. If we make the natu- 
ral assumption that the ‘‘intrinsic’’ high-energy 
neutrinos are due to cosmic rays only, then their 
intensity should be of the same order of magnitude 
as the intensity of photons of corresponding ener- 
gies incident upon the earth from outer space (if 
we neglect the proton absorption processes). Up 

to now, photons have not been found in the primary 
cosmic radiation, and the upper limit of the ac- 
ceptable flux obtained by the Bristol group C10] 
amounts to 107? of the cosmic-ray particle inten- 
sity. The possible flux of photons and neutrinos 
calculated from commonly accepted astro-physical 
values turns out to be two orders of magnitude 
lower.'3 As has been shown by our calculations, 
the flux of atmospheric high-energy neutrinos 
amounts to ~ 107! of the intensity of primary cos- 
mic rays, i.e., three orders of magnitude greater 
than the expected flux of intrinsic cosmic neu- 
trinos. Therefore, if we do not take various far- 
reaching hypotheses [11] into consideration, we can 
suppose that in the experiment on cosmic-ray neu- 
trinos we shall have to deal with neutrinos of at- 
mospheric origin. 

The atmospheric neutrinos are convenient for 
experiments devoted to the study of high-energy 
weak interactions, since their energy spectrum 
and angular distributions in the atmosphere can be 
calculated very exactly. This permits us to calcu- 
late the spectrum and angular distribution of the 
detected products of neutrino reactions with matter 
in the apparatus for each variant of the theory. Any 
deviations can be observed and interpreted. The 
low intensity, which imposes difficult requirements 
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upon the experiment is, however, a drawback. 

The estimate of the flux of atmospheric neu- 
trinos from the — + v decay was carried out 
by Markov and Zheleznykh, Exact calculations 
of the neutrino spectrum have not been carried out 
so far. We have calculated the spectrum of neu- 
trinos from the 7 w+ v and u~e+v+D de- 
cays, taking into account the energy losses of pu 
mesons and the angular distributions of neutrino 
flux in the atmosphere. The calculation carried 
out gives higher neutrino fluxes than the earlier 
estimates, and therefore supports the optimistic 
conclusions of Markov and Zheleznykh"4>»! on the 
feasibility of the experiments with high-energy 
cosmic-ray neutrinos. 


2. NEUTRINOS FROM PION DECAY 


Pions produced in the collisions of primary 
radiation with air nuclei produce both p mesons 
and neutrinos in their decay. The energy spectrum 
of such neutrinos can easily be calculated from the 


_ ™meson spectrum, and, in the case where the pu 


mesons are produced only by 7 mesons, is deter- 
mined without ambiguity by the well-known p- 
meson spectrum. 

Let us consider the one-dimensional problem, 
assuming that all secondary particles conserve the 
direction of the primary ones. The path x of the 
particles is measured in mass units and is calcu- 
lated from the top of the atmosphere. Let 
P(x, E, @) be the 7-meson spectrum at the depth 
x ata zenith angle @. The function of the neutrino 
source is then given by the expression 


G(x, €, 8) 
Emax(€) 
Petey pre Oo) Pr (x, Ly 9) Lay CE, &) 2e, 
(2) 


Emin (€) 


where € is the neutrino energy, /7(E) is the linear 
decay mean free path of a meson with energy E, 
p(x, @) is the air density, and Drp(E, €)dé is 

the spectrum of neutrinos originating from the de- 
cay of 7 mesons with energy E in the laboratory 
system (l.s.). The values Eyjin 2nd Emax and the 
function Dzp(E, €) are found from the kinematics 
of the 7— uw +v decay: 


Emin = & (1 — m?/M?)", 
Dw (E, &) de = de [E (1 — m?/M?)]> for (M/E)? <1, 


Emax = ©, 


where m and M are the masses of the p and 7 
mesons, respectively. 

The spectrum P7(x, E, @) and the function 
Gi(x, €, 0) are calculated as described in the pre- 
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vious article.!12) By integrating the function 
Gr(x, €, 6) over the depth x, we find the neutrino 
spectrum: 


P;,(x, &, 8) = (1 —e-*) F’ (e, 6) 


te fier ents) 


~ T+3.28 e/E, (0) (1 —e™), 


Roe Li ° BCH) dp 
(8, °) = 7 payMe TE E/E, (6) ’ 
€ (1—m?/M2) + 


Any (3) 


4 m?\y 
etl) 
where x is expressed in the units of A (interaction 
mean free path of 7 mesons), I, is the intensity 
of t-meson production at E =1 (energy expressed 
in Bev), y is the exponent of the integral produc- 
tion spectrum of the 7 mesons, and E7(@) is the 
critical t-meson energy for which the decay prob- 
ability of a meson at the depth x = 1 is equal to 
the probability of nuclear interaction. The quantity 
E7(@) was calculated earlier.12 To simplify the 
calculations, we have assumed A = Ay, where An 
is the absorption mean free path in the atmosphere 
of the t-meson producing component; according to 
experimental data, An = 120 g/cm’. 

At sea level, (x >> 1), the vertical-flux spec- 
trum can be approximated by the function (in units 


of cm~*sec™!sr7! Bev~?) 
s 1,85-40-2 (0,08 + 2)-2-8 de, 1<2e<10 
| P(e, O)de = | SOUL Leb) 
6,65-40-2 (1.4 +e) 72 de, 10<2e< 300 


The total neutrino flux with energy >1 Bev is equal 
to PX (>1.0) =8.9x10%em *sec sr. In the 
article of Zheleznykh and Markov, |41 this flux was 
found to be 4 x 107°2em~*sec"! sr}. Equation (3) 
permits us to calculate the angular distributions 

in the atmosphere of the neutrinos from the 7— yu 
+ v decay. 


3. NEUTRINOS ORIGINATING IN MUON DECAY 


Muons also contribute to the flux of atmos- 
pheric neutrinos. Owing to the large path trav- 
ersed by uw mesons in the atmosphere, and the 
large energy fraction transferred in their decay to 
the neutrinos, muons, in spite of their long lifetime, 
produce a neutrino flux comparable to that from 
the — y+ v decay. The spectrum of neutrinos 
and antineutrinos from the p* meson decay is 
found by integrating the neutrino source function 
Gi, (x, €, 6) for the » —~ e ++ decay over x. 

The function Gil, €, 6) is constructed simi- 
larly to the function (2), provided the u-meson 
spectrum PH(x, E, 6) is known: 


1296 
G(x, 8.8) 


Emax (€) 
= (1, (E) p(x, 8)]* P* (x, E, 8) Ruy (E, 8) dE, 
(5) 


Emin (€) 


Ruy (E, ®,) = Ru’ (E, &) + Rev (E, 8), (6) 
where 1), (E) is the decay mean free path of yu 
mesons with energy E; Rie: €)dé and 
RUE, ¢)de are the neutrino spectra from the 
decay of »~ and w* mesons with energy E, re- 
spectively, in the l.s. 

From the decay kinematics, we find the values 
of Emin(€) and Eqax(€): 


Eee == 00> LOR Eee 


The spectra RCOME, €&) and RYVCE, €&) are 
calculated in the Appendix [Eqs. (18) and fei: For 

. (—) — R(+) 7) = 
antineutrinos we have R)—) = Rj) and Riz = Ry,’ 

The expression for the spectrum P/}(x, €, 6) 
can be conveniently written in the form: 


Emin = é, 


Ph (x, &0) =| Pi (x, E, 0) Ruv (E, &) dE, 


€ 


(7) 


where 

Pi (x, £, 0) =\[, E) p (6, 8)IPY t, E, 8) a 

0 

represents the total number of » mesons which 
decayed while moving in the atmosphere at a 
zenith angle @ between the top of the atmosphere 
and the level x, and which had an energy E at the 
moment of decay. 

A general expression for the u-meson spectrum 
P(x, E, 6) was obtained by us earlier [12] taking 
the decay and the energy loss of 4 mesons ina 
spherical atmosphere into account. For the neu- 
trino spectrum at energies ¢ < 10'! ev, the ex- 
pression simplifies somewhat since we can re- 
strict ourselves to ionization losses only (see Fig. 
1). PH(x, E, 6) is then of the form 


(8) 


ahr c =(yFl)) 
P* (x, E,0) = In AnpE~ \e[1 ote $(x—d)| 
0 


<4 48S [14 Boo] a 


(9) 


where 
Pine Sealing (mj MPO) Ay ee dz 
ELS Po yy (Pe My’ T, JP (2, 0) [E +B (x—2)]’ 


x 


(9a) 


and £# is the ionization energy loss of the 1 mesons 
per unit path. For angles 0.1 <cos 6 = 1, the at- 
mosphere can, with sufficient accuracy, be re- 
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FIG. 1. Contribution [ 
of 4 mesons of differ- 
ent energies to the flux r 
of neutrinos with ener- 
gy £. 
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garded as flat, so that p(x, 6) = hy! x cos 6 (hp is 
the height of the homogeneous atmosphere) and 


“ee ( Heo ihich ABLE) los 232) aw 
5 = mcho/t, [E+ Bx] cos® = h,/l,.(E + Bx) cos®. 


Substituting (9) and (8) and integrating numer- 
ically, we obtained the function P(x, E, 6). Using 
relation (7), we then found the spectrum and the 
angular distribution in the atmosphere of neutrinos 
from the yp > e+v+¥V decay, taking the energy 
loss of the » mesons into account. 

If we neglect the w-meson energy loss, i.e., if 
we set 8 =0, then (x >1) 


Pa (x, E,®) = {1 —exp[—L (x, xegg, 9)/1, (E)] 


xP (b+ 8)} FE CE, 6y, (10) 
where L(x, xXeff, 9) is the effective linear path 
traversed by the mesons in a spherical atmos- 
phere fromthe point of production to sea level. 
The values of L(x, Xe¢¢, 9) for various 4 and the 
function F# have been found earlier.'2 r(z) is 
the gamma function. 

Substituting (10) into (7) we find P(x, €, @). 
The calculated spectrum is found to differ little 
from the neutrino spectrum calculated with ac- 
count of the energy loss of the » mesons. The 
losses lead to a neutrino flux decrease that is 
small and varies little with energy. The role of 
the losses determined by the factor 
1-P”/P” without loss) Varies from ~ 25% for neu- 
trino energy € =1 Bev to ~12% for € = 100 Bev. 

Since anyway the role of the losses varies little 
with increasing zenith angle 6, the angular distri- 
butions calculated with and without account of the 
energy loss differ little. The angular distribution 
in the atmosphere of neutrinos from the — yu +v 
and up — e+ v+v decays is shown in Fig. 2. 
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FIG. 2. Distributions of neutrinos of 
different energies in the atmosphere for the 


two production mechanisms: curve 1— Ss 
© = 1x 10° ev, curve 2- ¢ =3 x 10° ev, x 
curve 3— ¢=1 x 10° ev, curve 4 — ay 
e=3x 10° ev, curve 5—s=1-x 10" ev. x 
ss 


The neutrino spectrum from the p-meson decay, 
with account of the y-meson energy loss in the 
vertical flux at sea level is approximated by the 
function (in units of cm *sec™!sr~! Bev~!) 


7,65-10-2 (0,37 + 2)—*'75 de, 
4,48 (3,5 + 2) 74:71 de, 


1<e<10 


(11) 
10<e<100 


Pie, 0) de | 
(we do not differentiate here between muonic and 
electronic neutrinos). The total neutrino flux with 
energy greater than 1 Bev is equal to 


P¥ (> 1.0) = 1.17-10 em sec"!sr™! . 


The total spectrum of the neutrinos from the decay 
of s and » mesons P’ =P? +P! in the vertical 
flux is approximated by the function (in the same 
units) 


1<e<10 
10<e< 300. 


6,0-10-2 (0.15 + e)—*5 de, 


0,12 (0,9 + e)—**4 de, (12) 


P(e, 0) de = | 


The total flux of neutrinos with energy greater 
than 1 Bev is then 


P” (> 1,0) = 2,06-10-? cm™*sec™*sr7'. 
The spectra of electronic ve and muonic vy neu- 
trinos are given by the relations 
Pie eP, 12; Py, = Prt Pr 2. 


The energy spectra of neutrinos in the vertical 
and horizontal flux are shown in Fig. 3. The angu- 
lar distribution in the atmosphere of the total neu- 
trino flux from the 7 w+ v and pret+vd+yV 


| decays is shown in Fig. 4. 
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So far we have always had the total flux of neu- 
trinos and antineutrinos in mind when speaking 
about neutrinos. Moreover, it was not necessary 
to take the positive excess of 7 and » mesons in 
the atmosphere into account, and P”(x, E, @) and 
P(x, E, 0) denoted the total intensity of mesons 
of both signs. In order to calculate the partial in- 
tehsity of v and v, it is necessary to define 
P(x, E, 9) and PH(x, E, 6) as the spectrum of 
mesons of one sign. To calculate the spectrum of 
electronic or muonic neutrinos and antineutrinos 
from the 1 > e + v + V decay, it is also necessary 
to use the function Ro) of the form (19) or ie 
from Eq. (18) iietead'of Ruy from Eq. (6). Thus, 
say for electronic neutrinos, the expression (7) 
will now have the form 

Ps, (%, 8,8) =\ PH (x, £8) RUD (E, e) dE. 


& 


(13) 


Using this expression, let us estimate the spectrum 
of electronic neutrinos and antineutrinos k,)(k) 
and kp(x) determined by the relations 


P, (e) = ky (%) Pa(e), P_ (2) = R= (x) PEO (e), 


where « is the exponent of the integral spectrum 
of decaying w*(u~) mesons. For simplicity, let 
us write 


Pa (E) = Pe (E) = AE . 


Substituting Roy from Eq. (19) and Bin from 
Eq. (18) into (13) for Ve and Ve respectively, we 
find 
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FIG. 4. Angular 
distribution in the at- 
mosphere of the total 
neutrino flux from the 
7>pt+vandure 
+v+v decays at neu- 
trino energies 1 — 

= 1x 10° ev, curve 2 
—s=1 x 10° ev, curve 
3—1x 10" ev. The 
curves are normalized 
to the intensity of the 
vertical flux. 
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For k = 2, the ratio k,/k> amounts to 4. This 
means that, cage the quantity Rup in Eq. (7) 
by, say arf y» the flux of neutrinos and antineu- 
trinos fleck and muonic) will increase by 2/1.75 
times, i.e., by 14%. 

It should be noted that we have neglected the 
polarization of cosmic-ray » mesons. Taking the 
polarization into account increases the neutrino 
intensity from p-meson decay by ~5%. 
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FIG. 3. Different energy spectra of neutrinos from 
7+ u+v (curve 1) and p»e+v+v (curve 2) and the 
total spectrum (curve 3) for the angle 0=0 and 0=7/2. 
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4. NORMALIZATION OF THE NEUTRINO 
SPECTRA 


The neutrino spectra from the 7 and p meson 
decay were normalized to experimental spectra of 
the » mesons at sea level.'13:14] For this, we have 
calculated the spectrum of the » mesons at sea 
level taking into account the decay and energy loss 
of the w mesons according to Eqs. (9) and (9b) for 
different values of y and Iz. 

For Iq = 0.159 cm~*sec!sr~! Bev! and for 
y =.1.62, the calculated spectrum of the » mesons 
agrees with the experimental results within the 
errors of the experiment in the 10°-- 1042 ev, energy 
range. It should be noted that the values of I, and 
y chosen are close to those obtained by Paine, 
Davison, and Greisen;!13) I, = 0.156 cm™ 2 sec7 
Bev', y = 1.64. 
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5. DISCUSSION OF RESULTS 


The above calculations show that the 7— pw +v 
f— @€+v+v decays produce comparable neu- 
trino fluxes. Account of the energy loss by the pu 
mesons causes little change in the intensity of the 
neutrino flux from the uy ~ e + v + v decay. The 
neutrino fluxes in the atmosphere are anisotrop- 
ically distributed, and the degree of anisotropy 
P”’(¢, 7/2)/P'(e, 0) increases with increasing 
neutrino energy, tending to about 10 for the 7 — pw ~ 
+v decay"!4) and to 10 L(x, xegf, 7/2)/L (x, Xeffi 0) 
~300 for the yp —~ e+v+v decay for & > 10! ey. 
For the neutrino energies uhder consideration, 
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‘¢ =10°—101! ev, the angular distributions of the 
_ total neutrino flux from the 7— uw +v and pe 
+v+v decay are close to the distributions of the 
neutrino flux from the 7-meson decay. Since the 
neutrinos of energies under consideration traverse 
the whole earth without absorption (the absorption 
cross section o K dcritica] ~10-*4 cm*/nucleon), 
the angular distribution of neutrino fluxes from the 
lower hemisphere are identical to the distributions 
from the upper hemisphere at every point on the 
earth’s surface: 


Py ei) P(e mp: -290): 


We have assumed in the calculations that all 
secondary particles conserve the direction of mo- 
tion of the primary ones. Such an assumption is 


acceptable since, at low neutrino energies € ~1 Bev, 


their fluxes (both from 7- and p-meson decays) 
are distributed in the atmosphere quasi-isotrop- 
ically, and at highenergies, € 2 10 Bev, the angle 
of emission of particles in the l.s. is small. 

It should be noted that the results of calculations 
of the neutrino spectrum are practically independ- 
ent of the arbitrarily chosen value A for normali- 
zation of the spectra according to the experimental 
data on the -meson spectrum. In fact, the func- 
tion f(x, E, 6) = P"(x, E, 6)/Lr(E) p(x, 6) deter- 
“mines the number of 7 mesons with energy E 
which decay per unit path length at the depth x. 
Since the parameters I, and y determining the 
function f(x, E, 0) are chosen for a match between 
the calculated and observed p;-meson spectrum, 
f(x, E, 6) is fixed and independent of the choice of 
X. The neutrino spectra are therefore calculated 
very accurately, even though the auxiliary function 
P" (x, E, 6), when substituting A for 0’, is deter- 
mined with a relative error of the order 
d/d'(1+E,/E). 

The inaccuracy in calculating the neutrino spec- 
trum is thus mainly due to the indeterminacy of 
the contribution of K mesons to the neutrino flux. 
K mesons produce neutrinos more efficiently than 
m™ mesons Since the energy distribution between the 
neutrino and the » meson is more favorable for 
the neutrino (E,)/Ey © 0.91 for the K — py + v and 
0.30 for the — yw + v decay), and because of the 
shorter lifetime and the higher mass of the K 
mesons. Thus, if the fluxes of the u mesons with 
energies ~1 Bev from the K—~ pw + v and tT p 
_+v decays are equal, the neutrino flux of the same 
energies from K mesons will be roughly six times 


_ greater than from 7 mesons. A neutrino with an 


energy of ~100 Bev is produced by K mesons 
roughly 11 times more efficiently. This means that 
there is a ten percent contribution of K mesons to 
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the »-meson flux of ~100 Bev energy, so that the 
neutrino flux of corresponding energies increased 
by a factor of two. Unfortunately, the experimental 
data available so far do not permit us to determine 
the contribution of K mesons to the neutrino flux. 
The accuracy of the data is such that it permits a 
contribution of the order of several tens percent to 
the neutrino flux of K mesons even in the energy 
range of ~1 Bev, not considering higher energies. 
At any rate, it is clear that, by assuming the 7 
mesons to be the only source of the 1 mesons, we 
do not overestimate the neutrino flux. 

The results obtained show that the total vertical 
flux of neutrinos with energy greater than 1 Bev 
from the 7 and » meson decays in the atmosphere 
is five times greater than the estimate of Zhelez- 
nykh and Markov, 41 which took only the 7— p+ v 
decay into account. This fact, and an account of 
the increase of the flux for inclined directions, 
increases the possibility of detecting » mesons 
from reaction (1). 

It is necessary to mention here the experimental 
setup for the detection of events of the type (1). We 
assume that to observe p mesons produced by 
neutrinos [in particular in reactions of type (1)] it 
is not practical to construct arrays with fixed re- 
action volume.'*4] As has been shown by Zhelez- 
nykh and Markov, in fixed-volume arrays of rea- 
sonable dimensions the main part of the » mesons 
come from the outside, i.e., are spurious. It is, 
therefore, necessary to use an array that detects 
L mesons produced only below it and is based on 
the measurement of the delay in the signals pro- 
duced by uw mesons traversing three rows of scin- 
tillators. 

The proposed array is schematically shown in 
Fig. 5. Here 1, 2, and 3 denote mosaic layers of 
scintillation counters placed at a sufficient dis- 
tance from each other, by means of which we can 
fix the trajectory of the » meson traversing the 
array and measure the relative delay times; this 
enables us to separate the mesons arriving from 
the lower hemisphere. Absorber a, whose total 
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FIG. 5. Array for the detection of events of type (1) 
produced by neutrinos from the lower hemisphere (ex- 
planation in text). 


1300 


thickness determines the threshold energy of p- 
meson detection, is placed between the scintilla- 
tors. Such an array permits us to determine the 
statistics of events (1) for different threshold en- 
ergies and the angular distributions of the detected 
yu mesons. Both results are sensitive to the behav- 
ior of the effective cross section of u-meson pro- 
duction as a function of neutrino energy, and thus 
to the particular theoretical assumptions made. 
The existence of an intermediate meson may, in 
addition, be observed by the detection of » meson 
pairs. 


APPENDIX 


SPECTRA OF THE PARTICLES FROM THE 
u—-e+v+v DECAY 


Formulas are given below for the spectra of 
neutrinos and antineutrinos in the uw —~ e +v+v 
decay for the V-A variant of the four-fermion in- 


teraction.* The energy spectrum of the neutrinos 


G. T. ZATSEPIN and V. A. KUZ’MIN | 


16 4~DR , 1+ 8 

[aaa |3— 89 — FH gay, ON ae 

Nu (y) dy = re ~ (16) 
e 5 LA ES i 18 1+8 
B 3 Sear 3 y—3(1 +8) | a} dy, Dy) SIN 
; 32 re 
| apap lS 4 — BY) — 28 + BY) y] vay, o<yxye 

Ns, (way = "5 : a. ae (17) 
(= {t+ ap v3 + ol erh ay, BSS oe | 


where £8 is the velocity of the » meson in units of 
the light velocity, y = ¢/E, € is the energy of the 
neutrino (antineutrino), and E is the energy of the 
p. meson in the L.s. 

In the limit B — 0, the spectra (16) and (17) 
transform (as they should) into (14) and (15). In 
practice, 8 ¥ 1, (m/E)? «1, and they become 
(0=y=1) 


(18) 
(19) 


Nyt (y) dy = RG (E, 2) de = (4 —3y? + 45) dy, 
N;, (y) dy = RY (E, &) de = 2 (1 — 3y? + 2y') dy. 
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from the 7 + e7 + vy +0 decay in the coordinate — 
system in which the p meson is at rest (c.m.s.) 
calculated neglecting the electron mass is 


N, (x) dx = 2x? (38 — 2x) dx, (14) 


where x = E,/Eyp, Ep is the neutrino energy, and 
Em = m/2 is the maximum neutrino c.m.s. energy. 
Because of the symmetry of the matrix element 
with respect to the permutation of the momenta of 
the neutrino and of the electron, the neutrino spec- 
trum"4] coincides naturally with the electron spec- 
trum. [15] 

The spectrum of antineutrinos in the c.m.s. is 
given by the formula 


Nz (x) dx = 12x? (1 — x) dx, 


(15) 


where x = E7/Em. The mean energies carried 
away by neutrinos and antineutrinos equal 0.35 and 
0.30 m respectively. 

In the l.s., the spectra v and VY are of the form 
(assuming an unpolarized u-meson beam) 
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We have considered the interaction between a non-relativistic particle and a scalar field and 
have applied the theory to the polaron problem. We use a Lee, Low, and Pines canonical trans- 
formation to obtain from the Hamiltonian of the system an effective Hamiltonian; we solve the 
corresponding Heisenberg equations of motion. The energy is obtained from a variational prin- 
ciple for arbitrary values of the coupling constant. We consider, moreover, the scattering of 
polarons by phonons as a resonance scattering process; we evaluate the value of the resonance 
momentum in the strong coupling region. The strong dependence on the coupling constant g 
which is characteristic for the resonance momentum leads to an upper limit of g* of about 8 


or 9. 


Tae electrons in polar crystals create around 
themselves a localized polarization of the ionic 
lattice, which accompanies the electrons when 
they are transferred to the conduction band. If the 


dimensions of this polarization are sufficiently large, 
one can, according to Pekar, [1] consider the crystal 


in the continuous-medium approximation, taking the 
periodic field of the lattice into account by intro- 
ducing an effective electron mass m. The latter 
appears as a basic, unknown parameter in the 
whole theory, and ultimately determines the mag- 
nitude of the coupling constant g for the electron- 
phonon interaction. This constant is, as a rule, 
insufficiently small to justify the usual perturba- 
tion theory, at least of the first perturbation- 
theory approximation. 

The simplest and most reliable method for de- 
termining the effective mass consists in studying 
the mobilities of the current carriers, which at 
the present time are already known experimen- 
tally for a number of polar crystals. To solve 
this problem we need know the mobility as a func- 
_ tion of the coupling constant for a wide range of 
coupling constants. For most polar crystals the 
intermediate coupling range is apparently of most 
interest; this range is at the same time the most 
' complicated one from a theoretical point of view 
and the one for which there are in the literature 


_ greatly contradictory calculations. 3] When 


solving the problem of the mobility it is natural 
to start from two extreme approximations in the 


a a eu ae UN ene cael Bice lth i= See | wee oe - 
: — = a 


| polaron theory, the weak and strong coupling ap- 
| proximations, with the aim of a subsequent ex- 


trapolation of the mobility values found in these 
| regions to the intermediate coupling region. 


The scattering of optical phonons by a polaron 
is a typical problem in resonance scattering; [2,3] 
when evaluating the scattering amplitude it is con- 
venient to start from Low’s well-known method; (41 
to apply this method we need know the explicit form 
of the eigenfunctionals of the polaron in the initial 
and final states in a form sufficiently convenient 
for the calculation. In this connection, we develop 
in the first part of this paper a new method for 
solving the polaron problem. 

A study of the mobility is also of interest be- 
cause it provides an opportunity to establish the 
limits of applicability of the whole polaron theory 
as a physical problem, since the condition for the 
existence of scattering of polarons by optical pho- 
nons is at the same time also the condition that 
limits the maximum possible coupling-constant 
values permitted in the theory. Indeed, when the 
coupling constant increases, the effective dimen- 
sions of the polaron decrease, and at the same 
time the wavelength of the vibrations of the crys- 
talline lattice, which are responsible for the scat- 
tering, also decreases. The latter, moreover, 
cannot be less than a quantity of the order of the 
dimensions of the elementary cell, so that not all 
a priori chosen coupling constants are permissible 
in a real physical problem. Even if we make the 
most extreme assumption that the whole of the 
polaron mobility is connected with the scattering 
by the shortest waves existing in the crystal, it 
turns out that the maximum coupling constant 
corresponding to this scattering is approximately 
equal to gtnax © 8 to 9. 

These values lie at the border of applicability 
of the strong-coupling formulae; the situation is 
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thus just the opposite of the one assumed to occur 
in the first papers on polaron theory: it seems un- 
likely that there are polar crystals with strong 
coupling and at the same time with anomalously 
large effective polaron mass characteristic of 
strong coupling. A proof of this statement will 

be given in the second part of this paper, in which 
we consider the scattering theory in the strong- 
coupling region. 


1. STATEMENT OF THE PROBLEM AND BASIC 
EQUATIONS 


The polaron energy operator can be written in 
the second-quantization representation in the form 


ae 


fie + Dihataias + 2. (anet*t + age—*r), (1.1) 
where a, and ag are the ste field operators, 
m the effective mass, and wp the frequency of the 
longitudinal optical phonons; the function Vj, is of 
the form 


ho? As, \4/2 / 2mo® 
Vie ela) , US l/ ——, (1.2) 
where g is the coupling constant, 
Bile es te ge 
Bh egy least Te i" (1.3) 


€ is the static dielectric constant, and n the re- 
fractive index for light. 

For polar crystals a typical situation is one 
where ¢€, n, and wp are known sufficiently accu- 
rately and the only unknown quantity is the effec- 
tive mass m, which at the same time determines 
the value of g: 


g? = g2 (mim,)"", (1.4) 


where g? is the value of the coupling constant for 
the case where the effective mass is equal to the 
electron mass in vacuo, Mp. 

It is well known that we can eliminate the elec- 
tron coordinates from (1.2) by using the canonical 
transformation 


Sse exp { (P — Dikaj as) rt, 


where P is the total momentum of the system. 
Having transformed the energy operator using 

(1.5), we follow Lee, Low, and Pines [5] and sub- 

ject it to one more canonical transformation: 


Us exp {fh (ar — aj) : 


(1.5) 


(1.6) 


where f, is a function of k and (k*P). We can 
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write the operator obtained after the transforma-_ 


tions (1.5) and (1.6) in the form 
H=Ho+ Fi, (1.4 


where we take for the effective Hamiltonian Hy 6] 
the expression 


Hy ee 2 DaVede + Di(to pe i 
+ ae (Dif) + So 


Hy = 2 hws (P) a; ap 


(1.8 


1 a 4 kk’ fefer (Gee + ana + Ande + axar), (1.8 


while the operator Hy, is of the form 


ok 2 (Vi + felon (P)) (az + at) 


aid kk’ CHa Apap’, 


+4 4 = e (Qidede’ + Apaiax) fe eta 
at (1. 10 


ho, (P) = hod m Po a8 Re | 


Los fsts core MK fit 
re 

The operator Hp) is a quadratic expression in 
the phonon absorption and annihilation operators 
and can be diagonalized in the usual way. If we | 
denote by v, the frequencies of the normal vibra- 
tions we can write the required polaron self-energ, 
AE in the form* | 


~ 7 Deon) = =a w\ WF In A(S), (1.12) 

where we have denoted by A(s) the quantity 
60=Hc—9/Tc—op, 238) 
k k | 


and the integration contour C is in the complex 
s-plane (Fig. 1). One can show that 


3 
s) =|] D® (s) (1.14) 
j=) | 
. ke 
p(s) Biyse nae \- es dk. (1.15) 


FIG. 1 


*In the following we put fi=1, and in Secs. 
oO 
Ox = Il. 
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From (1.12) and (1.14) we get for the particular 
case where P = 0, for instance, an expression for 


| the energy of the ground state of the operator Hp: 


aks TS wai | 73 Va In D(s) +2 2Vale + 2s fhe (1.16) 
c 
where according to (1.15) 
9 R2 Inn 
DRS) di -e EE Rae ai dk. (1.17) 


If we moreover denote by a, the physical- 
particle operators in terms of which ij) is a di- 
agonal operator, we can show that {71 


[oe, Ae] == [oe, Hee] = Spe’, [Hy, Hb] =wpgap (1.18) 


and that the mathematical expectation of H, with 
respect to the eigenfunctions A of the operator Hy 
is equal to zero. The operators a, are linear 
combinations of the operators a, of the physical 
particles * 


Vere’, 
(1.19) 


ay = (Mew + (M_ 


i) where the matrices M, and M_ are of the form 


(M)an = = (now)? (Oe tow) (k|Q,|k’), 
2 (@, O,)'/2 
2 + ie) Ds (@}) 
(1.20) 
The ground state functional A) satisfies the 
equation a;,A, = 0, and from this it follows that 


(2) O42’) = 8 (k—R’) + kk’ fafe 


Ay is of the form 


A, = const - exp {5 \\ ay A;par dk dk’ ®,; 


A* = M_M;’,  a,2, = 0. (1.21) 


| The polaron state eigenfunction can thus be approx- 
| imately written in the form 


¥, = exp {i(P— 


iy kazar) r| exp {2 fr (ar — ai)}-A, 


“(1.22) 


We now determine the form of the function f, 


'| from the condition that the energy (1.16) be a mini- 
/Mum. Setting the functional derivative of E with 
| respect to fk equal to zero we get for fx the inte- 


gral equation 
(7.23) 
(1.24) 


fe = —V?/(1 + F?/2u), 


Shah ds 1 
2Mi « 
Cc 


Vs (s— of) D(s) * 


The method of solving the problem by perturba- 
tion theory is evident. It consists in expanding in 


pos 


| (1.24) the function D™4(s) in a power series and 
integrating afterwards over s. We give here the 
? 


*We sum (integrate) over repeated indices. 
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expressions obtained in that way for the self- 
energy and for the polaron effective mass: 

E = —g?—1.26 (g?/10)? — 1.875 (g2/10)3, 
m* = 1 + g?/6 + 2.24 (g2/10)2. (1.25) 


The result (1.25) for E is somewhat better than 
the one from the path integral method. (8] The op- 
erator gives a contribution only to the term in g®, 


2. THE STRONG-COUPLING REGION 


We turn now to the main problem, the strong- 
coupling approximation. To elucidate the charac- 
ter of the solution in that region we turn to the 
analytical properties of the function D(s). To 
do this we write the function D(s) in the form 


_4¢ = Ra, dk 
D(s) = D(1) +* ; (2.1) 
t i | (eh= tye 9 
where D(1) is the value of D(s) at s=l1: 
m4 Rtfe 
Diy 2 tig Sat ee \ Oe ap. (2.2) 
“Rk 


a o2 —1 


As a function of the complex variable s, D(s) 
possesses the following properties: 1) D(s) has 
a cut along the real axis from s =1 to ~ and has 
not other singularities; 2) D*(s)=D(s*); 3) as 
sD(s) increases at least as s. Because 
of these properties we can write for [(s —1)D(s)]7! 


So, 


ds’ 
(s’ = 5). (s' = 4).Di(s92 


1 ree 
(s — 1) D(s) 2m \ 
C+e 


where C +p is the contour of Fig. 2. 
It follows from (2.3) that D71(s) satisfies the 
integral equation 


(2.3) 


kf? opdk 


4 rary ; 
) (6 — 08) (2 = 1) D (o}) P 


D(s) =r + 24) 


Integrating by parts we can write Eq. (1.12) for 
AE in the form 


aoe ae aa 


Toy wr)? DOS) 


ds, 


2m? a dkk' fi Of 2ni aT ak 


(s— 


and using this and (2.4) we get 


FIG, 2 
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AE = 3m | 2 (1+ Q) 
4 RAF, DATO, {O,@p + Og (Oy + @,) + 1} 
tant \ “(o, Fo,Mod—y[Dwsye — oPA 
Sh bate wate z. (2.5) 
Using (2.4) we can write Eq. (1.24) for u-! in the 


form 


‘ ; aN pf, (@p®p_ + 1) dp 
T+Q "3a ) (o% —1) (+ ©) | D(@) P 


eo (2.6) 

The constant Q introduced in Eq. (2.2) above is 
connected with the renormalization of the charge 
in the following way. Had we written the expres- 
sion for the energy operator 3) in the form 


Hy = Dd onatar + (> kf (ae + ak)) ’ 
k k 


the renormalized coupling constant i would be 
determined, as in ordinary pair meson theory, [9] 
from the relation 


N=A/(L+4Q). (2.7) 


Equation (2.6) is in the general case very com- 
plicated and its exact solution almost impossible. 
We therefore evaluate the energy by a direct vari- 
ational principle, and put the function f, equal to 


fe=—V2 exp (— R?/2a?), (2.8) 


where a is a parameter to be varied, and where 
one can easily check that for strong coupling a? 

> 1. Substituting (2.8) into (1.17) we find for the 
real and imaginary parts of D(s) the expressions 


ReD (wz) = 1+ dv ), ImD (wk) = kf / 62; 
v(y) = 1— ye-¥ \e dt — gee | e-"at; 


S 
A= 4g7a/3 V 2x, E=Vy?+ 4/a’. 


In the strong coupling region & —y, and the ex- 
pression for the energy E can, if we use (1.16) and 
(2.5), be written in the form 


ye 8 (2.9) 


re or a eee (2.11) 
Pr jai e “(1 —Q (y)) dy 

Gas Vix \ (1/A + 0 (y))?+ myrePH/4 ” 

Q(y) = 242 {(1 1 Qy?) yer*\ edt —y'| Pe wien2) 


y 


In the strong coupling region we put 1/A — 0. 
As a result of numerical integration we obtained 
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for q(0) the value q(0) =5.75,* and from this 
we get by varying E with respect to a 


E = —0.105g!. (2.13) 


This energy value is very close to the well-known 
result E = —0.106 g*.[%10] The effective Hamilto- 
nian Hy chosen earlier thus already contains in it 
the usual strong coupling approximation. 

An electron in the conduction band causes polar- 
ization of the ionic lattice. This polarization is 
characterized by the density of the continuously 
distributed charge p (|r—Yre|), which can be eval- 
uated from the usual equations (¢ = |r—Tg |) 


A4np (6) = — V*@ (6), 


(re), SyVe (anette + age-Mr) W (r2)). (2.18) 
k 


(2.14) 


(i= — 


Substituting into (2.15) the functionals (1.22) 
found earlier we get, using the fact that (Ao, aAg) 
= 0, the following expression for p: 


(2.16) | 


‘A 1 a —¥ 292/ 
p= A(t) tee, 
The total induced charge e’ is equal to 
1 1 1 
= —e(ae +). (2.179 


If we define arbitrarily the polaron radius lp 
as the radius of the sphere inside of which there 
is half of the induced charge (2.17), we get for rp 
the expression f 


218 fae 
a ioe : 


Cae (2.18) 
3. POLARON SCATTERING. THE MAXIMUM 
VALUE OF THE COUPLING CONSTANT 


One must construct the theory of scattering of _ 
polarons by optical lattice vibrations as a reso- 
nance scattering theory, as was shown convinc- 
ingly by Schultz. (31 In the weak-coupling region 
the theory leads to the same results for the mo- 
bility as the usual consideration, that is, it leads 
to the equations of Frohlich, Mott, and Davydov 
and Shmushkevich. 41] 

To calculate the scattering amplitude we use 
Low’s well-known method. !4] According to Low 


*It is of interest to note that as \ > o the integrand in 
(2.12) has a steep maximum at y* = 3A/4; however, if we take 
into account that the domain of integration over y is in fact 
limited and if we use the values g? = 10 considered in the 
following, this singularity does not arise. 

tWe must note that the integration in all formulae is over 
the dimensionless parameter k (fi/mw)”. We have written 
Eq. (2.18) for clarity in the original system of units [see _ 
(1.2) and (1.3)]. 
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we can write the required matrix element of the 
scattering matrix S in the form (fi =1) 


ekiS —11P,,k,>,= —2xid(E—E,)R; ; (3.1) 
R=ViVe\ do ((¥, e-* (H-—E —0? — ie) e"Y,) 
+ (WY, efor (H —E + w°— ie) +e Y )}. (3.2) 


The initial momenta of the polaron and of the 
phonon are respectively denoted by Py and Kp, and 
the final momenta by P and k; E = P*/2m* is the 
polaron energy, and W,) and W are the wave func- 
tionals (1.22) of the initial and final polaron states. 

In the following we consider the low tempera- 
ture region where P?/2m*< w’. The only term 
responsible for scattering will in this case be the 
first term in (3.2) which can be evaluated as fol- 
lows. We push consecutively the operators 
exp {i(P) + ky — 2, kaja,)r} and 
exp {2;,f,(a, —at)} through (H-E-w?-ie)7! 
from the right to the left and integrate the ex- 
pression obtained in this way over the volume dv. 
We get as a result 


<P, k|S—1]P,, k,> 


= — i(2n)*8(E—E,)8(P,+k,—P—k)M. (8.3) 
Here 
M =VwVp, (Ag (Hy + Hi —@° — ie)74Ao), 
H, = Hy + Pk/p + 2/2m, 
Hy = Hy pa 3 kk az ee 2 kkofe (Qn + Ge): 
p=m(l—n)7, uP = Liki (3.4) 


Hp and H, are given by (1.9) and (1.10). 
To evaluate (3.3) we follow Low and Pines 1 
and introduce a functional Q: 


PO ee Bea ey tA (3.5) 
c = (ko/2m + P,ky/p —o° — ie), (3.6) 
which satisfies the integral equation 
Oa A (i, Foie) A. (3.7) 
We write © in the form 
Q=uA,+ djuevkA, + Dd) Wav okakA, +... (3.8) 
k 


k, k’ 

In the single-phonon approximation, % = uAg 
+ZvparAy, we get for the coefficients u and v_ 
_ the following set of equations: 


u=1—c >), (3.9a) 
k 
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dE, = — up, —u 2 Arn ®y — rye kk’ fe Agw 
ae EK ff =e 3) Ante’ kha, (8.9) 
where 


bEn = (ky — k)?/2m + pw P, (k, — k) — ie, 
, =— kkofn/m + Vp -- FrOn => — kkofn/m + Dz. (3.10) 


If we recognize that (1.20) and (1.21) imply that the 
matrix Aj,” can be written as Ay, = (K°k’)Q(k, k’), 
the solution of these equations can be written in the 
form . 


Re A 1 
m1 Most Seis 0 (N+T-+1)} . 


1+T+K 
U=2L+M+(L+8)(L+M), (3.11) 
7S Lo) fe K = Seo ta _ yy Mole 
7, meSE, ” pe MSE, 6 ty aa ore 
kkoD,7;, kkok?f,T p 4m 4, ®, 
M = ? S = ? re icen. ? 
2 ROE, 2 mE, ap moE , 


T, = YE Q (k, #'). (8-12) 
k’ 


After integrating over the final momenta P and 

k and over the initial momentum ky we get for the 
probability w for scattering per unit time the fol- 
lowing expression 
| m Po 


OSS — = 
T 8x4 


\[Vi,|*| cu (hq) Pee" dt. (8.13) 


The factor exp (—w°/kT) gives the number of 
phonons per unit volume at low T as a function of 
the temperature T. The function | cu (k))|? is of 
the form 


| cur (Ro) |? = 1/(A? + PoB?) (3.14) 
and as P,) — 0 the integrand in (3.13) has thus the 
form 

: Po mt 

Hue Ae P2B eh 
that is, the scattering cross section is determined 
by the magnitude of the resonance momentum 
A (ky) = 0. When g? = 1, Eq. (3.13) becomes Low 
and Pines’ well-known formula. 7] 

When the coupling constant increases the mag- 
nitude of the resonance momentum will increase 
also, and in the strong coupling case the integrals 
(3.12) can thus be evaluated in the limit of large 
ky. In that region the quantities L, M, S, and T 
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are of order g~4 compared to the main terms I 
and N, and the integral K turns out on an estimate 
to be approximately an order of magnitude smaller 
than I. In the strong coupling region we get for the 
resonance momentum, after evaluating the inte- 
grals I and N in (3.11), the expression 
k,. %q \'2 27 Van 
vas Gym) UF = 


+ O(g*)). (8.15) 


We now consider the contribution from the two- 
phonon terms to the scattering amplitude. If we 
retain in the expansion (3.8) the terms 
Ukk’Wkk/agak’Ag the equation for the coefficients 
Wkk’ becomes 


, (k +k’ — ko)? cS u 
{o° 2m } W a oa 
kk’ 


— 5— (Uefer + Onfe) — F (ner + One) 


{(k +- k’) ko — (kk’)} Ager 


+ integral terms. (3.16) 


The left-hand side of (3.16) contains the parameter 
kg Squared, and the right-hand side only to the first 
power. If we take this into account, the correction 
terms in Wx’ in Eq. (3.9b) for v_ will be of the 
order kj! ~ g™* as compared with the terms writ- 
ten down in (3.9b). In the strong coupling region 
the two-phonon terms thus make a small contribu- 
tion to the scattering amplitude. 

Let us dwell on the problem of the maximum 
values of the coupling constant g of the electron- 
phonon interaction. The maximum value of the 
phonon quasi-momentum is kmax = 27/a°, where 
a° is the lattice constant. Since the right-hand 
side of Eq. (3.15) increases as g* in the strong 
coupling region, we can find such values of g that 
the scattering cannot take place.at all, for when 
the coupling constant increases the lattice vibra- 
tions with the very shortest wavelengths become 
responsible for the scattering. 

The maximum momentum corresponds to a 
wavelength A = a". In that wave all ions in the 
lattice are at the nodes of the wave; it hardly 
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makes sense therefore to speak of scattering by 
this wave, which is in actual fact a fictitious one. 
Even if we make the extreme assumption that all 
of the mobility of the polarons is caused only by 
the scattering by a single wave with k = 1/a°, 
which is already connected with a displacement 
of the ions, this assumption will lead to a rather 
severe limitation on the coupling constant. These 
values were evaluated using (3.15) and are listed 
in the table. 

For most polar crystals the values of se 
are thus of the order of 8 or 9. These values ac- 
tually reduce to zero the region where the strong 
coupling can be applied, i.e., weak or intermedi- 
ate coupling must occur in real crystals. The most | 
important consequence following from this is the 
relatively small magnitude of the polaron effective 
mass. Indeed, even if we make the extreme non- 
physical assumption that all of the mobility is con- 
nected with the scattering by the shortest wave- 
length in the crystal, we get an appreciable error 
in the result obtained from the asymptotic formula 
for the polaron effective mass, m*/m = 0.020 g® [8] 
for g? ~ 8 to 9 (in contradistinction to the en- 
ergy):'°] for instance, if g* <8, the effective 
mass must be less than 30 m. 

The restrictions on the permissible coupling- 
constant values follow, of course, also from the 
condition that the polaron dimensions must not be 
less than the lattice constant. This criterion leads, 
however, to values of g® larger than the ones in 
the table and, moreover, this criterion is not so 
well defined as the one we just considered which 
is based upon scattering theory. | 

Let us consider some other observations about | 
the theory. In all preceding calculations we as- | 
sumed that the upper limit of integration could be 
taken to be infinite. In the weak or intermediate 
coupling regions this assumption is undoubtedly 
correct since the integrands decrease steeply with 
increasing k, but in the strong coupling region 
this problem requires a more detailed considera- 
tion. We already mentioned that the integration 


=" 
Q 
> 


LiF 4.02 8.37 
NaF 4.62 5.68 
NaCl 5,63 3.24 
NaBr 5.96 2.54 
NaJ 6.46 2.49 
KCI 6.28 2.64 
KBr 6.58 2.01 
KJ 7.05 1.65 
RbCl 6.54 2.24 
RbBr 6.85 » 4.60 
RbJ 7,33 4.33 
AgCl 5.54 2.41 
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SLOW ELECTRONS 


over k means an integration over the dimension- 
less parameter k(h/mw")!/2, It is clear from the 
table that we can on an average put 
kmax(H/2m,w°)!/? ~ 12, and we then get for the 


typical case when g% = 5 


Xmax = Vena (i/mw°)'/2 22260) V 2/g?. 


When evaluating the integrals in (2.12) and (2.13) 
we made the change of variable y = x/a and set 
the upper limit of integration for g? ~ 9 at about 
y = 3.66. The numerical integration in (2.12) was 
taken up to 3.5, beyond which the integrand was 
vanishingly small. One can thus assume that the 
numerical value for the energy given here is 
basically correct. 

Considering the strong coupling region further, 
we must show the extent to which the operator Hy, 
is a perturbation with respect to Hy. If we use 
perturbation theory to evaluate the contribution 
from H, to the energy, we can, owing to the fast 
decrease of the function f, at large k, make the 
numerical contribution from H, small in the range 
of g* values considered above. At any rate, taking 
the operator H, into account leads to a decrease 
in the energy, as compared with (2.13), and toa 
smaller polaron radius. The values of gijax 
given in the table are therefore still undoubtedly 
overestimates. 

It follows from all this that strong coupling 
turns out to be in fact incompatible with the scat- 
tering of polarons by optical lattice vibrations. 
Taking dispersion into account has no important 
influence whatever on this result since the large 
k region makes a small contribution to the nu- 
merical values of the integrals I and N. As far 
as the already well-known experimental data are 
concerned, they indicate either the use of weak 
(PbS, PbSe) or intermediate coupling (AgCl, 
AgBr).{!2] The latter crystals are of most in- 
terest since the numerical values of the mobility 
enable us in that case to estimate in the most 
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direct manner the magnitude of the polaron effect; 
we shall consider these problems later. 

In conclusion I express my deep gratitude to 
Academician V. A. Fock for a number of valuable 
hints and also to Professor H. Lehmann and 
W. Zimmermann for their interest in this paper 
and to Professor G. Hohler for drawing my atten- 
tion to Schultz’s paper. [3] [am grateful to Pro- 
fessor L. E. Gurevich and V. I. Perel’ for an in- 
teresting discussion. 
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We present a simple and manifestly covariant derivation of the Weizsacker-Williams formula. 


Recenthy in a whole series of papers, starting 
with that of Chew and Low,!!] the contribution of 
pole diagrams to the cross sections for various 
processes has been calculated. Pomeranchuk 
and Shmushkevich #1 have pointed out that the 
cross section for inelastic processes occurring 
in a Coulomb field and calculated in the pole ap- 
proximation using the ‘‘Coulomb photon’’ coin- 
cides with the well-known Weizsacker-Williams 
formula (WW). In calculating the invariant 
pole matrix element, Pomeranchuk and Shmush- 
kevich, [2] in the spirit of the original quasi- 
classical derivation of Weizsacker and Williams, 
used quantities measured in the rest system of 
the incident particles. In this note we give an 
explicitly covariant derivation of the WW for- 
mula.* 

Let us calculate the cross section for the 
process shown in Fig. 1. Here k and p are the 
momenta of the colliding charged particles (for 
example, an electron and a proton), k? = pe, 

p? =m’; p’ and k’ are the momenta of the par- 
ticles created, p’? = De =m?*; q is the momentum 
of the virtual photon. We want to express the 
cross section associated with this graph in terms 
of the cross section for the photoprocess with a 
real photon q (q?=0, eudu = 9) shown in Fig. 2. 

The cross section of the photoprocess for a 
photon of given polarization, integrated over the 
momenta of the created particles and summed 
over their polarizations, can be written in the 
form 


Op = Gl ay. (1) 
For an unpolarized photon 


1 0 1 0 
op = Ht Oni ay ary dre 


(2) 


In the expression for the cross section corre- 
Sponding to the diagram of Fig. 1, after integration 
over the momenta of the particles k’ and summa- 
~ *Arguments similar to our are contained in part in the 
work of Dalitz and Yenniel4] conceming the creation of pions 
in electron-proton collisions. See their paper for references to 
earlier work on the Weizsdcker-Williams method. 


FIG. 1 


FIG, 2 


tion over polarizations, there appears the tensor 
T yy depending on the vectors k and q, such that 


fee = Toy \qeo- (3) 


The most general expression for the tensor Typ 
which satisfies the condition of gauge invariance 


gFus = Or004 aly meh (4) 


has the form 


2 
Tuy = a( GE Risks + gq Opn — hug, —od,) + 5 (Gy — 4,9,)- 
(5) 


The invariant functions a and b depend on k’, q? 


and kq. Since the amplitude for the photoprocess 
has no singularity at q? = 0, this is also true for 
the functions a and b.* Substituting (5) in (2) we 
get 


Op = a(kq). (6) 


The cross section for the process shown in 
Fig. 1, expressed in terms of the tensor Typ is 
equal to 


do 


aft [ kq . | 
bid V (kp)? — kp? 


272 iS | dp’ 
x eZ? —- (2p —4), (2p — 9), Ty» ae 


*The functions a and b for the Compton scattering of 
pseudophotons were found by A. Badalyan. [s] 
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faded lll cca meadiiicasiicice mildest one Sac eae 
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COVARIANT DERIVATION OF THE WEIZSACKER-WILLIAMS FORMULA 


The factor in square brackets is the ratio of the 


_ invariant fluxes for the reactions k +q =k’ and 


k+p=k’+p’. The expression Ze(2p —q) is 
the photon vertex part for the spinless nucleus p. 
Changing to the variables q?, w* =(k+q)? and 

gy (where ¢ is the angle between p’ and k’ in the 
laboratory system) we easily find 


dp'/2E’ = dw*d(—q?) dg/8 V (kp)? — 2p”. (8) 


Integrating (7) over the azimuthal angle », sub- 
stituting in (5) and using the fact that 2pq = q’, we 
get the invariant formula 


__ Za (kp)? (kq) Fr 
dswe= Te aye op |! + 
q? | _(q) 
ale lor} 
Using (6), we have 


Boer= on(1— 28) f+ 


(2q)? p? _—(Ra) | 
(kp) @? 


dw” dq? 
(fq) g? ° 


(9) 


(eq)? p? | 
(kp)? gq? (kp) 


b (p? — q?/ 4) (q)) dq? do” 
Sa am a0) 
For large electron energies (kp > ka, 
(kp)? >> k’p*), this formula simplifies: 
22 k 2 72 d 2 d 2 
cen 2 op(14+ Hee) ae ee 


and coincides with the result of WW. As for the 
last term in (10), for the case of large electron 
energy it is small, since p*(kq)*/(pk)? q? <1, 
and q?/kq <1. This term is missing from the 
original result of WW, but appears in that of 
Pomeranchuk and Shmushkevich."1 In the ter- 
minology of WW, (Jit apparently corresponds to 
the small contribution from the photoprocess due 
to longitudinal ‘‘pseudophotons.’’ 

In conclusion, we note in a recent paper of 
Badalyan and Smorodinskii, *1 what appears to 
be an incorrect assertion that they have given a 
new derivation of the Weizsdcker-Williams for- 
mula and that the relation found by them enables 
one to get the cross section for photoproduction, 
for a given polarization of the photon, from the 
differential cross section for electric production. 
Actually the derivation which they present is just 
the usual classical calculation of the spectrum of 
pseudophotons, since the expression for the en- 
ergy-momentum tensor does not depend on the 
choice of gauge. It is therefore natural that the 
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expression obtained by them does not contain the 
term which was found in!J and is contained in 
formula (10). The expression given in [6] for the 
polarization vector of the pseudophoton is correct 
only to the extent that one can neglect this term. 
The correct expression is obtained if the vector 
P = 2p —q, which enters for the lower vertex 

of the diagram in Fig. 1, is represented in the 
form 


Pk 
Py = Aly + Tepe gage (hg) de — Gey. 


Here (eq) =(ek)=0. The vector ey, is space- 
like, and if we normalize it so that e = —1, it will 
be the polarization vector of the pseudophoton, 
while 

(Pk)? 2 
~ (hq)? — Hq? = re 
The spectrum of pseudophotons is proportional to 
A’. The second term in the expression for Py 
gives the additional term which was mentioned 
above. 

The authors thank I. Yu. Kobzarev, I. Ya. 

Pomeranchuk, and I. M. Shmushkevich for val- 
uable discussions. 
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The differential cross section for the Si*”(d, p)Si*! reaction is calculated taking into 
account Coulomb and nuclear interactions. Including these interactions has little effect 
on the ratio of the cross sections at the maxima of the angular distributions for different 


states of the final nucleus (J=0 and /= 2). 


Ir is known that the absolute value of the cross 
section for a stripping reaction of the type (d,p) 
and (d, n) is much more sensitive to the Cou- 
lomb and nuclear interactions of the particles 
participating in the reaction than are their angu- 
lar distributions. To study the influence of these 
interactions we have computed the differential 
cross section for stripping with distorted deuteron 
and proton waves, for the reaction Si’ (d, p)Si*! 
which was investigated in (11. The interactions 

in the initial and final states were accounted for 
using the formula found in the paper of Tobocman 
and Kalos.!7] The values of the radial Coulomb 
functions were taken from tables computed on the 
*‘Strela’’ digital computer of Moscow State Uni- 
versity. C3] 

The computation was carried out for the 
$i29(d, p)Si*! reaction with formation of the 
final nucleus in the ground state (1, = 2, Q = 4.36 
Mev) and the first excited state (J, = 0, Q = 3.61 
Mev) for deuterons with an energy of 4.25 Mev. 
The radial integrals entering into the computa- 
tional formulas were found by numerical integra- 
tion. The maximum values of the orbital angular 
momenta of the deuteron and proton were taken 
to be 6 and 8, respectively. The integration was 
carried out to the value kr = 8 (where k is the 
wave number of the captured neutron). The errors 
due to the neglect of higher orbital angular mo- 
menta and large values of kr did not exceed a 
few percent. 

The computed angular distributions are shown 
in the figure for three cases: 1) Coulomb and nu- 
clear interaction not included; the angular distri- 
bution coincides with Butler’s results (R = 
6.5 x 10° em); 2) only the Coulomb interaction 
is included; 3) includes the Coulomb interaction 
plus the nuclear scattering of the protons by a 


hard sphere of radius 5.5 x 10°!3 cm and scatter- 
ing of the deuterons by a hard sphere of radius 
6.5 x 10° cm. 

As expected, for the case of l= 2, including 
the Coulomb interaction shifts the principal max- 
imum, which was at 45° for the Born approxima- 
tion, toward larger angles. This shift is about 
15°. Putting in the nuclear interaction gives a 
shift of the maximum in the opposite direction by 
20°. Just as in the work of Tobocman and 
Kalos,{?] the characteristic features of the com- _ 
puted distributions are: a) only a slight difference 
from the Butler theory at small angles and b) non- 
zero cross section at the minima. 

Inclusion of Coulomb and nuclear corrections 
results in a considerable reduction in the absolute 
cross section for the reaction. Although the com- | 
putations of the absolute cross section are quali- 
tative, they nevertheless give much more reliable 
values for the cross sections than do the plane- 
wave computations of the Butler theory. For easy 
visualization, the differential cross sections for 
all three variants of the interaction are shown on 
the figure with the same value at the principal 
maximum; their actual relative amplitudes are 
given by the normalization factor N, using the 
relation 


- 6(0) = Noy (8), (1) 


where o)/(@) is the differential cross section com- 
puted from the Butler theory. The computed 
values of N are presented in the table, in which 
we also give the results of Tobocman and Kalos # 
for the F'%d, p) F”? reaction with formation of 
the final nucleus in the ground (1 = 2, Q = 4.37 
Mev). and excited (7 = 0, Q = 0.88 Mev) states. 
The main conclusion from the results given 
in the table is that when one includes Coulomb 
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do/dQ (rel. units) 


OP EPA Te 


o 
ae Io, m. S. 


Angular distribution of protons, computed for three inter- 
action variants, for the reaction Si*’ (d, p) Si** with formation 
of the Si** nucleus a) in the ground state, / = 2; b) in the first 
excited state (0.76 Mev), / = 0. The experimental points are 
| from data ofL4], the solid line is the Butler theory; the dashed 
“)| line includes Coulomb interaction; the dot-dashed curve in- 
cludes both Coulomb and nuclear interactions. 


and nuclear interactions the ratio of the correc- 
"tions Ny =» /N7 =, for formation of the final nu- 
cleus in different states is relatively close to 
unity and varies from 0.5 to 2, depending on the 
_value of the parameter Eqg/B and the character 
of the nuclear interaction which is included. 

The fact that the ratio of the corrections for 
different values of the orbital angular momentum 
transfer / is close to unity is important, since 
it allows us in analyzing the structure of different 
| States of the final nucleus to use the reduced 
widths computed from the Butler theory. 

Because of the incompleteness of the theory, 
‘the absolute values of the corrections N and, 
| consequently, the absolute values of the re- 
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t=2 


eat alte (lab) |(cms)| Ny cin.s. | Netnva. Ne | Nein.s. | Ncana. 
{ 
Fld, p)F?° 14,3 Dros (40 VOL.G 0.38 0.47} 0,24 0.23 
elds 3,6 4 NW OwLG 0.13 0.08 0.20 0.07 0.15 
Si8(d, p)Si*4 4,25 AA I OC2 7 alas 005 — 0.03 | 0.004 — 


Nc is the correction for Coulomb interaction, Nc4n, the correction for Coulomb and 
nuclear interaction; n.s. denotes hard-sphere scattering of protons for the fluorine reac- 
tion and hard-sphere scattering of protons and deuterons for the silicon interaction; n.a. 
means absorption of protons with /< /,,where J, = h-*r| 2mp (Eq +Q —Ze?/r)|”; Eq is 
the deuteron energy and B is the height of the Coulomb barrier. 


duced widths are correct only to order of mag- 
nitude. One can give a convenient criterion for 
the applicability of such corrections to the strip- 
ping cross section. Since the value of the di- 
mensionless reduced width 9? in stripping reac- 
tions must not exceed unity, the value of 6? 
computed including the corrections must satisfy 
the relation 


P= H/N <1, (2) 


where @( is the dimensionless reduced width 
computed from the simple Butler theory. Then 
we must satisfy the condition 


N >. (3) 


This simple criterion shows that the correction 
N for Coulomb and nuclear interaction which ap- 
pears in the relation (1) must not be less than 
the dimensionless reduced width 9% computed 
from the Butler theory omitting the perturbing 
interactions. 
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lomb Wave Functions) Computer Center, AN 
SSSR, 1961. 


Translated by M. Hamermesh 
314 


SOVIET PHYSICS JETP 


HYDRODYNAMICS OF A NONISOTHERMAL PLASMA 


E. E. LOVETSKII and A. A. RUKHADZE 


P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor May 19, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 1845-1849 (December, 1961) 


The single-fluid magnetohydrodynamic equations with particle collisions taken into account 
are obtained for a nonisothermal plasma. The effect of particle collisions on the spectrum 
of magnetohydrodynamic and magnetic-sound plasma waves is investigated. 


ik Klimontovich and Silin!™] (cf. also [1 and [1, 
Secs. 15 and 24) have carried out a single-fluid 
magnetohydrodynamic analysis of a nonisothermal 
plasma in which particle collisions were neglected. 
The possibility of carrying out this hydrodynamic 
analysis rests on the fact that weakly damped mag- 
netohydrodynamic and magnetic-sound waves can 
propagate in a nonisothermal plasma in which 

Te > Tj. These waves are damped by Cerenkov 
absorption and cyclotron absorption in the plasma. 
When particle collisions are taken into account, 
however, the dispersion relation for the weakly 
damped waves, which is obtained when particle 
collisions are neglected can be changed markedly, 
even when the collision integral in the kinetic 
equation is a relatively small term. Specifically, 
it will be shown below that under certain condi- 
tions the damping factor for the plasma waves is 
determined by the particle collisions while the 
wave frequencies are essentially unaffected by 
collisions. 

In the high-frequency region, where the thermal 
motion of the plasma particles can be neglected, 
the important collisions are electron-ion colli- 
sions (cf. [3] Secs. 16 and 23). Here we consider 
a nonisothermal plasma in the frequency region w 
(or the region of the characteristic time of the 
problem 1/w) defined by the condition 


ku; << o< Rep, (A) 


where Ve and vj are the thermal velocities of the 
electrons and ions, while k is the wave vector 
(the characteristic dimension of the problem is 
1/k); the ion-ion collisions predominate under 
these conditions. Electron-electron and electron- 
ion collisions can be neglected. Below we derive 
the magnetohydrodynamic equations for a noniso- 
thermal rarefied plasma with ion-ion collisions 
taken into account. We assume that (A) and the 
following conditions are satisfied: 
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JUNE, isd 


o <2; <or, (B)) 


where Qj = ejBy)/Mc is the ion Larmor frequency 
and w,; = v 4me2N; /M_ is the ion Langmuir fre- 
quency. 

2. If particle collisions are neglected the com- 
plete system of magnetohydrodynamic equations 
for a single-fluid nonisothermal plasma is 


0B/dt = rot [vB], div B = 0, (1)* 
do /dt + div pv = 0, (2) 
) ) ve (6) 
aa ge oaio re se + ap (rot, BI+ 7 Fes @) 
where vg = V|ej/e|kKTe/M is the velocity of 


sound while F9iS represents the dissipative forces 
due to Cerenkov absorption and cyclotron absorp- 
tion of the plasma waves. In contrast with the non- 
dissipative terms, the dissipative term in the mag- 
netohydrodynamic equations is obtained in an ap- 
proximation linear in the function that describes 
the deviation of the particle distribution from the 
equilibrium (Maxwellian distribution); F@1S is 
given by the expression [1] 


pais _ a {| Bo: (Bo $-) ++ | Bo| Bo all fae (By 2) By 
—|Bo[Bose]| or; st \ ar’ Q (r =r’) ao; (t', 2), (4) 


where 


mom \ ikr Bo 
Qi(r) = aay aV/ > 2 xT, \ ake By” 
Account of plasma particle collisions in the 
equation of motion (3) and in the expression for 
FGiS, gives rise to a dissipative force F9IS due 
to ion-ion collisions. To obtain an expression 


for Fdis we recall the derivation of Eq. (3). Mul- | 
| 


*rot = curl, [vB] = vx B 
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| tiplying the ion kinetic equation by p and integrat- 
| ing over the momenta we have 


Opu, 


0 bi ; 


“where Iij(r, t) is the momentum flow tensor: 


My (r,t) =\dppreyf (p, F, 2). (6) 


The thermal motion of the ions in a nonisothermal 
‘| plasma can be neglected if (A) is satisfied; hence, 
| as a first approximation, the momentum flow ten- 
sor can be written in the form 


PU;0;. (7) 


Substituting this expression in (5) and eliminating 
the electric field E (this is done by taking account 
of the motion of the electrons in the plasma) we 
obtain the equation of motion (3). 

When ion-ion collisions are introduced, Eq. (7), 
which represents the nondissipative part of the 


‘') momentum flow tensor, must be supplemented by 


the dissipative part of Tjj(r, t). We limit our- 
selves to the approximation linear in the deviation 
of the distribution function from the equilibrium 
(Maxwellian ) function. Solving the ion kinetic 
equation by successive approximations in the 
collision integral and expressing the dissipative 
part of Tj(r, t) in terms of the hydrodynamic 
quantities we can write the equation of motion of 
the plasma in the form 


+ qo lrot B, B] + (FP + Fr"), (8) 


where the dissipative force Fais, due to ion-ion 
collisions, is given by 


ap dis 5 (Bod/Or) = 9 
a ee a Ve wit OU; i] 3 3— = B? Leora 
0 fe 
B,,; (Bod / Or) f) 
Spee a AG . 
0 
Here, 


vig =4V 2x] MeINL («T)™ 


is the effective ion-ion collision frequency (L is 
the Coulomb logarithm ), vi =«T,/M, while vy 
= B2/4mpy is the Alfvén velocity. 

Equations (1), (2), and (8) form the complete 
system of magnetohydrodynamic equations for a 
- single-fluid nonisothermal plasma with ion-ion 
collisions taken into account. 

When the gradients are parallel to the fixed 
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magnetic field By (i.e., when k- By/By = k) 
Eqs. (1), (2), and (8) become the ordinary hydro- 
dynamics equations for a nonisothermal plasma 
(i.e., with no fixed magnetic field). Obviously 
the continuity equation (2) retains its form under 
these conditions; using the equation of motion (8) 
we then find 


US Op 


OV 0 ne di 
at + (v 5) ¥ a 2 on ie F; is 
| Us “Tt M1 0 Pe , 
(any? Wee “T eal dr (r— oadivv(’, t), (10) 
where 
g2pdis = 
at ~ 4V2 vue? grad div v (r, ¢). (11) 


We note that the dissipative term in (8) and (10), 
Fdis , which is due to ion-ion collisions, is a spa- 
tially localized quantity and takes account of ion 
inertia; this is in contrast with the other dissipa- 
tive term Fdis, due to Cerenkov and cyclotron 
absorption. This last feature is a consequence of 
the time dependence of Fdis [cf. (9) and (11)]. 

3. We now consider the effect of ion-ion colli- 
sions on the spectrum of magnetohydrodynamic 
and magnetic-sound plasma waves. In the approx- 
imation used here the magnetohydrodynamic waves 
for which v is perpendicular to k and By are not 
damped. This result follows because we have neg- 
lected terms of order w/Q, in Ger ar Ee the eee 
sions for the dissipative forces FS and FdIS, 


The magnetohydrodynamic dispersion elation 
is [2,3] 
arissike ut cosz 0, (12) 


where & is the angle between k and Bp. 
The dispersion relation for the magnetic-sound 
waves for which v lies in the plane of k and By is 


OF = Ro 
ko, m | &|m 
rl ae 2/4 
20 [(v, / 04)? cos 20 — 4] 
{e+ $62) sinto5[1+ (Gt) 2 (G4) cos20] © 
Bo [(1= (G4) 0s 20)(4 oe 3(= =) sin® i) 
+ 2sin?o(2+3( =) (1 + cos*#))]} 


For waves that propagate along the fixed magnetic 
field (3 =0) we have 


v2 + [(v%, + 02)? — 402,02 cos? 6], 


oa) 


(13) 
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OF? = ko, 
2 
ees 
iG ) ; 


We note that w_ and y_ give the frequency and 
damping factor for the ordinary hydrodynamic 
waves, i.e., waves that propagate in the absence 
of an external magnetic field. 

It follows from (13) and (14) that the collision 
contribution to the damping factor is independent 
of the magnitude of the wave vector. Thus, in the 
approximation used here particle collisions do not 
act to disperse a wave packet in any direction in 
space (do not affect the shape of the packet) and 
only cause an exponential damping in time. Hence 
the spreading of a wave packet is due completely 
to the Cerenkov absorption and is a linear func- 
tion of time, as shown in/1]. The spreading rate 
is 


wo? => Ry, Vi a 0, 


ra s4\f py, 4 2 2 vy (14) 


e 
é 


V (a8) | er/e| (m/M) vs. 


Equations (13) and (14) show that the collision 
absorption becomes greater than the Cerenkov ab- 
sorption when 


fae See S yee | 


é 


é. 


Bs ‘ 
eeetice Tr ; 


where lj = vj/vjj is the ion mean free path. In the . 


other limiting case, where 
i si Re aa, ay ie 
q iV Seatac f Fyyhoat 


the particle collisions in the plasma can be neg- 
lected. Thus, Eq. (15) determines the limits of 
applicability of the hydrodynamic analysis of 
Klimontovich and Silin. [1 

The appearance of a parameter with the dimen- 
sions of length J; in the equations of motion (8) 
and (11) gives us some basis for postulating the 
existence of stationary shock waves of finite width 
in the hydrodynamics of a nonisothermal plasma 
with ion-ion collisions taken into account. How- 
ever, a Simple analysis of Eqs. (2) and (11) for 
the one-dimensional case shows that there can 
be no stationary shock wave with a finite front 
width in the approximation used here. 

4. The dispersion relations (12) and (13) can 
also be obtained by solving the electromagnetic 
dispersion equation: 


| R8;; a kik; — 077? Ei] (o, k) | = 0. 


¢ 


(15) 


(16) 


The dielectric tensor is computed in the usual way, 
by solving the kinetic equations for the electrons 
and ions with ion-ion collisions taken into account 
and introducing the conditions in (A) and (B). As 

a result we obtain 
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E11 0) 0 
&;; (o, k) = (0 £22 ea) ~ 
0 E39 


where* 
eu = 7, / 23, 
2 2h 
oj ;0, k sin? O 


ao, | cos @ | 


[|| m 


@?. pee 
fon = oe Fi V On 
i 


V2 0? jv ,,07R? sin? o 


+ bigs ora ’ 
0%, a3 piacere 

- ; m | &; | o 

ae Sa $5 cegate +iy/ Daa M telex e1) 
4V2 03,9,,03K cos? 6 
+t 5 o> ’ 
: EMA le 1%: 3 

ey 1? TS, Sony : x | & | M o #8} 

ae eng os ee oQ; tg 6(1 a i “e | m ko,|cos®) 


2V2 w7,v,,03k sin 8 cos O 
5 > 


4 
012, 


If there is no fixed magnetic field the acoustic © 
wave spectrum (14) corresponds to the longitudi- 
nal electromagnetic plasma wave spectrum 


hace (18) 
where 
OL: — Ls 
pacha fae 
wl & lim m Ook 4V2 wo? v,;R 0? | 


5. In conclusion we nee out the limits of ap- 
plicability of the magnetohydrodynamic equations 
obtained above for a nonisothermal plasma with 


ion-ion collisions taken into account. As we have © 


indicated, in solving the ion kinetic equation one 
usually makes use of an expansion in powers of 


the collision integral. An estimate of the succes- | 
sive terms in the expansion shows that the expan- | 


sion parameter is the small quantity 
e T; Yo 
7) <i. 


r 
lea 
It is evident that (20) is more general than (15). 
The authors are indebted to V. P. Silin for 


discussion. 
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SS KORNYAKOV and Ter-Martirosyan ant 1 have ob- 
tained an integral equation for the determination 
of the wave function of a system of three par- 
ticles interacting via point-like potentials. In 
the simplest case of scalar identical particles 
this equation has the form 


(a +i V z—=k? Jom+4{ 


However, as was first noted by Danilov, J the 
corresponding homogeneous equation has a solu- 
tion for arbitrary z, so that Eq. (1) does not 
uniquely determine the required solution. 

The asymptotic form of any solution ¢(k, z) 
is 
@ (k, 2)= A(z 2) eas + B (2) ees, war (= r) 

(2) 

where Spo iS Some number (see below), and the 
ratio A(z)/B(z) can be arbitrary. Starting from 
the orthogonality conditions for the eigenfunctions, 
Danilov arrives at the following recipe: Take 
those solutions of Eq. (1) for which 


A(z) = 


@ (k’) dk’ 


Peete 9 OD) 


BB (z), (3) 


where £ is a fixed parameter independent of z. 
Danilov proposes to express this constant 8B in 
terms of the energy of the bound state of all three 
particles, Ey, assuming vaguely that only one 

_ bound state with energy E(f) exists for this 
choice of the solution. The parameter f is de- 
termined by the condition E(f) = Ep. 

We shall show in the present paper that the 
homogeneous equation corresponding to Eq. (1), 
together with condition (3), has a solution for an 
infinite set of negative values Zp, which extends 
to —, In other words, the model of Ter-Mar- 
tirosyan and Skornyakov, in the more precise 
form proposed by Danilov, has an infinite number 
of bound states, and there is no ground state. 

For the proof we restrict ourselves to the 


[ Spherically symmetric solutions. 


These satisfy 


COMMENT ON THE PROBLEM OF THREE PARTICLES WITH POINT INTERACTIONS 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 1850-1851 (December, 1961) 


An integral equation for the wave function of three particles with point interactions is con- 
sidered. It is shown that the discrete spectrum of the equation is infinite and extends to — ~. 
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the following equation: 
co 
a RP + RR! + Re + Mo p (F’) ' 
shu raya paytesercee yea 


(4) 


Here we have used the notations z = —A* and 
p (ikl) =|kl@— V3k?/4 + 2) @ (k). 


Making a change of variables, k = A(t? — 1)/tV3. 
and carrying out a Mellin transformation, we ob- 
tain the equation 


I (9) = aL (9) 


x fF () +E) IMs — 5) — Ms + 81 F (6) ds}; 
2m sh (as / 6) 


2m sh s (m — arc cos (a / A)) 
S “chi(ss,/.2)” 


18, = 
(s) 2V1—(a/d)?shas 


M (s) = 


The solution ~(k) is related to f(s) by the 
formula 


» @) =| F@ sins jess. | V3eiath|ds. (6) 
0 
The term containing the integral in (5) becomes 
small for large ’. Hence the equation 


8 mS Its 
1— Fash F /sch>y = 0 


has a positive root So, the solution f(s) exists 
for all sufficiently small @/A and has the form 


f (s) = 6 (s — 50) + O (1/A). 
The corresponding function 


*p (k) = sin so In [ V3k/24 + AV Bk?/4 + 27] + O (1/A) 


(7) 


has the asymptotic form (2) for large k, where 
A (— A?) = cos s In (V3/A) + O (a4), 
B (—%&) = sin s In(V3/A)+ O(a). 
With these A(z) and B(z), Eq. (3) has an in- 
"sh = sinh, ch = cosh. 
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finite number of roots zp, no matter what the 
value of B is. These roots extend to — ~ and 
have the asymptotic form 

Zn = — 3 exp(=* — -SESEP) (1 +0 (A). 
We note that a similar situation obtains in the so- 
called ‘‘fall of the particles to the center.’’ (s 

In conclusion we should like to remark that the 
model of Ter-Martirosyan and Skornyakov is ap- 
parently not the only physically acceptable model 
for the description of a system of three particles 
with point interactions. A more general scheme 
is discussed in a mathematical paper of the 
authors. {41 


*arc ctg = cot’. 


(8)* 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 1852-1858 (December, 1961) 


A study of the distances between nuclear energy levels derived from experimental data re- 
veals that the mean distances decrease approximately as A712. tt is confirmed that, on the 
average, between an even-even surface and the surface of a nucleus with odd mass number 
A is greater than the distance between an odd-odd surface and the surface of a nucleus with 
odd A. These mean distances are given by the empirical formula (11). The distances be- 
tween the surfaces are found to increase for magic numbers and on the boundaries of re- 


gions of deformed nuclei. 


Noucuear energy surfaces are surfaces ina 
space with coordinates Z, N, and Ep where Z 
—number of protons, N —number of neutrons, 
and Ep — binding energy of the given nucleus. 
The binding energy Ep is the sum of the masses 
of the nucleons comprising the nucleus minus 
the mass of the nucleus. We distinguish between 
four energy surfaces, depending on the parities 
of Z and N: even-even, even-odd, odd-even, and 
odd-odd. As is well known, the second and third 
energy surfaces almost merge into one in the 
case of nuclei with odd mass number A, whereas 
the even-even and odd-odd surfaces are located 
at a considerable distance from the surface for 
odd A. We consider here only the energy sur- 
faces obtained from experimental data. 

The experimental values of the binding energy 
Ep have been calculated from the best nuclide 
mass values known on June 1, 1960. The binding 
energy of light nuclei with A < 70 are taken from 
the tables of Everling et al, C1] while those for 
medium masses are taken from the tables of 
Wapstra (2] with certain modifications. The bind- 
ing energies of the nuclei from Xe to Eu were 
taken from the paper of Johnson and Nier, [3] while 
the values from Hf to Fr are taken from tables [4] 
calculated by the author from mass-spectroscopic 
measurements |*»6] and from the reaction and de- 
cay energies. The binding energies of nuclei 
heavier than Fr are taken from the tables of 
Foreman and Seaborg. Although listed in Wap- 
stra’s tables, the masses of the nuclides in the 
region from Ru to Xe were insufficiently accu- 
rate for use. 

Nuclei with different parities have different 
binding energies because of the presence of pair- 


ing energy. The neutron pairing energy (the en- 
ergy released when the (N + 2)-nd and the 
(N +1 )-st neutrons form a pair) is defined as 


Pn (2, N + 2) = Ba (Z,N + 2)—B,(Z,N+ 1), (1) 


where Z and N are even and By,(Z,N) is the 
binding energy of the last (N-th) neutron or the 
energy necessary to remove this neutron from a 
nucleus with Z protons. The neutron pairing en- 
ergy can be expressed in different fashion, di- 
rectly in terms of the total binding energies: 


Py (Z,N +2) = 2 {3 [Eee(Z, N + 2) + Eee(Z, N) 1 


— Eeo(Z, N + 1)}= 28, Z, N + 0), (2) 


where Eee — binding energy of even-even nuclei 
and Eeo — binding energy of even-odd nuclei. 

As shown in [7], the neutron pairing energy 
provides an approximate expression for double 
the distance Sy between the even-even and even-odd 
surfaces. Figure 1 shows the intersection between 
the plane Z = 26 and the even-even and odd-odd 
surfaces, with reduced slope. The ordinates 
(in Mev) are 


Eo — Ep, =9(Z + N) — Ep (Z, N). (3) 


It is seen from Fig. 1 that Sy(Z, N+1) = AL is the 
distance between the even-even and even-odd sur- 
faces in the plane Z = const at the point N+1 = 31, 
provided we approximate the arc CBF by the line 
CF. 

In the same fashion we introduce the distance 


Sn (Z, N) = Eee(Z, N) —F [Eeo(Z, N +1) 


+: Eeo(Z, N — 1)], (4) 
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FIG. 1. Traces of the even-even and even-odd energy 
surfaces with decreasing slope on the plane Z = 26 (Fe): 
ordinate E, — Ey = 9(Z + N) — Ep (26,N)[Mev]; the segment 
AL = S,(26, 31) = (1/2) Py (26, 32); the segment CH = S,(26, 30). 


represented in the figure by the segment CH at the 
point N= 30. It is seen from Fig. 1 that the exact 
distance between these surfaces in the plane Z 

= const is greater than S,(Z, N+1) and smaller 
than S,(Z,N). We can therefore assume that the 
distance between the surfaces along the section 

Z = const is very close to the arithmetic mean of 
Sn(X, N+1) and Sy(Z,N): 

Dn (Z, N) Fi = 1Sn(Z, N t 1) +- S,(Z, N)] 


= 1 [3Bee(Z, N)—-8Ee0(Z, N +1) 


+ Eee(Z, N + 2) — Eeo(Z, N —1)]. (5) 


The existence of the energy gap A enabled Bohr, 


Mottelson, and Pines !®] and Belyaev [9] to apply the 
theory of superconductivity to nuclear matter. Mig- 
dal [10] derived a formula for the energy gap A in 
terms of the nuclear masses, identical to formula 
(5) for D,(Z,N). It follows therefore that the dis- 
tance D,(Z,N) coincides with the energy gap A. 

Expanding some of the binding energies Eee 
and E., in a Taylor series, we can show that the 
exact distance between the surfaces, along the sec- 
tion Z = const on the portion from N to N+1, 
differs from Dy(Z,N) only by the amount 

nl hase N) OE. o(Z, N —1) a 
2-2! ON? ON? 
3 es N) @EQ,(Z, N Ss a ea 
Deal eNONSG tt, ON8 


(6) 


The intersections between the even-even and even- 
odd surfaces and the plane Z = const are actually 
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at almost equal distance from each other, and 
therefore expression (6) is approximately equal 
to zero. Consequently, D,(Z,N) is a good ap- 
proximate expression for the distance between 
the even-even and even-odd surfaces in the plane 
Z = const in the interval between N and N+1. 

We can similarly express the distance between 
the traces of the even-even and odd-even surfaces 
on the surface N = const in the interval between 
Z and 7+ 13 


D, (Z,N) = + 1Sp(Z+ 1,N) + Sp (Z, N)] 


= ~ [3Eee(Z, N) — 3Eoe(Z + i N) 


+ Eee(Z + 2, N) — Eoe(Z— 1, N)}. (7) 


The distance between the odd-even and odd-odd 
surfaces on Z+1= const in the interval from 
N to N+1 will be 


D, (Z + 1,N) =+[S, (Z + 1, N 4+ 1) + Sa(Z+ 1, N)] 


= + [3Eoe(Z ae N) — 8EoofZ + l, N = 1) 


hi BoelZick Ly oNechi2lie EoolZ cbhul adh aot) eee 


The distance from the even-odd surface to the odd- 
odd surface on the section N+1 = const in the in- 
terval from Z to Z+1 is 


DAZ,N +1) =F 18S, 2@+1,N4+1+8,@,N +1) 
= + IE Ss(Z; N + 1) — 8Eo0(Z + l, N BE 1) 
+ Eeo(Z =i 8 Nitin ieosBeolZicovl, Nieto eee 


Figures 2 and 3 show the dependence on the 
number of neutrons N of the distances Dn(Z, N) 
and D,j(Z+1, N) between energy surfaces of dif- 
ferent parity, at the sections Z =const and Z+1 
= const respectively. The distances are calcu- 
lated from the experimental data by means of for- 
mulas (5) and (8). Figures 4 and 5 show the de- 
pendence of the distances Dp ( Z,N) and 
Dp( Z, N+1) between energy surfaces of different 
parity at the sections N = const and N+1 = const 
on the number of protons Z. The distances were 
calculated from the experimental data by means 
of formulas (7) and (9). 

A study of Figs. 2—5 shows that the distances 
between energy surfaces of different parity depend 
on the number of nucleons in a rather complicated 
manner. From the well known semi-empirical 
Weizsdcker-Fermi formula we obtain for this 
distance 


D=8A™*, (10) 


notation the same as in Fig. 2. 
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FIG. 2. Distance D, between traces of energy surfaces of 
different parity on the surface Z = const as a function of the 
number of neutrons N, for N S54. The points pertaining to 
identical sections are connected by a broken line, tagged by 
the element symbol. o—points for distance between even-even 
surface and even-odd surface; +— points for distance between 
odd-even and odd-odd surfaces. Solid curve — for average dis- 
tances D. dashed curve — for average distances D,, calculated 
by formula (11). 


where A= Z+N —mass number and 6 —constant. 
This formula is suitable both for the distance be- 
tween the even-even surface and the surface for 
nuclei with odd A, and for the distance between 
the surface for nuclei with odd A and the odd-odd 
surface. Figures 2—5 showthat the distance De be- 
tween the even-even surface and the surface for 
odd A (designated by circles in the figures) are 
in the mean greater than the distances Dp between 


Dn, Mev 


FIG. 3. The same as Fig. 2, but for 74 < N < 154; 
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FIG. 4. Distances Dp between energy surfaces of different 
parity on the sections N = const as a function of the number 
of protons Z, for Z £40. The points pertaining to identical 
sections are joined by a broken line marked by the number of 
neutrons N. o—points for distances between even-even and 
odd-even surfaces; +—points for distances between even-odd 
and odd-odd ‘surfaces. Continuous curve —for mean values of 
De calculated from formulas (11); dashed curve—the same 
for D,. 


the surface for odd A and the odd-odd surface 
(designated by crosses ). 

We determined the average empirical values of 
the distances De and Do, calculated by formulas 
(5) and (7)—(9). For this purpose we calculated 
the coefficients of the equation that relates log D 
with log A. The least-squares calculations were 
made separately for the distance De between the 
even-even surface and the surface for nuclei with 


90 100 10 120 130 140 0 WN 
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odd A and for the distances Do from the surface 
for nuclei with odd A to the even-even surface. 
The coefficients for the first distances (De) were 
calculated from 228 experimental values of these 
distances. The coefficients for the second distance 
(Do) were calculated from 198 experimental val- 
ues. These calculations yield the mean distances 
as functions of the mass number A: 


De = 14,78 :A°** Mev.. D, = 7.25-10 °” Mev, (11) 


Comparing these formulas with the eariler ex- 
pression (10) for D, contained in the Weizsacker- 
Fermi formula, we see that the distances D de- 
crease with A more slowly than previously as- 
sumed (approximately as A712). It is obvious 
that D depends on A in the same manner as the 
pairing energy, which, as shown earlier by the 
author, C7] also apparently decreases as Auth 
By studying the variation of the mean difference 
of the distances between surfaces De—Do we can 
see that as A increases this difference decreases 
uniformly from De — Do = 1.05 Mev for light nuclei 
(A = 20) to De- Dg = 0.15 Mev for the heaviest 
nuclei (A = 250). 

The mean values of the distances are shown in 
Figs. 2—5. The fact that the distance between the 
even-even surface and the surface for nuclei with 
odd A is greater than the distance between the 
surface for nuclei with odd A and the even-even 
surface was pointed out by Cameron. C11] But the 
distances between energy surfaces of different 
parity are excluded from Cameron’s new mass 
formula. These distances, combined by Cameron 
with the shell effects are given in the form of a 
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FIG. 5. The same as in Fig. 4, but for 
54 S$ Z < 98; notation the same as in Fig. 4. 


Z 


table of numerical corrections. Studying the 
course of the experimental points on Figs. 2—5, 
we see that at the magic and semi-magic num- 
bers N = 20, 38 or 40, 50, 82 and 126 and Z 

= 20, 40 and 82 a certain increase is noted in 
these distances, owing to the shell effect. This 
increase occurs for both the even Dg and the 
odd Do. Figure 3 shows also for the distances 
at N= 88 and N=116 two maxima, probably 
connected with the start and the end of the region 
of deformed nuclei of rare-earth atoms. In the 
intervals between these two maxima we see an 
appreciable decrease in the distance, with a mini- 
mum in the second half of the region of deformed 
nuclei. 

As indicated earlier, the pairing energies are 
connected with the distances between energy sur- 
faces of different parity [see, for example, for- 
mulas (2) and (5)]. As indicated by Giese and 
Benson!!2] and by the author, [7] the pairing en- 
ergy has minima, near the magic numbers, while 
the distance between the energy surfaces in- 
creases. This increase in the distances between 
energy surfaces of different parity is due to the 
formation of shell grooves on the energy surfaces, 
the existence of which was pointed out by the au- 
thor earlier {131 (see Fig. 6). As can be seen 
from Fig. 6, the formation of the shell groove 
leads to an increase in the distance between the 
energy surfaces at a magic number, and at the 
same time, the segment S,(Z, 125), equal to 
twice the pairing energy, decreases sharply when 
N=125. The increase in the distances between 
the energy surfaces on both boundaries of the 
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FIG. 6. Intersection of even-even and even-odd energy 
surfaces of decreasing slope with the plane Z = 82(Pb). 
Ordinate E, = Ep, = 400 + 6(Z + N) — Ep(82, N)[Mev]; S,(Z, N) 
and S,(Z,N + 1) are determined by formulas (2) and (4). 


rare-earth region of deformed nuclei corresponds 
to an increase in the pairing energy, as was shown 
inl? 

_ It can be noted on Figs. 2 and 4 that Dy and Dp 
increase considerably above their mean values 
when N and Z are close to 40. This increase is 
greater and broader than expected for the semi- 
magic number 40. A similar increase in the 
pairing energies P in the same region is seen 
also in the curves of 7], Unfortunately, the nu- 
clide masses from Ga to Ru have not been meas- 
ured with sufficient accuracy, and any conclusion 
concerning this increase in D and P would be pre- 
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mature. It would be interesting to measure the 
masses of the nuclides in this region with greater 
accuracy. 
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The components of the tensor gg (w, t) of the spectral intensity of an electric current ina 
non-relativistic magneto-active plasma, located in strong varying electric and magnetic 
fields, are calculated. From the electrodynamic point of view, such a plasma can be regarded 
as a medium with time-varying parameters. Some general properties of such a medium are 


considered. 


ly a previous paper!1] (cited below as I), the col- 
lision-induced fluctuations were considered for a 
non-relativistic, non-equilibrium plasma. In this 
case, only the steady state was studied, in which 
the kinetic parameters of the plasma are un- 
changing in time.* Such a case is realized, for 
example, when a strong constant or rapidly varying 
electric field E acts on the plasma. A work of 
Silin'?] was also devoted to the study of fluctua- 
tions in a non-uniform steady-state plasma, in 
which a highly rarefied plasma is considered, 

such that collisions in it can be neglected, and the 
fluctuations of the electromagnetic field are en- 
tirely determined by the Cerenkov radiation of the 
electrons. 

The present paper, which is a direct continua- 
tion of paper I, is devoted to the consideration of 
the electromagnetic fluctuations in a non-relativistic, 
periodically non-uniform plasma—a case which 
exists when strong variable (periodic) electric 
and magnetic fields act on the plasma. 


1, STATEMENT OF THE PROBLEM 


Let us consider a non-relativistic plasma lo- 
cated in strong variable electric and magnetic 
fields, f and also in a homogeneous constant mag- 
netic field Hp. 

By a strong electric field, we mean a field 
whose amplitude E, satisfies the condition [4,5] 


*The work of Bekefi, Hirshfield and Brown,|?] which is 
devoted to the same problem, appeared after paper I had gone 
to press. 

tIn the problem considered by us, there will always be 
strong external fields; therefore, we shall omit the word 
‘‘external,’’ using in certain cases the index ‘‘ext’’ (Eext 
and Hest) 
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= 


E, SE, = [8eT mb (Q2 + vee) eT”, (1.1) 


where e, m are the charge and mass of the elec- | 
tron, k is Boltzmann’s constant, T is the absolute 
temperature of the heavy particles of the plasma, 
Q is the frequency of the field, vig is the effective 
collision frequency of the electron with the heavy 
particle in the absence of the field, 6 is the mean 
relative fraction of the energy lost by the electron 
in a single collision with a heavy particle: 6 « 1 
(for the precise meaning of veff and 6, see [4,5] be 
We shall regard the variable magnetic field Hext (t 
as strong (and shall accordingly consider its ef- 
fect on the plasma) in the case in which its ampli-. 
tude H, and frequency & satisfy the condition 


on, = |e! Hy/me > Q, (1.2) 


where c is the velocity of light.* It is easy to see | 
that if the field Hex+ is strong, then the electric 
field Eext associated with it should generally be 
strong (E, > Ep). This follows from the fact that 
the amplitudes of the electric and magnetic fields 
at each point of space are connected by the linear 
equation H, = aj, and therefore, by the condition 
(1.2), 


Eps AaE, (if 1, F Meee) 
or 
Ep SA (v®,, / @H,) Ei (if On, < Voge) : 


Here A = (3kT6/mc’)¥*. Thus, if special meas- 
ures are not taken to make the coefficient a suffi- 


*We note that in the kinetic theory of electrical conduc- 
tion in a plasma one usually neglects the effect of the vari- 
able magnetic field. This neglect is valid when the condi- 
tion u/c < 1 is satisfied (u is the mean ordered velocity 
of the electron). 
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| 


ciently large (large relative to A7! or 


oa (veer /H, y1|* then, in accord with (1.2), the 


condition Ep « E, is automatically satisfied. In 
what follows, in speaking of a strong field, we 
shall always have in mind that the electric field 
is also strong in this case. It is evident that ful- 
fillment of condition (1.2) no longer follows from 


| satisfaction of the condition (1.1); therefore, the 


plasma may be situated in a strong electric but 
weak magnetic field. 

The effect on the plasma of strong external 
variable electric and magnetic fields reduces 
electrodynamically to the result that the plasma 
becomes a medium, generally speaking, with 
properties that are variable in time. The problem 
of the fluctuating electromagnetic radiation of such 


(a plasma, set up within the framework of macro- 
_ scopic electrodynamics, 


[6,7] reduces to the corre- 


sponding solution of the following system of macro- 
scopic field equations: 
| K@DEt—) dt + 
0 


rot E = —c™dH/ot. 


Ag 


Ee As 
ee i, 


Ble eine 


(1.3)T 


Here j = j(r, t) is the fluctuating current density 
at the point r, considered as an external current. 
The integral term in the first equation is the total 
current density induced by the field E(r, t) at the 
point r,# and the coupling is assumed to be space- 
local (in correspondence with the neglect of 
spatial dispersion here and everywhere in what 
follows). The component of the tensor Kj, (t, T ) 
takes into account the effect of the i-th component 
of the total current density at the time t on the 
6 -pulse of the k-th component of the field E, 
acting at the time (t—7); for an inhomogeneous 
plasma, the components Kj; (t, 7) also depend on 
r. 

Before proceeding to the fluctuation part of the 
problem, let us consider some electrodynamic 
properties of a plasma in strong variable fields. 


2. SOME ELECTRODYNAMIC PROPERTIES OF A 
PLASMA IN STRONG ELECTRIC AND 
MAGNETIC FIELDS 


It follows from the definition of the tensor 
Kj, (t, 7) that Kix (t, T) = 0 for T< 0 (principle 


*An example of such a special case is a system in which 
a sufficiently small volume of plasma is placed in a resonant 


_ cavity in the region of the antinode of the magnetic field and 


the node of the electric field. 

trot = curl. 

tIn the case under consideration, it is useful to divide the 
total current into the conduction current and the polarization 


current. 
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of causality). Furthermore, if the external influ- 
ence is periodic with period 27/Q (and we con- 
sider only such interactions) then the components 
Ki, (t, 7) are periodic in the variable t with 
period 27/Q: 


Kin (t, t) = Kir (¢ + 20 / Q, 1). 


The tensor 


On (o, t) = 0 (o,¢ + 2n/Q) = \ Kir (t, eltdt (2.1) 
0 


is obviously a direct generalization of the ordinary 
conductivity tensor (relative to the total current) 
to the case under consideration of media with 
variable parameters: for a harmonic field, E 

= E,ett, the components of the current density 
are equal to oj, (w, t) EyKet@t, Just as for media 
with constant parameters, the real and imaginary 
parts of the components 


6:4(0,t) = o:4(o, t) + ioje(o, 2) 


must satisfy the Kramers-Kronig relations (rela- 
tive to the variable w), which follow from the 
analyticity of the function oj, (w, t) in the upper 
half plane of the complex variable w (for arbitrary 
t)E] itis easy to show that the imaginary and 
real parts of the coefficients of the expansion 


olp (a) = ofp" + ofp 


of the function ojk (w, t) in the Fourier series 


6 (w, t) = d)o™ (@) en (2.2) 


must satisfy these relations. The set of the tensors 
¢™) (w) completely determines the electrodynamic 
properties of the medium. It is not difficult to 
prove that the local absorbing properties of the 
medium are determined only by the ‘‘zero’’ tensor 
6 (w), just as they are for media with constant 
parameters, i.e., for example, for the harmonic 
field Eye t, the time average of the power dissi- 
pated per unit volume is equal to 


P =+ [6 (@) Ex E*, + c.c. J. (2.3) 
Finally, we note the symmetry properties, 
which follow from (2.1) and (2.2): 
Ox (0, t) = 61, (— 0, 4), (2.4) 
3) (@) = of ™" (— a) ‘ (2.4’) 


We now turn to the calculation of the tensors 
&(w, t) and @(®)(w) for the cases of interest to 
us, namely, of a plasma located in strong electric 
and magnetic fields. On the basis of kinetic 
theory, 455] with accuracy up to the small terms 
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neglected by us,* we have the relation 


(2.5) 


6 (a, t) Een = | uv? — t) d 


0 


where f,(v, t) is the symmetric part of the elec- 
tron velocity distribution function (normalized to 
unity ): 

i (vy, t) ae fo (v, t) oF Vv f,(v, t) / Vv, 


N is the density of electrons, the time dependence 
of which we shall neglect in what follows;7 the 
vector u is the solution of the linear equation 


& + -v(o)u ——[u, Hy + Hext (t)] = Ege, (2.6) 


where v(v) = pol (v) + vy(v) + yinel (v) is the total 
number of heavy particle collisions of an electron 
having a velocity v. We note that the field Eext 
does not appear in Eq. (2.6); on the other hand, it 
does enter into the kinetic equation that determines 
the function fy (v, t).£4:5] We shall assume that 
the variable field Hext(t) is directed along the 
constant field Hp, which direction is chosen for 
the z axis. Substituting Hex (t) = H, cos Qt in 
(2.6), and solving the resulting equation, we obtain 
the following expression for the non-zero compo- 
nents of the tensor oj, (w, t) [on the basis of 

Eq. (2.5) j: 


Ba(0, 2) HE sts ah ta “ do, (2.7) 
0 
Sxx(@, t) = dyy (0, Z) 
= — BBE Dial) Jn (aye 
x (o {{v (v) —i(@— @y+ mQ)]? 
+[v(v) —i(@ + @y— ie dv; (2%) 


*Let us list the chief small parameters which can appear 
in our problem. First, we have the quantity 5, which is small 
in many cases. Next, the small quantity Sve¢¢/ occurs for 
rapidly varying fields. In cases of strongly (or conversely, 
weakly) ionized plasma, there are also small parameters, 
equal to 6v/v,e and v./dv, respectively (ve is the number of 
interelectronic collisions). In what follows, in speaking of 
the neglect of small terms, we shall have in mind the neglect 
(in comparison with unity) of terms of the order of the small 
parameters enumerated. 

tThe change in the density AN(t) = div Ee,(t)/47e is also 
necessarily small if the field Ee. is sufficiently homo+ 
geneous. 


tlu, H, + Hext] = u x (A, + Hext). 
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. 2me7N 
Gry (@, t) = — Gyx (w, t) = — i =e 


>) Jn (A) Jim (A) ef om): 


x je {[v (v) —i(@— oy + mQ))* 


0 


Afy (0, t) ma 
et (2.7) 


—[v(v) —i(@+ © —nQ))*} 


where wy = le| H,/me, Jy, (A) is the Bessel func- 
tion, A = wH, /2 = le |H,/mcQ. If the field Hext 
is absent (more precisely, for A « 1), onlya 
single term remains of the sums appearing on the 
right hand sides of (2.7’) and (2.7”), corresponding 
to n=m=0(Jdn(0) = don). The time dependence © 
of the components of ojk (w, t) is determined in 
this case only by the time dependence of the distri- | 
bution function fy (v, t). For a constant or rapidly 
varying (Q > d6veff) field Eext, even this source 
of time dependence vanishes,'‘ °J and the electro- 
dynamic properties of the plasma cease to be time 
dependent. Precisely this case was considered in 
I. 

In the presence of a strong field Hext (t) 
(A > 1), the greatest interest attaches to the case 
in which Q > veff; under this condition, the distri-_ 
bution function fp) (v, t) does not depend on the 
time, with accuracy up to small terms, and the 
effect of the non-stationarity is entirely brought 
about by a parametric change in the magnetic field. 
In this case, for the tensor at? (w) which deter- 
mines the absorption properties of the medium, 
we obtain the following from (2.7) — (2.7”): 


60) (@) = of) (@) 


o4 geet “we Dt )\ v? {[v(v) —i(@ — Oy + nQ)}} 


+ [v(v)—i(@+ oy + nQ)]- tly ©) do, (2.8) 


= —s0) (0) 


ey JR(A)\ 08 {Iv (v) — i(@ — oy -+ n)}7 


0 


—[v(0) —i(o + on + 22) EO ao, (2.8) 
The expression for o$%(w) is given by the right 
side of (2.7) with the replacement of 8f) (v, t)/dv 
by df) (v)/dv. It follows from these expressions, 
with account of the condition Q 2 veg¢, that, in the 
case of parametric change of the magnetic field 
under consideration, the local absorbing proper- 
ties of the plasma have distinct maxima (‘‘peaks’’) 
at the frequencies w = swyH + nQ (n= 0,41,...), 
the ‘‘amplitudes’’ (heights) of which are deter- 


tal 
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mined by the quantity A = wH,/ and the number 
n. For a particular value of A, which coincides 
with the root of the function Jy (x), the ‘‘peaks’’ 
of number n vanish. In particular, for H, 

= xymcQ/|e| [x, © 2.5 is the first root of the 
function J) (x) ], the zero ‘‘peak’’ vanishes and 
the plasma becomes practically locally non- 
absorbing at a gyromagnetic frequency w = wy.* 
This effect of the change in the absorption of the 
plasma was considered briefly by Lugovoi!®] in 
connection with the discussion of the possibility of 
the use of cyclotron resonance for obtaining nega- 
tive absorption by means of the parametric change 
in the external magnetic field. 


3. THE SPECTRAL INTENSITY TENSOR FOR THE 
CURRENT FLUCTUATIONS 


Just as in the case of a stationary plasma[t3] 
the spectral intensity of the fluctuation components 
in the case of a periodically non-stationary plasma 
is also of prime interest. Set within the framework 
of macroscopic electrodynamics, the problem re- 
duces, in the first place, to the determination of 
the spectral intensity tensor of the current fluctua- 
tions <jq (r, w) j* (1, w’) > and in the second 
place to the corresponding solution of the system 
(1.3) which, being rewritten for the Fourier ampli- 
tudes of the field intensity E(r, w) and H(r, w), 
has the form (the r dependence is not shown) 


rot H (o) = —i— €(@) E(@) 


+ © YY 0 (04+ nQ) E(o + n2)+ Fj (), 


rot E (o) = iH (0), (3.1) 


where 
Ein (©) = Sie + i4n0 (@) /o, 


and the prime on the summation sign indicates that 
the term with n = 0 is omitted. 
Inasmuch as spatial dispersion is neglected, the 


‘spatial correlation of the current fluctuation j is 


local (6 correlation) + %!01 


*In another paper, we propose to look into the use of this 
effect of the local absorption change (by means of a para- 
metric change of the magnetic field) to produce ‘‘transpar- 
ency’’ at frequencies w = twy + nQ) for a magneto-active 
plasma with dimensions that are large in comparison with 
the wavelength. 

tWe note in passing that neglect of spatial dispersion in 
the medium itself has no effect on the value of the spectral 
intensity of the radiation of the.medium in the external 
space, L*#°] 


Therefore, 


<jx (r, ©) js (r + p, @ + p)> = Dap (@, p) 4 (p), 


where the tensor Dgg (w, p) can be connected with 
the correlation function of the fluctuations in the 
velocity of a single electron in the plasma: 

Yop (tT, t) = <vq (t)vg (t+ 7) >. Actually, on the 
basis of the relation 


(3.2) 


, a! * x ; 
a) ee De \ Foals Lh eyo wae. 


(see I) 
<ja (r, t) jg (r + p, ¢ + t)> = Ne*bag (t, t) 8 (9), 


we get* 


2 e . . 
Dag (®, p) = ee \ Poa (t, t) e-!Pt ef@dtdt 
it 
= a7) Galo, temde, (3.3) 
where 
Nez ¢ 
®aa(w, t) = — \ tbap (t, f) ef@*dt. (3.4) 


—o 


The components of the tensors Yap (7, t) and 
Pap (w, t) are periodic functions of t with period 
2n/Q. It is easy to establish the fact that the 
components gg (w, t) and the coefficients 

om) (w) of their expansions in Fourier series 


satisfy the same conditions of symmetry as the 
tensor components oj, (w, t) and o) (w). The 
tensor Pop (7, t) also possesses another obvious 
symmetry property which follows from its defini- 
tion: po (—T, t)= YBa (tT, t—7T). This property 
makes it possible to compute the tensor gz (w, t) 
[or Dog (w, p)] from the velocity tensor dap (7, t), 
which is given only for tT > 0. For this purpose, it 
suffices to transform Eq. (3.4) to the following 

form: 


co 


gs (0,1) = 52 {\ bthas (4, 2) + Yea (t, t — 1)] cos ody 


0 


+ i\ [oe TPica Maa (Teel sinordt}. (3.5) 


0 
The components {gpg (tT, t) can be computed for 
T > 0 on the basis of kinetic theory, similar to 


what was done in I. In the interval between colli- 
sions, the electron behaves as if it were free, and 


*Some general relations of the correlation theory of 
periodically non-stationary random processes can be found 
in [4], 
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its velocity satisfies the equations* 
0, + (On + On, cos Qt) v, = 0, 


= (@ +- @g, COS 227) ve == 0, O2.== 0.’ (3.6) 
We introduce the notation: ® (t) = wyHt+ A sinQt. 
The values of vx (t+ 7), vy (t+ 7) and 

vz (t+ 7), computed from v, (t), Vy (t) and 

vz (t), under the condition that no collision takes 
place within the time interval T, have [on the 


basis of (3.6)] the form 


vx (t + t) = [v, (t) cos ® (t) + v, (4) sin ®(t)] cos ® (¢ + 1) 


+ [v, (é) sin ® (t) — vy (f) cos ® (2)] sin. (¢ +1), 


vy (t + t) = [vx () cos ® (2) 
+ v, (t) sin ® (f)] sin ® (¢ + t) + [—x, (2) sin ® (4) 
+ v, (t) cos ® (t)] cos ® (¢ + 1); 


vz (¢ + t) = a (i). (3.7) 
Let w(s, v) = exp [—s/l (v)]/1 (v) [1 = v/v (v) ] 
be the distribution function for the length of the 
mean free path of the electrons for a given veloc- 
ity v. Then, for non-zero components of 

Yop (rt, t) for 7 > 0, and on the basis of Eq. (3.7), 
we obtain the equation 


tbe (t, t) = \ v®Fo(v, f) ) av \ est (5 
= : 


thx (t, t) = tpyy (t, t) = cos [ (¢ + 1) — © (6)] 
x \ U2 fo (v, av \ ens (5-1) 


—oo 


— yx (t,t) =sin [® (¢ + +4) — ® ()] 
ds 
—1)+, 


where @ (t) = 1 for t> 0 and @ (t) = 0 for t< 0. 
Further, let us first consider the case when 

the field Hext(t) is absent (A « 1); here 

@ (t+ +)—@(t) = wHT. Substituting (3.8) in 

(3.5), and carrying out the integration first over T 

and then over s, we get the following expressions 

for the components of the tensor 0 (n) (w): 


Pry (T, 


t)= 
x ( v?fo (v, t) av ew 0(& (3.8) 


*The inhomogenous equations, with the right hand sides 
equal to (e/m)Egxt ;(t) are more accurate equations for the 
motion of the electron between collisions. However, it can 
be shown that account of the action of the field Eeyt(t) 
results in a contribution of the order 6 to the quantity of 
interest to us; we therefore start out with the homogeneous 
equation (3.6). 
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9 co 
G22 Aisa gs Ne*| Bt ar orait 
0 


Pl? (@) = 9% (0) = 


v (v)/o 


v (v)/(@ + nQ) inQ (n) 
+54 nQ = @ te pam} Is Ghee, 


e Vv (v)/(@ — Wy) 


aa Iga ee 


Vv (v)/(@ + nQ — @;,) 
o+nQ— 0, —W (0) 


v (v)/(@ + @;,) 
@ + O7, + tv (v) 


Vv (v)/(@ + nQ + op) 
o + 7Q safes 


io i (@ + nQ) (n) 
ee | fy” (o) do, 


at 
1 


Fe Ne 
(0) OH 


i ‘ ‘2 C aft fy lo op) 
oY (0) Saar Pix () rhs Ner\ ot{ 2 fe= + iv (v) 
0 


v (v)/(@ + nQ— @;,) 
@ + nQ— @;, — iv (2) 


Vv (v)/(@ + @;) 
~ O+ oy + iv (0) 


v (v)/(@ + nQ + Op) 
~~ @+2Q2+ oy — Lv (Vv) 
iM 1@ py 


igeee STE ES f (v) do, 


@? — wy (@ + nQ)? 
where £(n ) (v) are the expansion coefficients of 
the distribution function f)(v, t) ina Fourier 
series. For a time-independent function f)(v), 
we have £{n) (v) = fy (v) don and Eqs. (3.9) trans- 
form into Eq. (6) inI. 

In the presence of a strong magnetic field, we 
again obtain only the case in which Q 2 vegf; here, 
Q >> 6veff and the function fy) (v) is time independ- 
ent (with accuracy up to small terms). Substituting © 
(3.8) in (3.5) for this case, we get 


(3.9) 


PL? (@) = Son zz (o) 


= Sone? | vty (0) fo? + v* (o)]" fo (0) do; 


0 


gin) (@) = ir) () = + Ney Je (A) Jin (A) 
k 


x | fv (@) {0 —on — (e =n) 2) + 8 ()1 


0 


+ (—1)"[@ + on —(R—n) Q)? + v? (0)]"4} fo (0) do; 
=z Ne Da (A) Jinn (A) 


99 (0) = — 9% (0) = i 
x \ vv (0) {{(o —on—(k—n) Q)? + v2 (0) 12 


— (—1)"[@ + @4 — (k—n) Q)? + v? (0)1"4} fo (0) do. 
(3.10) 
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_ For A < 1, these expressions transform into the 
Eqs. (6) of I. . 
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A possible model of A -particle production in high energy 1N -collisions, suggested by D. I. 
Blokhintsev and Wang Jung, is considered. The polarization and the distribution of transverse 
momentum of the A particles, and also the percentage of particles emitted in the forward di- 
rection in the center-of-mass system are calculated. It is shown that the model is in agree- 


ment with the available experimental data. 


Sons and Wang Kang-ch’ang et allt-3] have 
recently measured the transverse momentum and 
angular distribution of A particles produced in 
high-energy mN -collisions (momentum of the inci- 
dent 7 meson ® 7 Bev/c), and have observed 
longitudinal polarization of the A-particle. In 
this article we shall show that all characteristic 
features of A -particle production in high-energy 
m™N collisions are in agreement with the model 
proposed by Blokhintsev and Wang J ung [4] This 
model has two essential features: 1) the pole term 
corresponding to the diagram shown in the accom- 
panying figure gives the dominant contribution; 2) 
the (ANK) vertex part takes the form 1+y; 

(this model does not assume parity conservation 
in strong interactions [5] ). 

Aside from conservation of energy-momentum 
and strangeness, there are no other restrictions on 
the multiplicity of particles which may be produced 
jointly with the A. The theoretical results dis- 
cussed here, as well as the corresponding experi- 
mental results, are almost independent of this 
multiplicity. 

The following results were obtained from this 
model: 

1) The optimum transverse momentum of the 
A particle (* 400 Mev/c) is almost independent 
of the energy of the incident 7 meson. 

2) In the center-of-mass system, approximately 
13.7% of the A particles are emitted in the forward 
direction. 

These are precisely the characteristic kine- 
matical features of A -particle production experi- 
ments (c 2] and also private communication from 
M. I. Solov’ev). Furthermore, according to this 
model it is possible to predict the following: 

3) The A particles are polarized in the labora- 
tory system; the direction of the polarization 


- ae 


Unspecified 
number of 
pions 


vector coincides with the direction of the momen- 
tum of the A, i.e., they are longitudinally polarized. 
Furthermore, the degree of polarization is 


=e + u/e for 1— Ys 
Pas —v/e for 1—v~5’ 

where v denotes the velocity of the A particle in 
the laboratory system. 

For A decay the asymmetry parameter is @ 
~ — 0.8561 

Theoretical values of @P are given in the 
table. We see that this model agrees with the ex- 
perimental results [3] in so far as the cases with 
Pa = 1200 Mev/c are concerned, if the vertex 
part takes the form 1+ ys. 

As far as cases with pa > 1200 Mev/c are 
concerned, no experimental data have been obtained 
because certain difficulties of a kinematical nature 
arise in connection with the identification of the 
A particle [31 But momenta in the range pa 
> 1200 Mev/c in the laboratory system correspond 
to larger angles (with respect to the backward 
direction) and smaller momenta of the A particle 


oP 


P, in Mev/c aP 
(tht system)| (for 1+y,) (for 1—ys) 
~200 —0.15 +0.15 
~600 —0.40 -+-0.40 
~1000 —0.57 +0.57 
~1300 —0.65 +0.65 
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in the center-of-mass system, and in accordance 
with the proposed model the relative number of 
cases in this range is considerably smaller than 
for pa < 1200 Mev/c, i.e., it is probable that only 
a few of the 29 unidentified cases can be A parti- 
cles. Thus the model with vertex part 1+ y; is 
probably still in agreement with the polarization 
experiments, even in the region py, > 1200 Mev/c. 

The authors thank D. I. Blokhintsev for his 
valuable comments, and also thank V. S. Bara- 
shenkov, M. I. Solov’ev and Hsien Ting-ch’ang for 
useful discussions. 
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The applicability of the Serber-Goldberger model to the calculation of intranuclear cascades 
in light nuclei is considered. Some properties of light nuclei that can significantly affect the 
calculations are discussed. The following factors are taken into account in the calculation of 
a cascade in a carbon nucleus: 1) collisions of nucleons with a-type substructures, 2) varia- 
tion of the density of nuclear matter from the center to the periphery of a nucleus, 3) the mo- 
mentum distribution of nucleons in light nuclei, and 4) processes involving meson production. 
Satisfactory quantitative agreement is obtained between the calculations and experiment. 


Expermen TAL investigations of interactions 
between nuclei and high-energy particles (of at 
least a few hundred Mev) show that these interac- 
tions can be regarded basically as a succession of 
collisions between an incoming particle and indi- 
vidual nucleons within a nucleus (the Serber- 
Goldberger model (1,23) A comparison between 
calculations of the intranuclear cascade based on 
this model and experimental data indicates that 
the ideas of Serber and of Goldberger are very 
fruitful for the study of reactions in heavy nuclei 
(A 2100). The applicability of these ideas to 
light nuclei such as C, N, and O is much less 
certain. This results from a number of specific 
properties of light nuclei, which we shall con- 
sider, as well as from the meagerness and un- 
reliability of experimental data on interactions 
between high-energy particles and light nuclei. 

Calculations that have been attempted (3,41 for 
light nuclei neglecting the aforementioned proper- 
ties have not led to satisfactory agreement with 

experiment. However, it has been noted in [51], 
and especially in [6] | that certain particular an- 
gular and energy distributions represent correctly 
the general character of the corresponding ex- 
perimental distributions. The mean values of 
some calculated parameters also agree with ex- 
periment, thus indicating the possibility, in prin- 
ciple, of applying the Serber-Goldberger ideas 
to light nuclei. 


THE NUCLEAR MODEL 


For a more complete understanding of the de- 
gree to which the ideas of Serber and Goldberger 
can be used to calculate the intranuclear cascade 
in light nuclei a detailed quantitative comparison 


of the theory and experiment is required. For this 
purpose we need much reliable experimental data 
and some modification of the Serber-Goldberger 
model to take into account more recent informa- 
tion regarding the mechanism of nuclear interac- 
tions. The most typical characteristics of inelas- 
tic interactions between high-energy particles and 
light nuclei, differing from similar interactions 
with heavy nuclei, are the following. 

1. The analysis of experimental information 
regarding the spallation of light nuclei shows that 
in addition to nucleons more complex structures, 
mainly a particles, participate in the intranu- 
clear cascade. This has been confirmed by theo- 
retical studies. The strong correlation between 
nucleons in real nuclei, according to the Brueck- 
ner model, !":8] should result in the formation of 
a quasi-stable cluster of several nucleons. It is 
shown in [9-11] that the formation of a groups is 
most probable. The considerable experimental 
fraction (~ 20%) of cascade a particles indicates 
that a groups must be taken into account in the 
intranuclear cascade calculation. Details of the 
calculation of the given collisions will be pre- 
sented below. 

2. In an investigation of 96-Mev proton scat- 
tering on carbon and sulfur at 40° Strauch and 
Titus!?] detected a number of proton energy 
peaks, which they associate with the excitation 
of C#? and S# levels. Several similar investi- 
gations at different proton energies were subse- 
quently published. According to the shell model 
the peaks result from the excitation of single- 
particle and, to some extent, collective levels in 
the given nuclei. 

Under our experimental conditions we are in- 
terested in the integral cross sections for the ex- 
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citation of levels above 10 Mev, because at lower 
excitations U carbon spallation cannot be ob- 
served in a nuclear emulsion. The estimated 
cross section (for U>10 Mev) does not exceed 
1% of the total inelastic scattering cross section. 
Resonance can therefore be neglected in calculat- 
ing an intranuclear cascade. 

3. Experimental scattering of high-energy 
electrons on different nuclei has shown that the 
concept of the nucleus as a sphere with a sharply 
defined boundary and with uniform density of nu- 
clear matter is unrealistic even for heavy nuclei. 
These experiments have furnished two parameters 
characterizing the distribution of nuclear charge, 
and therefore the distribution of nuclear matter, 
in light nuclei. These parameters are the radius 
of an approximately uniform charge distribution 
within the nucleus and the thickness of the surface 
layer in which the charge density decreases 
smoothly. Light nuclei do not appear to contain 
a central region of uniform density. Therefore, 
if quantitative comparisons between calculations 
and experiment are to be made, a nuclear model 
with nonuniform density is required at least in 
the case of light nuclei. 

Detailed studies of the charge density distribu- 
tion in Ci? have been presented in §3-15], Good 
agreement is obtained between the data on high- 
energy electron scattering by carbon and the 
charge density distribution 


p(r) = po (1 + ar2/ah) 6-7, (1) 


where a = ¥3, and the parameter ay is proportional 
to the rms radius. The best agreement with experi- 


ment is obtained at ay = 1.64 x 10° cm. 

When the calculation of the intranuclear cas- 
cade is based on a nuclear model with varying 
density the determination of the nucleon mean 
free path in the nucleus is complicated consider- 


ably. Since the latter calculation is being performed 


for the first time, we shall first discuss certain 
factors affecting the determination of the nucleon 
mean free path within the nucleus. 

The ‘‘random selection’’ of the nucleon mean 
free path in a nucleus is performed using the 


function 
x 


FY) =1—e-",  Y’ =a (E) \o(x’) dx’, 


where p(x) is the nucleon density at the point x, 
and o(E) is the total nucleon-nucleon interaction 
cross section. Using the known form of p(r), 


x 
we plot curves Yy(xX) = di p (x’) dx’ for different 
0 
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values of the impact parameter rj. When p (r) 
is given by (1), we obtain 


La 


Y, (x) = (Ki + Ky) © (0) — Kite 10° 


2 
ae, 
Ra 


: Vino 
(Ki + Ky) ® (t!) — Katie) 0 


i) = VR—A— », 


r 


Ras Pode 4 cat +a —), 
Z a® 


Ae 


—(ry 2 —(r;/do)? 
= PpApae (ry [a)* (rplayt 


Ks = Vi Poapae 
where ®(t’) is the probability integral. The value 
Po = 0.18 nucleon/ (107!8 cm)? is obtained from the 
relation 


co 


Artpo \ (1 ee o, ) e-ia) r2dr = A. 
0 % 


Figure 1 shows the Y,(x) curves for several 
different values of the impact parameter rj. 

From a table of random numbers and functions 
F(Y’) we pick some number Y’ and obtain 
Y’/o(E) = Y. The nucleon mean free path in the 
nucleus is then determined from the curve corre- 
sponding to a specific value of rj. 

Although the Fermi gas model for T = 0 has 
been used quite successfully, the neglect of intra- 
nuclear interactions between nucleons must be 
regarded as a limiting assumption. In actuality, 
the existence of such processes as capture or the 
ejection of nucleon groups indicates that interac- 
tions between nucleons occur. This means that 
the momentum distribution of intranuclear nucle- 
ons differs from the Fermi distribution for T = 0. 
Therefore a Fermi gas model for T ~ 0 will be 
a more realistic nuclear model. Information re- 
garding the momentum distribution of nucleons 
in the nuclear ground state can be obtained from 
the angular and energy distributions of nuclear 
interaction products produced by high-energy 
particles. From investigations of the quasi-elastic 
scattering of fast protons in light nuclei {!6-18] it 
has been found that the energy spectra of scattered 
protons agree with a Gaussian momentum distribu- 
tion of nucleons in Be, C, and O nuclei, with the 
1/e value occurring at 13—20 Mev. 

For our calculation we used the distribution ob- 
tained by the Meshcheryakov group, !!"J who had 
studied the angular and energy distributions of 


0028 


i 
Mis 


beg 
| 


L916 + 


45 b0 
x X 1013, cm 


FIG. 1. Y,(x) curves used in determining the nucleon mean 
free path in the nucleus. Each curve is labeled with the cor- 
responding impact parameter. 


secondary protons from p-Be, p-C, p-Cu, and 
p-U collisions at 660 Mev. The data for Be and 
C indicate a Gaussian distribution of nucleon mo- 
mentum with the 1/e value at 20 Mev. 

In calculating the intranuclear cascade we also 
took into account the production, absorption, and 
scattering of pions on nucleons. For meson pro- 
duction we used the model whereby pions are pro- 
duced only through an excited p3/)..3/, nucleon 
resonance state. Satisfactory agreement with ex- 
periment was not obtained from a simpler model 
of pion production. [19] 


COMPARISON OF CALCULATIONS AND EX- 
PERIMENT. DISCUSSION 


The computed results presented in this section 
are based on 500 calculated interactions between 


A. P. ZHDANOV and P. lI. 


FEDOTOV } 


| 


660-Mev protons and C}? nuclei. The intranuclear 
cascades were calculated by the Monte Carlo method © 
for relativistic three-dimension kinematics with 
uniform (p = const) and varying (p ~ const) den- 
sity of nuclear matter in CP. 

In order to investigate the aforementioned in- 
teraction experimentally we introduced a suspen- 
sion of diamond dust into a nuclear emulsion reg- 
istering particles with minimum ionization. The 
transparency of the diamond particles permits 
selection of the requisite spallations and guaran- 
tees high reliability of the data. We have de- 
scribed this technique in greater detail in [#921], 
where we reported results for the low-energy 
spallation products of C}?. 

a) Absorption cross section. In computing the 
radius of the C}* nucleus to be used in our cas- 
cade calculations we took rp = 1.36 x 10° 8 cm. 
This value of rq for the equivalent uniform model ~ 
of the carbon nucleus was obtained from experi- 
ments on charge density distribution in C?’. The 
total and diffraction cross sections calculated 
from the optical model for the interaction between 
650-Mev protons and C} are in best agreement 
with experiment for rp = 1.37 x 107!3 cm, 2) which 
practically coincides with our value for Lo. 

We computed the following absorption cross sec- 
tions: 0g = 220 mb for a nucleus with uniform den- 
sity, and og = 235 mb for a nucleus with varying 
density of nuclear matter. We cannot compare 
these results with a corresponding experimental 
value from our own work. An experimental cross 
section cannot be computed with sufficient accuracy 
for the purpose of comparison, since we did not 
know the exact magnitude of the proton flux irradi- 
ating the nuclear emulsions. However, we can 
compare our calculations with the experimental 
results obtained by other investigators under more 
or less similar conditions. The most suitable data 
for this purpose are the cross sections for inter- 
actions between 650-Mev protons and different nu- 
clei, given in 22], The cross section og = 227 
+ 12 mb for carbon is in very good agreement with 
our calculation. The absence of any appreciable 
difference between the calculated absorption cross 
sections for p = const and p =~ const is due to the 
equivalence of both models for the interaction 
cross section. This determined the selection of 
Yo in computing the radius of a uniformly dense 
carbon nucleus. 

b) Cross sections for quasi-elastic p-p and 
n-p interactions. One of the most serious dis- 
crepancies between the calculations and experi- 
ment occurred in the case of the cross sections 
for quasi-elastic nucleon-nucleon scattering. The 


| experimental cross sections were two to three 
| times larger than the computed cross sections 
for both heavy and light nuclei. Quasi-elastic pro- 


ton scattering on carbon has been studied with 660- 
and 930-Mev protons. [17,18] at 930 Mev!!8] the 
quasi-elastic p-p scattering cross section o4:®: 
was 46+ 10mb. Cross sections of 95—100 mb 

for combined quasi-elastic p-p and p-n scatter- 
ing are obtained by angular integration of the pro- 


| ton energy spectra in '!7J_ when this combined 
| eross section is compared with the ratio Opp /Onp 


for elastic scattering on free nucleons we find that 
at 660 Mev of,’ ~ 46 mb and ofi”’ ~ 54 mb. It 


| is suggested in Ci7] that the disagreement between 


the computed and experimental cross sections for 


| quasi-elastic scattering is due to failure to take 
| diffuseness of the peripheral region of the nucleus 
| into account in the calculation. This hypothesis is 


confirmed by our calculations for uniform and non- 


_ uniform nuclear density. 


Table I shows that considerably improved 
agreement between the computed and experimental 


| quasi-elastic scattering cross sections results 


when the nuclear model with varying density is 
used. 

c) Energy and angular distributions of cascade 
protons. Table II compares the average numbers 
of cascade protons ( Np), neutrons (n,), and nu- 
cleons (ny), and the average number of colli- 
sions per spallation (n) derived from both the 
calculations and experiments. 

Since in most instances we cannot determine 
whether a given emulsion track is produced by a 
proton or a meson, charged pions are included in 
the computed value of Dy for the purpose of com- 
parison with experiment. The total values includ- 
ing pions are given in parentheses. The fairly 
high average number of collisions per cascade 


Table I 
Cross section Discs ’ Onn , 
mb mb 
Experiment 46+10 54+12 
Computation (p = const) 17+3 19-3 
Computation (p + const) 3345 33+5 
Table II 


Computation (p = const)} 2,17 (2.56) 
Computation (p # const)| 1.87 (2.18) 
Experiment (2 
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FIG. 2. Computed energy distribution of cascade protons 
(all U). Long dashes — for p # const; short dashes — for p 
= const. 


even for p ~ const results to a considerable ex- 
tent from the contribution made by pion collisions 
with intranuclear nucleons. A 100—200 Mev meson 
has a short mean free path in nuclear matter and 
sometimes undergoes elastic scattering or scatter- 
ing with charge transfer before being absorbed or 
escaping from the nucleus. 

Figures 2 and 3 show the computed energy and 
angular distributions of cascade protons of all en- 
ergies. It was shown in [17] that the energy spec- 
tra of protons from different bombarded nuclei in- 
cluding carbon exhibit a pronounced peak at high 
energies, corresponding to quasi-elastic single 
proton-nucleon collisions. The computed spectrum 
for p # const in Fig. 2 also has a peak at 500—600 
Mev, whereas for p = const we observe a continu- 
ous decrease of the proton count with increasing 
energy. 

There are no essential differences between the 
angular distributions computed for C?’ with uni- 
form and varying densities. The angular distribu- 
tion of protons for p = const was, as could be ex- 
pected, smeared out more toward large angles 
than for p ~ const, since nucleons experience a 
larger average number of collisions in the nucleus. 
In a comparison of the computed and experimental 
spectra the following considerations must be taken 
into account. 
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FIG. 3. Computed angular distribution of cascade protons 
(all U), Long dashes — for p # const; short dashes — for p 
= const. 


1. The experimental spectra did not take into 
account one-prong and two-prong stars without a 
slow-particle track, because the registration of 
these stars is not sufficiently reliable. In our cal- 
culation of the spectra we therefore had to exclude 
interactions in which, after the emission of one or 
two cascade protons, the excitation energy U of 
the residual nucleus is insufficient for the emis- 
sion of at least one proton or a particle. Our cal- 
culations showed that there are no essential differ- 
ences between proton spectra including all interac- 
tions and the spectra including only interactions 
with U > Up, where Up is the excitation energy 
that would permit the residual nucleus to emit at 
least one proton or a particle. A small differ- 
ence appears only in the enhanced average number 
of protons per cascade, due mainly to a larger 
number of cascade protons in the low-energy por- 
tion of the spectrum. 

2. The computed spectra had to include charged 
pions, since singly charged particles were not 
divided experimentally into protons and pions. 
Each pion in the computed energy spectra was 
replaced by a proton having the energy for which 
the proton would induce the same ionization in the 
emulsion as the corresponding pion. 

In Figs. 4 and 5 the angular and energy spectra 
computed with the foregoing considerations taken 
into account are compared with the corresponding 
experimental distributions. Figure 4 shows that 
the total experimental number of cascade protons 
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FIG. 4. Energy distribution of cascade protons. Solid | 
line — experimental; long dashes — computed for p # const; J 
short dashes — computed for p = const. 


and the overall shape of the experimental spec- 
trum agree satisfactorily with the calculations 
for p = const. The discrepancy at high energies 
is due to insufficient resolution when determining 
proton energies in this region. The experimental] 
angular distribution of cascade protons is also in | 
better agreement with the calculation for p # consi 
The foregoing comparison of the computed and | 
experimental results shows that the improvements 
of the nuclear model for the study of the intra- 
nuclear cascade in light nuclei lead to satisfactory 
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FIG. 5. Angular distribution cf cascade protons. Solid 
line — experimental; long dashes — computed for p const; 
short dashes — computed for p = const. y 
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quantitative agreement with experiment. Further 
confirmation is found in a comparison of the com- 
puted and experimental yields of residual nuclei 
and in the excitation-energy distributions deter- 
mined by analyzing carbon spallations. A discus- 
sion of the pertinent data will be published sepa- 
rately. 

The authors wish to thank V. V. Chavchanidze 
for valuable suggestions regarding the calculating 


|procedure, G. M. Subbotina for assistance with the 


calculations, L. I. Shur and I. V. Ryzhkova for 
preparation of the emulsions, and V. N. Kuz’min 
and I. M. Kuks for useful discussions. 
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Production of mesons due to the interaction of neutrinos or antineutrinos with nucleons is 
considered. Numerical estimates of cross sections are derived from electroproduction data. 


ib The present paper concerns itself with the in- 
teractions of neutrinos or antineutrinos with nu- 
cleons resulting in the production of pions. These 
processes have been considered previously by Lee 
and Yang [1] in connection with the possibility of 
experimentally testing the local nature of the lep- 
tonic current. The following reactions are possible: 


vtp—olt+tp+at, vtn—-l+n+n, 


vtnol + p+, (1) 


v+nolt+tn+m, v+poh+p+qr, 


y ip a non, (2) 


where 7+ stands for a charged lepton (electron or 
pt meson). 

In what follows these reactions will be identi- 
fied by the target and the sign of the meson (p+, 
n+, nO, etc.). 

In Sec. 2 we discuss the structure of the cross 
sections of processes (1) and (2) assuming the 
validity of the V,A interaction, and in Sec. 3 we 
make the connection with electroproduction cross 
sections. 

2. Accurate to first order in the weak interac- 
tion the element of the T matrix responsible for 
processes (1) has the form 


< P2482 | T | pisy> 


1+ 


ee 4 = 
= —V 2 Guj(s2) y* = u, (s:) - Vin u2H ty, (3) 


where G is the Feynman-Gell- Mann constant, 2] 
S) and s; are the momenta of the final lepton and 
neutrino respectively, uy and up are their wave 
functions, q is the momentum of the meson, and 
Po and Uy, py and u;, are the momenta and wave 
functions of the initial and final nucleons. 
U2H),U1/V 2q) represents the matrix element of the 
baryonic V,A current. 
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Analogously the amplitude for processes (2) is 
given by 


— V 20, (—s,) # 5 0, (— 9) 


1 
V 290 


where v, and v7 are negative frequency spinors, © 
and Hy, and H, are related to each other like the 
+ components of an isotopic vector. 

It follows from Eq. (3) that the differential 
cross section for processes (1) is given by 


(4) 


UgH uy, 


dé 4 an (5)5 


a) (4s)4 Si0 72 


Lat @ds,, dQd cos 9, 


where sj) is the neutrino energy, Sq and S» are 
the energy and momentum of the emitted lepton in 
the laboratory frame, Q is the solid angle of emis- 
sion of the lepton; W and q are the total energy 
and momentum of the final nucleon and meson in 
their barycentric frame, 3 is the nucleon scatter- 
ing angle in the same frame, and m is the nucleon | 
mass. | 
The quantity @ is given by the equation 


@® = [S"S’ — k*k’ — (m}— B°) g” i 


— iSakpe**”] Sp(p2 + m) H,(jn + m) H,, (6), 
| 
where S = 81 + So, K = 8; — So, and eCPLY is the 
completely antisymmetric tensor (9°17 = 4 ). It igul 
assumed that the incident nucleon is unpolarized. 

From a comparison of Eqs. (3) and (4) it follows) 
that the cross section do for processes (2) is also 
given by Eq. (5) provided that in the definition (6) 
for ® one changes the sign of the last term in the 
square bracket and replaces Hy, by Hy. 

Instead of H and H (for the sake of brevity we 
drop the subscript » on Hy, and Hy) it is conven- | 
ient to introduce the amplitudes H* and H™ which ~ 
are simply numbers in isotopic space: | 


H = x™{H* (Omi + i8me)+ H (tm, t,1/ V2}, 


Ff = ™{H* (8m, — i8ms) + H™ (tm Tl V2}, | 
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m1 stands for the isotopic polarization vector of 
the pion. . 

The amplitudes for specific physical processes 
of the (1) or (2) types are very simply expressed 
in terms of the H* and H°: 


ee) 2(H — A), | Hoy = V2(H* + A), 


a pe WH o itd (8) 


fe) 2He i), HS = 2H + HA), 


fi SPO TT ye: (9) 


It is obvious that isotopic invariance makes only 
two of the three physical amplitudes in each group 
independent. Consequently there exist relations 
among the amplitudes 


ee. V2H»=0, Hog A) 2 Ay = 0. (10) 


These relations give rise to inequalities for the 
cross sections, similar to the inequalities connect- 
ing the squares of the sides of a triangle. 

The equalities 


Hos = An-, Hn. = Hy-, Hime —ell oc 


are a consequence of the fact that the transition 
from reactions (1) to reactions (2) may be accom- 
plished by means of the charge conjugation opera- 
tion on the leptons and the charge symmetry trans- 
formation on the strongly interacting particles. 

If the leptonic current is local then H* and H™ 
depend on the leptonic momenta s; and Ss» only 
through the momentum transfer k = s; — Sq. At 
that Eq. (6) shows that the cross section depends 
on the components of the vector S quadratically. 
The term linear in S arises from the last term in 
the square bracket in Eq. (6). This is precisely the 
term that changes sign on going from reactions 
(1) to reactions (2). A detailed discussion of the 
symmetries arising from this property was given 
by Shekhter."3J 

Consequently the cross sections dop+ and déy_, 
doy, and dop_, dopo and doy differ from each 
other only by the sign of the terms linear in S. 
This means that if we increase the components of 
S, at fixed values of k, the corresponding cross 
sections will tend to the same limit. Such a limit 
is obtained, for example, if for small angles of 
emission of the final lepton S49 > Si) — Sy- 

The quantity ©, Eq. (6), consists of a scalar 
and pseudoscalar part. The pseudoscalar part de- 
scribes the correlation between the momenta of 
the particles partaking in the reaction, of the type 
Pr: pz X p. Such a correlation is absent if time re- 
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versal invariance holds and the interaction in the 
final state is ignored. 

It is easy to see from the definition (6) that the 
interference of the V,A baryonic currents can 
enter the scalar part only in the terms linear in S. 
This means that if we take for each of the above 
mentioned pairs of cross sections half their sum, 
then we will get in the scalar part of this half-sum 
contributions from the V and A currents inde- 
pendently. 

3. Additional information may be obtained on 
the reactions (1) and (2) if use if made of the 
Feynman-Gell-Mann hypothesis! relating the 
electric current and the vector part of the weak, 
strangeness-conserving, current. This hypothesis 
connects reactions (1) and (2) with electroproduc- 
tion reactions 


fF p> 1 tpt, te ltt 
P2teh GENS Ly Gee EO GEE pg ere 11) 
As is well known (see e.g., [4], the amplitude 
for pion electroproduction is given by 
4 aH fi ay e? 
— e* > uy (S2) (Us (S1) yas (12) 


where e747 = a, u is the wave function of the 
electron (u meson) and H® is related to the 
matrix element of the electric current. 

From this we get for the cross section of this 
process do® the expression 


4 e 


eee. | so | \q| e 
SCT ARMEM giouliaeockene sa (13) 
where 
@* = [S*S’ — kk’ + kg") Sp (p2-+ m) Hé.(p1-+ m) At. 
(14) 


The second term in the bracket contributes nothing 
as a consequence of gauge invariance. 
The isotopic structure is 


He = 1" (Hm + Hy8ms + Av (tm, t3]/2), (15) 


where Hy and Hy coincide with the vector parts 
of the corresponding amplitudes H* and-H™ [Eq. 
(7)], and H° arises from the matrix element of the 
isoscalar current. 

The amplitudes of the reactions (11) are simply 
expressed in terms of H®, Hy and Hy: 


Ho = Hy—H°, Hp. =V 2(H°+ Hy), 
H,-=V 2(H° — Hy). (16) 


Hoo = Hy + H”, 


From here it is easy to express the vector am- 
plitudes (8) and (9) of the reactions (1) and (2) in 
terms of the amplitudes of the reactions (11): 
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Hiv = Any = (Hoo + no) / V2 — > (Hos — Hr), 
Hay = Hp—y = (Hoo + Hn)/V 2 + + (Hos — Hr), 


Hv =— Hpov mae (Hp. — H,-)/V 2. (17) 
Suppose now that the charged lepton involved in 
these reactions is the electron, and consequently 
its mass may be ignored. Then the first factor in 
the scalar part of ®, Eq. (6), coincides with the 
factor in 6©, Eq. (14). This makes it possible to 
derive certain relations among the cross sections 
as well. It is desirable, however, to eliminate the 
effect of H®. It is seen from Eq. (16) that half the 
sum of the cross sections do&) and dogo, dope and 
do&_ does not contain interferences between H? 
and Hy. The terms ~| H’ |?, on the other hand, 
may be apparently either completely ignored or 
taken equal to their Born approximation for values 
of W near to or below the energy of the (3.3) res- 
onance.4) For simplicity we ignore in what fol- 
lows the square of H° in comparison with the 
squares of other amplitudes. Then a comparison 
of Eqs. (5), (6), (8) and (9) with Eqs. (13), (14) 
and (16) gives rise to the following relations among 
the cross sections: 


& (dong + dO po) > + (Gk?/2na)? (doz, + dor-), (18) 


+ (dps + dons +d6p- + don-) 
> (Gk?/2x0)? [(dopo + dono) + + (dops+don-)], (19) 


4 (d5p, + d0n, + d5p-+d0n-) 


— 4 (dony + dopo) > (Gk?/2ma)? (dosy + do%). (20) 

If at least two particles are detected in the final 
state then from the experimentally obtained cross 
sections on the left sides of the inequalities one 
must subtract the terms describing the correla- 
tions of the emitted particles so as to be left with 
the scalar components only. 

It was shown earlier that on the left sides there 
is no interference between the V and A variants, 
and on the right sides there is no interference be- 
tween H° and Hy. The sign > has to do with the 
fact that the left sides also have a contribution 
from the axial vector current. In order to make 
the inequalities more precise one must, of course, 
subtract from the right sides the contributions due 
to | H°|?. Afterwards they may be used to deter- 
mine the contribution of the axial vector current. 
The difference of the left and right sides of Eq. 
(18) gives the contribution ~ | Hal and of Eq. (20) 
the contribution ~| HA ks 
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In connection with these inequalities it is of 
interest to consider the k?-dependence of the 
cross sections. If the electron mass is ignored 
then k? = —28,9S9) (1 — cos 6), where 6 is the } 
angle of emission of the final electron. Since the 
amplitudes H+ should not, apparently, have poles 
as k?— 0, it is not hard to see that the quantity 
k-* has a finite limit as sy) tends to zero at 
fixed values of 6. It therefore follows from Eq. 
(5) that for nonzero angles and small k? the cross 
sections do and dd should go as (k*)? or, what 
is the same, as (Sq))?. 

For small k?(|k?| «4m%) the electroproduc- 
tion cross sections on the right sides of the in- 
equalities (18)—(20) may be expressed in terms of | 
photoproduction cross sections according to the | 
equality (see, e.g., [5] ). 

im y OPO ge Oe 4 
p2->9 052002 = (230)? S49 (1 — cos 8) 


oP, (21) 


where oP stands for the photoproduction cross | 
section. | 

For larger values of |k?| the inequalities 
(18)—(20) show that the ratio of the cross sections 
do and d@ to the electroproduction cross sections | 
grows like (k?)*. This result is ‘a consequence of 
the assumption made relating the electric and | 
weak currents, and may be subject to experimental | 
test. If an intermediate vector boson of mass M 
exists, then for |k?| >> M? the factor (Gk?/2ra)? 
in the inequalities (18)—(20) should be replaced by 
(GM?/2ra)?, 

The relations (18)—(20) become simplified when | 
expressed in terms of cross sections for deuteron _ 
reactions. The experimental data on electropro- 
duction on deuterons!) indicate that the cross sec- 
tion is approximately equal to the sum of the cross _ 
sections on neutrons and protons. If one makes 
use of this additivity property of nucleon cross 
sections one obtains the inequalities 


4 (dop. + dopo) > + (Gk/2na)? (do! + do), (18a) 
+ (don. + d5p_) > (Gk?2n0)? [doy + + (dod, + dop_)], 
(19a) | 


+ (dsp, + dop-) —+ (dopy + dopo) > (Gk*/2na)* dodo. | 
(20a) 


Here dop,: dopy; dép_, dapp; dof, dof, 
dof)_ refer to the cross sections for the following | 
reactions r 


v+D—-e+pt+n4+ar, v+D +e + 2p+ 7 (la 
V+D sett ptatm, v+D et + In +m; (2a 
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| e*¥+D—et+ p+n-+n°, 


ete D Ge? near, 
et De Op + a7, (11a) 


From Eqs. (18a)—(20a) one obtains the following 
relation for the cross sections summed over the 
charge states of the produced meson: 


+ (dop + doy) > (Gk?/2na)? do. (22) 


The existing experimental data on é’of,/ as, anit! 
permit one to calculate the right side of the in- 
equality (22) for the energy sj) in the interval 
from 460 to 680 Mev at angles @ = 90° and 135°. 
One gets in this way the value ~(2 — 6) x 107% 
em?/Mev:-sr. 

If one integrated these values over Sg) one 
could obtain an estimate for the differential cross 
section also. A rough numerical calculation using 
the trapezoidal method gives for the angle 6 = 90° 
and the energy sj) = 523 Mev the estimate 4.4 
x10! emYsr. By the same method one gets for 
@ =135° the value 3.6x 104! cmYsr at Sig 
= 563 Mey, and 4.1x 10“! cmYsr at sy = 607 


i Mev. These numbers should be compared with the 
| contribution of the vector current to the differen- 
| tial cross section for the ‘‘elastic’’ processes 


v+n—~-e +p and )+p— e* +n at the same 
angles and energies. This contribution may be 
calculated and turns out to be for the above men- 
tioned cases respectively 2.2 x 107*, 1.65 x 107"? 
and 1.62 x 10-*° cm’¥sr. In this manner we find 


that the ratio of the differential cross sections for 


inelastic and ‘‘elastic’’ processes amounts to ap- 
proximately 0.20—0.25. Unfortunately the experi- 
mental data on electroproduction on deuterons are 
very poor and do not allow more detailed estimates. 
Neither can we estimate the total cross sections 
for reactions (1a) and (2a). It is, however, to be 
expected that the ratio of the total cross sections 
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of ‘‘elastic’’ and inelastic processes will be of the 
same order of magnitude as the ratio of the differ- 
ential cross sections. 

Beside the processes considered above also 
processes leading to the production of K mesons 
and = or A hyperons are possible. For reactions 
in which = hyperons are produced the inequalities 
(18)—(20) remain valid if one interprets the signs 
+, —, 0 as referring to the sign of the produced 
x hyperon. 

For the reactions 


vtnoe+A+Kt, v+pser+A+K%; (23) 
ett+p set +A+Kt, eb +n et +A+ K® (24) 


it is possible to obtain in the same manner as be- 
fore the relation 


+ (do, + doo) > + (Gk/2na)? (dof + dof), (25) 


where the subscripts refer to the sign of the pro- 
duced K meson. 

In conclusion the author expresses his gratitude 
to I. M. Shmushkevich and V. M. Shekhter for sug- 
gesting this problem and for useful discussions. 
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The hypothesis is proposed that the geometric structure of x-space ‘‘in the small’’ and corre- 
spondingly of p-space ‘‘in the large’”’ is closely connected with weak interactions of elementary 
particles. Furthermore, a scheme is investigated in which momentum space is one of constant 
and x-space is quantized."#! It is shown that there are reasons in the new geom- 
etry for rejecting the requirement of invariance under space inversion and ‘‘strong’’ time in- 
version, providing that the CPT theorem is correct. 


curvature [4] 


1. INTRODUCTION 


In this work, as in the previous one, [1] we shall 
assume that the hypothetical ‘‘fundamental length,’’ 
without whose introduction it is impossible to give 
a correct description of the physical processes 
taking place at high energies or, correspondingly, 
in small space-time scales, is simultaneously a 
constant which determines the intensity of the 
weak interaction.* This means that the geometri- 
cal structure of x-space ‘‘in the small’’ and of 
p-space ‘‘in the large’’ must be closely connected 
with the weak interactions of elementary particles, i 
and possibly we now have a right to expect an ex- 
planation of such unusual ‘‘geometric’’ properties 
of weak processes as the nonconservation of spa- 
tial parity£ and non-invariance under ‘‘strong’’ 
time inversion. It is assumed in what follows that 
the new geometry in x- and p-space should not 
contradict the basic principles of quantum mechan- 
ics and the general theory of relativity, i.e., as 
before, the states of physical systems can be de- 
scribed by vectors in some Hilbert space, and the 
observed quantities can be put in correspondence 
with the operators of this space; also, the invari- 
ance under Lorentz transformations is preserved. 
In the mathematical methods used, the given 
research borders on the research of Snyder (3) and 
Gol’fand, 4] since the constructions carried out 


+In [4], l is chosen equal to the ‘‘8-decay length’’ /G/fic 
= 6 x 10°” cm (G is the Fermi constant), 

tPerhaps in the spirit of the general theory of relativity 
(seel’ly, 

+The possibility of nonconservation of parity in weak in- 
teractions on the basis of the new representation of the struc- 
ture of space in scales of the order of ,/G/fic was first pointed 
out by Shapiro. [2] 
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below are equivalent to the introduction in p-space 
of a geometry of space of constant curvature. Our 
goal is a more detailed exposition of the mathe- | 
matical problems related thereto. 


| 


2. A NEW GEOMETRY OF p-SPACE 


As is clear from what was said above, we shall 
call p-space the four-dimensional momentum 
space which figures in quantum field theory. In the 
usual theory, this space is pseudo-Euclidean, and 
therefore possess a 10-parameter group of mo- 
tions (L4)), consisting of the group of Lorentz 
transformations (rotations) (L,), translations 
(T,) and reflections. In the new geometry, defi- 
nite limitations must be placed on the components 
of these 4-momenta py, (m = 0, 1, 2, 3) when they 
are near 1/1.* By analogy with the theory of rela- 
tivity, we assume that these limitations can be 
written in the form of some inequalities that con- 
nect the components py, and 1/1. The simplest 
relativistically invariant inequalities of the re- 
quired type (with account of a reasonable limit as 
1 — 0) have the form 


p? = Pe pea pe ee Nee (2.1) 


p>—I1/e. (2.2) 


We now construct the geometry of the 4-space in 
which all the vectors satisfy either (2.1) or (2.2). 
It will be convenient to consider the two cases to- 
gether if the hypersurfaces p* = 1~? and p= —E = 


*The system of units is used in which fi =c = 1. 

tNaturally, it does not then follow that all 4-momenta in 
the theory (on the basis of which this geometry will be con- 
structed) will obey one of these inequalities. For example, 
the limitation v <c does not extend to the magnitude of the 
phase velocity in the theory of relativity. 


Ss calcdseemieeaien aban ativan 


_ the variables 7 
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_ corresponding to (2.1) and (2.2), which limit the 
_ admissible values of the squares of the 4-momenta, 
_ can be described by the one equation 


p? = e/l?, (2.3) 


where € = +1. 


In the presence of a limiting hypersurface (2.3), 
the translation transformations T, in the group of 
motions Lig should be replaced by some new 
transformations T,, which transform this hyper- 
surface into itself; the remaining transformations 
of the group Ly) (rotation and reflection) obviously 
transform without change into the new group of 
motions (14)), since they leave (2.3) invariant. 

Thus the new group of motions Lj) can be de- 
fined as the set of transformations which leave the 
hypersurface (2.3) unmoved. In the usual p-space, 
this region was infinitely far removed from the 
region which is fixed relative to the group of mo- 
tions. Therefore, it is natural to consider the 
points of the hypersurface (2.3) as infinitely dis- 
tant points of p-space in the sense of the new ge- 
ometry. Infinitely distant points in the previous 
sense of this word [except for those which belong 
to (2.3)] are now seen to be not at all isolated, and 
therefore must be regarded in a fashion completely 
equivalent to the rest. The so-called homogeneous 
coordinates *! are most useful for this purpose. 

In our case, we shall introduce them in the follow- 
ing form: 


(ri 0080293) (2.4) 


Pm = 1 Mm/n4 


To each choice of coordinates (pp, py, Po, p3) there 
corresponds a choice (p79, p11, PN2, PN3, PN4); 
where p is a non-vanishing factor [and therefore 
the set of values (0, 0, 0, 0, 0) is excluded]. It is 
clear that the choice (png, pN1, PN2, PN3, 0) corre- 
sponds to an infinitely distant (in the foregoing 
sense) point in p-space. In homogeneous coordi- 
nates, (2.3) takes the form 


Mo — i — Nz — Ns — ea = 0 (2.5) 
or g#’n,n, = 0, where py = 0, 1, 2, 3, 4 and gh 


=0 for u #0, gl oll _ 15%? _ 533 — 1, off ae: 


Equation (2.5) remains invariant for all linear 
orthogonal transformations of the form Ty = ayn py 
These transformations form a group (Gj) of the 
hypersphere of the pseudo-Euclidean 5-space with 
. As follows from (2.4), the group 
Lip is erahic to the factor-group Gi over its 
subgroup, which consists of two transformations: 


. Nu Ny and ny — —Ny (u=0;01,. 2nd, 4)¢ his 


circumstance makes it possible to consider the 
five-dimensional hyperspace, whose diametrically 
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opposite points are identical, as a model of our 
p-space. 56] Thus the p-Space now represents a 
space of constant curvature. 

The transformation group Gj) decomposes into 
four related components, which are distinguished 
by the following marks: [1] 


For € = +1: 

a) det a, = 1, Ano | ON > 0; 

b) det a = 1, Ano/ Ono < 0; 

c) deta, = —1, Ano / On, > 0; 

d) deta, =—1, = Om/0n) <0. (2.6) 
For, €,;= —1: 

a) deta, =1, 9 (mo, a)/O (Mo Me) > 0; 

b) det ap = 1, (Moy Ma)/O (Mo, Me) <0; 

c) det a, =—1, 9 (mo, 04)/9 (mo, Tu) > 0; 

d) det a; =—1, 8 (mo, 14)/9 (Mo, 4) <0. (2.7) 


Because of the correspondence between the 
groups Gj) and fy) pointed out above, one need 
use only the components a) and b) from (2.6) and 
(2.7) for the description of Fag; the components 
c) and d) need not be considered at all. All the 
transformations b) can be obtained from the trans- 
formations a) if we multiply the latter by special 
transformations of the form 1) — —nNy, 14 — —14 
in the case € =1, and na — —nNa, 14 — —n, in 
the case € = -1 (a =1, 2, 83). By virtue of (2.4), 
the first of these two transformations leads to the 
inversion of 3-space p— —p, the second to the 
inversion of the time axis py — —pp. The Lorentz 
rotations are contained in the components a), cor- 
responding to rotations in the planes (7 mn) 
about the 7, axis, and rotations in the planes 
(42m ) which should obviously be identified with 
the transformations Ty, wherein m is the index 
of that axis of p-space in whose direction the 
‘‘displacement’’ is carried out.* Rotation in the 
plane (747)) will be hyperbolic for € =1 and el- 
liptic for € = —1; on the other hand, rotations in 


C Po A 


*It then follows that the transformations ay do not form a 
group. 
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the planes (74, Nq ) Will be elliptic for « =1 and 
hyperbolic for € = —1. The product of three rota- 
tions of angle 7 in the planes (74, Nq) leads, for 
€ =1, to inversion of the axes 74, Nq, 1.e., in ac- 
cord with (2.4), to the transformation py — —pPpp. 
Similarly, rotation through 7 in the plane (1, 74), 
for € —1, is a reflection of the axes 7) and 1, 
which is equivalent to p— -p. 

Thus, with the aid of the translation T,, one 
can transform (in continuous fashion) a right-hand 
four-dimensional coordinate system into a left-hand 
system, and conversely. Inasmuch as rotation in 
the plane (14, 7)) corresponds to a ‘‘displacement’’ 
along the py axis, then, in the case € = —1, itis 
necessary to regard the p-space as closed on 
itself in the direction of the py axis, and topolog- 
ically equivalent to a four-dimensional Mobius 
sheet. The p-space has a similar structure for 
€ =1, only with the obvious difference that here it 
is closed on itself in the space-like direction (see 
the drawing; A and C are identical points). 

We now find the explicit form of the transfor- 
mation of the vector pm by an arbitrary vector 
km. By virtue of (2.4), the desired transformation 
will be bilinear in the components pm. Therefore, 
taking the requirements of relativistic covariance 
into account, we can write 


» ALR) Pm + fo (FR) (FP) bg + 8?) Ben (2.8) 
Pm fa) (Ep) + 1 
k” = (kk), (kp) = kppy) — k-p. The unknown functions 
f;, ..., fy, are uniquely determined from the con- 
ditions: 
ip == ele ed OLe bavae).6) 
2) p’=0, for p= —RkR, 
Siptes Pe. tor ki 
In sum, Eq. (2.8) takes the form* 
Pee Pg Aare) Be 
Pm Vie? + ky (A + 8 (pk) 2 / [4 + V1 — eZ?) 
is Set SPRY T (2.9) 


The symbol (—) is introduced, in accord with“), 


in the following natural fashion: p(—)k = p(+)(-k). 
Here it is shown that (p(+)k)(-)k =p. In con- 
trast with the usual translation transformation, the 
operations (+) do not commute. We can establish 
the fact that 


Piet Ween beg wees od etal 


G£e(pHyey ‘Cae 


The commutability of the operations (+) for col- 
linear 4-vectors is evident from (2.10). For ex- 
ample, if p= pp, k=Kp, then, for ¢€ = 1, 


*We have used the notation ofl*] for the operation ce 
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*It is obvious that apart from « numerical factor Eqs. 


po(+) ko = (po + ko)/(1 + pokol*). 


As 1— 0, Eqs. (2.9)—(2.11) transform into the 
corresponding expressions of ordinary geometry. 


(2.11) 


3. QUANTIZATION OF SPACE-TIME 


In accord with the supposition made above on 
the transfer of the principles of quantum mechan- 
ics over into the new geometry, we preserve the 
previous interpretation of infinitesimal operators 
of the group of motions. Then the transformation 
of the wave functions for translation by a small 
vector ky, in p-space has the form 


p(p(+)k) = (1 — ix™km) @(p), 


where the x™ are by definition the operators of 
the coordinates and time (summation is carried 
out over the index m from 0 to 3. With account of 
(2.9), we get the following as operators of the 
scalar wave functions ¢(p): 
x* = i (0/Op. + el papmd/Opm), re a at a 

t = i (0/Opo — €l?popm0/Opm). (3.2) 
For €=1, (3.2) are the operators of the coordi- 
nates and time, considered in the Snyder theory. 
We introduce the variables ,, into (3.2). Since, 
because of (2.4), 


(3.1) | 


iq, 


These operators were first obtained in such a 
form (for ¢€ =1) by Snyder.* | 
With the help of (3.3), it is easy to establish | 
that when € = 1 the spatial coordinates have a 
discrete spectrum of eigenvalues of the form nl, 
where n is an integer, since the spectrum of the 
time coordinate remains continuous; for «€ = —1, 
the situation is reversed: the time is discrete 
while the spectrum of the operators x is continu- 
ous. The commutation relations between the op- 
erators of coordinates, momenta, moments and 
other features of the Snyder theory are changed in 
trivial fashion for € = —1, and we shall therefore 
not consider them. We only note that our formalism © 
is free of the arbitrariness in the determination of 
the 4-momentum, pointed out by Snyder, for any €, 
since the quantities p,,f(n4/n) are incorrectly 
transformed in the translations of (2.9). 


(3.3) for x™ can be found immediately from five-dimensional 
consideration of the translations T,. 


ON 
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4. SPINOR REPRESENTATION OF THE GROUP 
OF MOTIONS OF p-SPACE 


According to Sec. 2, the group Ly) is isomor- 
phic to the group of five-dimensional transforma- 
tions Ny = anny for which det ay = 1 [components 
a) and b) in (2.6) and (2.7)]. Therefore, the spinor 
representation of this latter group will be the 
sought representation of the group Lit The ma- 
trix of the spinor transformation S corresponding 
to an arbitrary motion um = ann p of the components 
a) and b) can be found from the condition 


Som s = all", (4.1) 


where TP are five four-row matrices satisfying 
the following anticommutation relations: 


Ey = 2g" (4.2) 


[eH is the metric tensor from (2.5)]. 
We choose for I the matrices y™/, Vey’ 
(m = 0, 1, 2, 3)* where 


eT oe ‘i 


Here E at *), ow are the Pauli matrices 
foe 12; 3). 

Let us introduce the spin tensor of second rank 
H(7) =n,T¥, which transforms as 


Mi =tSTS 7. (4.4) 


It is easy to establish that det H = (n*)? = det H’ 
=(n’*)*, i.e., the matrices S actually form a repre- 
sentation of the given group. We can investigate 
not only linear but also antilinear spinor transfor- 
mations with the example of the spin tensor H, 
owing to the simplicity of its structure. Initially, 
we shall find all the matrices S corresponding to 
reflections of the Ny axes. Since det aly =1, then 
the number of reflected axes will always be even.t 
From the form of .H, it is easy to prove (7) that 
the matrix S=ar'r’?,.. r'2k, where iy, is the 
number of the coordinate axes and A is the phase 
factor, corresponds to the axes Ni, Nig» - + + Nigk: 
The matrices obtained in this fashion are shown 
in Table I. As phase factors in the case of ma- 
trices of the time inversion for the case ¢€ =1, and 
of space inversion for € = —1, imaginary units 


*Yu. A. Gol’fand pointed out the necessity of the choice 
of the basis I‘ in such a form. In this case, as / + 0, the 
five-dimensional spinor representation considered transforms 
into the usual four-dimensional spinor representation in the 


basis y™. 
_ tThe matrix S corresponding to transformations with det 
an= — 1, for example, ay = — 5, does not generally exist, 


Since it is impossible to find six anticommuting four-row ma- 
trices. 


1343 

Table I 

| £7) | e=—1 
No — No 6 
"> — Na me gi 
Ne aa Ne 

i 0ry5 On 5 

Mert sat) ub 
Nm Ata iy? iy? 


were chosen so that the square of these transfor- 
mations are rotations through 27 (see Sec. 2). 

The remaining phase factors in the first two rows 
of the table are omitted for simplicity; in the third 
row, i again appears, since the latter transforma- 
tion is a product of the first two. 

Now let the spinor of first rank y~ be given, 
transformed according to the law ~’ = Sy for mo- 
tions from Lj). We shall determine how the co- 
variant quadratic forms of the type ~*Oz can be 
constructed from y and 7° (the ‘‘plus’’ indicates 
the Hermitian conjugate). We shall first prove 
that for € =1, 


PSAP = iS for the transformations a), 
POSTE? tr St for the transformations b); (4.5) 
and for € = —1, 
eS Reh Ls) abe for the transformations a) 
(iT°T*) S* (iP°T*) = —S + for the transformations _b), 
(4.6) 


The proofs of the relations (4.5) and (4.6) are en- 
tirely similar, and we shall therefore carry out 
discussions only for the case € = —1. Inasmuch as 
H’ = SHS~!, we get H* = (S-')*H*S*. But it follows 
from (4.3) and Table I that 


H* (n) = — H (— np, Na, — 14) 


= — (PT) H (PT)? = — (i964) H (iT). 


Therefore, 
H’* = — (il) H’ (iPT*) = — (S*)* (PT*) A GPT) S*, 
or, 


H’ = (iY) (S7)* (iP°T4) H (iT) S* (iT °F). 


Thus, (ir°r’)s* (ir°r’) = aS'!, where a isa 
numerical factor. The matrices S, corresponding 
to the transformations a), can be reduced by a 
continuous change in the group parameters to the 
unitary matrix E, as a result of which we find 
Grr’ yr (irr) ‘= oF, t.e,, av =1. If now 8 cor- 
responds to the component b), then such matrices 
can be reduced to a transformation of time inver- 
sion, whence a = -1. 
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Instead of the spinor ~*, it is convenient to 
consider the quantity } = ~*L°®, where L°=YL° for 
€=1 and L? =ir°r for ¢ = -1. Obviously, for 
transformations of the type a), the law for the 
transformation of 7 will be the following: »’ 
= 7S"', and for the transformation b): ~’ = =$S)'. 
As can easily be seen, only three independent 
quadratic forms can be constructed from the quan- 
tities ~ and 7, which are covariant under the 
transformations a): 


1) scalar pp, 2)vector yp, 3)tensor pl'T'y. 


(4.7) 


If we introduce the usual definition of a conjugate 
spinor, i.e., if we set py =y*y’, then the quantities 
1)—3) from (4.7) are written (for € =1) as vy d, 
by ’THy, dy Ter ’y, respectively, and for € = -1, 
they keep their own form. For Lorentz rotations 
(rotations about the n, axis), five components of 
the vectors (jy for € =1 and py*y for € = —1) 
are transformed independently of the first four 
components (%y™y for € =1 and Jy™y°y for 

€ = -1), i.e., the 5-vector decomposes into an 
ordinary 4-vector (pseudovector) and a scalar 
(pseudoscalar). Similarly, the 5-tensor decom- 
poses for Lorentz transformations into an ordinary 
4-tensor and a 4-vector for « = -1, or a 4-pseu- 
dovector for € =1. 

Concluding the consideration of linear transfor- 
mations of the spinors of p-space, we shall give 
(without derivation) the expressions for the opera- 
tors x™ in the case when the wave function is a 
spinor: * 


x* = { (0/Opa + &l?papmOlOpm) + —e V —ely’, 


(4.8) 


In order to find all the antilinear spinor trans- 
formations, it is necessary to determine such a 
matrix K that, for an arbitrary transformation 
wy’ = Sz the following relation holds: 


(Kip’)’ = SK". 


It then follows from the equality ~’* =S*y* and 
(4.9) that 


t = i (0/Opy — el? popn0/Opm) — +e V —é ly’. 


(4.9) 


KaASK = S": (4.10) 
With the aid of (4.4), we find 
Pogo iS: Heh Sak (4.11) 


*The reason for the appearance of the matrices y™ in (4,8) 
is clear if we take into consideration the obvious circum- 
stance that the infinitesimal operators of the spinor represen- 
tation group G,, are proportional to the expressions (‘/I'” 
ae rere), 
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Since the matrices T°, T!, r?, r4 for « =1 and 
the matrices T°, T!, r? for « =— 1 are pure 
imaginaries, the operation of complex conju- 
gation, applied to H, means, in the first case, the 
reflection of the axes 7, 14, 73, 4, and, in the 


second, the reflection of 7, 71, ...., 3. That is, 
one can write that for €=1 
A = (Pmrr) A (Perms) = fa (2), = (4.12) 
and for «€ =—-1l 
Ho — (T*]*) Bo) 


Substituting (4.12) in (4.11), we shall have, for 
Sik 


T2H’ (F2)? = S*P?H (fF?) (S>)’; (4.13) | 


and for «= —k; 
(er) A’ (Pers) = s*Teré (rr) (S)*, (4.14) | 
Comparing (4.13) with (4.14), we finally obtain | 
KK ase(?) ty Seryeye for ¢ = 1, | 
K = (L204) = iy? for 6 = —], (4.15) | 

In the case € = —1, the transformation =’ = Ky*(p). 
= Ky "B(p) = -iCy(p), where C = yy, is identi- : 
cal with the ordinary operation of charge conjuga- 


tion. 
For €=1, we have, correspondingly, 
yp = PPrp = PCy (p). 
That is, one can show that in this variant the role 
of charge conjugation should be filled by the new 
transformation (4.16). 

We now write out (see Table II) all the antilinear | 
spinor transformations for reflections of the co- 
ordinate axes (¢€ =+1; the phase factors in the 
operations of charge conjugation are omitted). 

To complete consideration in this section of the 
group of motions of p-space, we shall show on 
what basis, within the framework. of the new geome-_ 
try, one could remove the requirement of invari- | 
ance of the theory under space inversion and 
‘“strong’’ time inversion (see Sec. 1). The discus- 
sions which we shall give apply fundamentally to 
transformations of a displacement in p-space. In 


(4.16) 


Table II 


e=4 


No No 


Nu — Ns $= 1°r°Ch(—P) $Y’ = i7°Ch(— p) 
Na — Ne 7 7 

1 — th gies — ePOPCS py Cat ete ee 
Tm — Hm | p= —iCh (—p) Y= iySCH(— p) 
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the ordinary theory, these transformations are not 


- connected with any physical symmetry, and there- 


fore their invariance is not required. It is natural 
to assume that even in the given scheme, there 
should not be requirements of invariance under 
displacement in momentum space. Then, in accord 
with what was pointed out above, the theory will 
not be invariant relative to the transformations* 

wy’ =iy°y°b(—p)) in the case € =1 (‘‘strong’’ 
time inversion) and 7’ = iy’~(—p) in the case 

€ = -—1 (space inversion). If the CPT theorem re- 
mains valid, i.e., if invariance under the transfor- 
mation 7’ =iy°’y)(—p) is preserved, then in the 
case € =1 this will mean the absence of invariance 
under space inversion and, correspondingly, for 

€ = -1, invariance under ‘‘strong’’ time inversion. 


5. TRANSFORMATION OF TRANSLATION IN 
x-SPACE AND THE ADDITION OF MOMENTA 


In the ordinary theory of commuting operators 
x = ia/ 8pm, the common eigenfunctions have the 
form e-i(pa) where a™ are the eigenvalues. If 
one gives the quantities a™ the meaning of para- 
meters of the translation group, i.e., if we assume 
that x’™=x™+,™) then, as is well known, one 
can regard the corresponding set of exponentials 
e-i(pa) as a representation of this group realized 
by the wave functions W(p): 


W’ (p) = eH (p), (5.1) 


Any other arbitrary wave function ®(q) will be 
similarly transformed in a displacement by a™: 


@! (q) = eH (4). (5.2) 


If the systems described by ¥(p) and ®(p) are 
regarded as non-interacting, and as a single inte- 
gral system, then the product X = ¥(p) (q) will 
be the wave function of the compound system that 
is obtained.{ It follows from (5.1) and (5.2) that 
X’ = e-tlrta. @) X, (5.3) 

i.e., the four-momentum of the compound system 
is a vector with components py, + dm. 

The operators x™ from (3.2) do not commute 
with one another and therefore do not have a com- 
mon set of eigenfunctions. It then follows that in 
quantized space-time it is not possible to et 
out a translation by an arbitrary 4-vector a™. 3] 
But displacements in the direction of any one of 
the axes are possible, since each of the operators 
x™ separately has eigenfunctions. For example, 
for the operator t (at ¢ =1), the eigenfunction is 
exp (ia tanh~! ppl), where a is the characteristic 

*We write out these transformations here in spinor form. 


tFor simplicity, it is assumed that p and q are the only 
dynamic variables in the states V and ®. 
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number (see [3] If &(p) is the wave function, 
then for t’ =t +a, we have* 


W’ = exp (— ia Arth pjl) ¥ (p). 
Similarly, we can write for (5.2) and (5.3) 


®’ = exp (— ia Arth qol) D(q); 


X’ = exp | —iaArth paw #4 
where X = ¥&. Thus, in the compound system, 
Po (+)d) appears as an invariant quantity under 
time translations [see (2.11)]. It can therefore be 
assumed that the four-dimensional ‘‘sum’’ p (+)q 
[see (2.9)] is in correspondence with the sum p +q 
which figures in (5.3), i.e., one can regard p(+)q 
as the analogue of the total 4-momentum of the 
system. The noncommutability of the components 
in this sum and the non-singlevaluedness of its 
determination (which follows therefrom) correspond 
to the impossibility of an arbitrary transformation 
in quantized x-space pointed out above. We shall 
also show that, although the components of the 
4-momentum pm are not now infinitesimal opera- 
tors of the displacements in x-space, the permuta- 
tion relations among them remain as before: 
[Pm> Pn! = 0. Together with the relations of the 
structure group of Lorentz rotations, they form the 
usual system of permutation relations of the in- 
homogeneous Lorentz group (see, for example, C8) 


CONCLUDING REMARKS 


As was shown in Sec. 2, after the introduction 
of the new group of motions Lj), p-Sspace can be 
regarded as a space of constant curvature. In this 
case, it is shown that the distance between two of 
its points (Do, p) and (qd), q) is determined by 
the formula! 


p(p, q) =f Arthl Ve (p (—) q)?. 


The idea of the replacement of the ordinary 
pseudo-Euclidean space of momenta by a four 
dimensional space of constant curvature was re- 
cently expressed by Gol’fand.“4! For a description 
of the processes of interaction, Gol’fand proposed 
a Feynman diagram technique, generalized in the 
manner of the new geometry, while for writing 
down the laws of conservation of energy-momen- 
tum, use is made of the addition rule (2.9) (in C4] 
the case € =1 was considered). Also, as in the 
theory of Snyder, invariant integration was intro- 
duced in p-space with the volume element dQ 
= Vg d4, where g is the determinant of the metric 
tensor. For arbitrary €, 

*Arth = tanh”. 


(G21) 
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Vg =(1— el?) (6.2) 


The method of taking integrals in curved p- 
space [4] leads to a finite result only for, .< = 1, In 
connection with going out into the region p” Sy lee 
which is accomplished in this case, we note the 
following. The motion group Li) which we ob- 
tained by starting from the inequalities (2.1) and 
(2.2), transforms into itself not only the external, 
but also the internal, region, relative to the hyper- 
surface (2.3).* Therefore, the new geometry also 
appears in the internal region. *] All the necessary 
formulas can easily be obtained from those set 
down above. It is then clear that going beyond the 
limit of the inequalities (2.1) and (2.2) has at least 
a geometric meaning. The physical meaning of 
this operation can be revealed only in the process 
of the further development of the theory. 

The author is deeply indebted to the participants 
in the seminars of Acad. N. N. Bogolyubov and 
Acad. I. E. Tamm, and also to V. I. Grigor’ev, I. S. 
Shapiro and I. A. Shishmarev for fruitful discus- 


*A region is called external in relation to the finite cross 
section if one can draw from it a real tangent plane to this 
cross section. 
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Besides a fine structure, the levels of u-mesic atoms formed with nuclei of nonzero spin 
also have a hyperfine structure. The muon depolarization will be affected if the hyperfine 
splitting of the weakly excited levels is large in comparison with their width. The magni- 
tude of the effect is estimated for the case in which the nuclear spin is ah. If the hyperfine 
splitting of the lower excited levels is large in comparison with their width, the polariza- 
tion of a muon in the K shell should be approximately '/, that of the case with zero nuclear 
spin. If, on the other hand, the level width considerably exceeds the hyperfine splitting, the 


hyperfine structure will involve only the K shell and the polarization will decrease to % 


that of the case with zero nuclear spin. 


1. INTRODUCTION 


‘Tene question of the depolarization of ~~” mesons 
in the formation of y-mesic atoms has been con- 
sidered for spin-zero nuclei by severalauthors [1-41] 
A nonzero spin of the nucleus leads to a hyperfine 
structure in the mesic-atom levels and to an addi- 
tional depolarization of the muons. Uberall 5] and 
Lubkin“! estimated this additional depolarization 
by taking into account only the hyperfine splitting 
of the ground-state level 1s. Actually, when the 
nuclear spin is different from zero, depolarization 
also occurs in the excited levels, owing to the in- 
teraction between the muons and the magnetic mo- 
ment of the nucleus. This is due to the fact that 
the hyperfine splitting of weakly excited levels in 
the u-mesic atoms is comparable in most cases 
with the width of the levels and sometimes even 
considerably exceeds it. We shall therefore con- 


sider here the depolarization of the muons with 


allowance for this effect. 

The chief role in the depolarization of the p™ 
meson in the formation of y-mesic atoms is played 
by the spin-orbit interaction. Of importance here 
is the ratio between the level width and the fine- 
structure splitting. The radiative width is always 
small in comparison with the fine-structure split- 
ting, but in the strongly excited upper levels, the 
probability of Auger transitions is very large and 
the total width is greater than the fine-structure 
splitting. It can be assumed that the depolarization 


does not occur until the muon reaches the level 


whose fine-structure splitting is comparable to or 
larger than the Auger width. For the lower levels 
we can assume the level width to be small in com- 
parison with the fine structure. This means that 
the time spent by the muon in the levels is suffi- 
cient for the reversal of the spin under the action 
of the spin-orbit interaction, as a result of which 
the muon is depolarized. 

If the nucleus has a nonzero spin, then below 
some level the hyperfine-structure interaction be- 
gins to have an influence on the muon polarization. 
This effect becomes appreciable when the level 
width is comparable to the hyperfine splitting. For 
nuclei of not very large Z (for example, pet, 
which was investigated in C7) the hyperfine splitting 
is, on the average, of the same order as the radia- 
tive width. Consequently, the influence of the hy- 
perfine structure becomes evident in the lower 
levels, where the probability of Auger transitions 
is small. Hence there exists an intermediate group 
of levels for which the total width is much less than 
the fine-structure, but larger than the hyperfine- 
structure splitting. 

Hence the entire process of a cascade transition 
to the K shell from highly excited states can be 
split into three stages: in the first stage the width 
of the level occupied by the muon, owing to the 
Auger effect, is larger than the fine-structure 
splitting; in the second stage the width is smaller 
than the fine-structure splitting, but greater than 
the hyperfine splitting; in the third stage it is com- 
parable to the hyperfine splitting. In the first stage 
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practically no depolarization occurs; in the second 
stage, depolarization takes place as a result of the 
spin-orbit interaction; in the third stage it also 
occurs as a result of the hyperfine interaction be- 
tween the magnetic moments of the muon and the 
nucleus. The separation into the second and third 
stages was introduced here to facilitate a qualita- 
tive explanation of the process. Actually, to esti- 
mate the depolarization we simultaneously consider 
the fine and hyperfine structure splitting. 

In order to illustrate the relation between the 
fine-structure splitting and the level width, we 
have shown in the table the values of the quantities 
w¢T and whT (wr and wh are the values of the 
fine and hyperfine splitting, and 7 is the lifetime 
of the given level) for different states of the p- 
mesic atom P*! with a principal quantum number 
n= 5. Also shown are the probability for Auger 
transitions Ig and the total probability for transi- 
tions from the given level T =1/7 in units of 
-10 sec~!. In order to find the probability of radi- 
ative transitions we used Table 15 of ! and calcu- 
lated the probability for Auger transitions by mul- 
tiplying the probability for radiative transitions by 
the conversion coefficient for the corresponding 
transition in a nucleus of charge Z —1= 14. It is 
seen from the table that the conditions wsT > 1 
and wpT <1, which should hold in the third stage, 
are already fulfilled for the levels with n= 5, ex- 
cept for the s and p levels. We note that the width 
of the p level has a basically radiative character 
and the main contribution to the width comes from 
the probability of a transition to the K shell. But 
the ratio of the hyperfine splitting to the radiative 
width depends weakly on the principal quantum 
number. Hence, for all p levels of a given mesic 
atom (in any case, for levels that are not very 
high), wpT is approximately constant. 

Thus we shall assume that in the initial state 
the muon is in a level whose fine splitting is small 
in comparison to the width. The polarization which 
occurs in this state will be preserved throughout 
the entire first stage, where the width is larger 
than the fine-structure splitting. 


Width, 

@ | 10! sec és 
O@oheng po a tom ge B B 
ga rT, |P=t/ 

5s, | 0.028]0.16| — | 26 | 0,26) 0.26 

ove lho.43 | 0.64 | 73 | 5'86 | o73p) 0-3! 
2 . * 

pit [tO.45 | 0.46 | 34 | O'46 | oreo] 0-27 
2 ’ . 

2h |'o,076| 0.60} 43 | 9:78 {o'eal 9-23 
: ; ; 

5g - | 0,40 [0,33 

sez [0.045] 0.90 | 5 | otog | oc¢a| 0-22 


i 
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At the end of the first stage the muon drops to 
a level whose fine-structure splitting is large in 
comparison to the width, and this condition is 
maintained for all subsequent levels occupied by 
the muon. This second stage has already been con- 
sidered in detail.) For large orbital angular mo- — 
menta J, which apparently occur most frequently, 
the probabilities of states with total angular mo- 
menta j=! + 7, and j =1 —- Je are approximately 
the same, and the muon polarization in each of 
them is about 3. We assume that J remains large 
for the entire second stage. Then the muons will 
undergo a transition, with a probability close to 
unity, from states with j =1 + Ye to states with 
ja = 24 + Ne and from states with j =1 — Ya to states | 
with jy =1, - “es where 7, =1 — 1. In transitions 
of the first type the muon polarization does not 
change and in transitions of the second type it ac- 
quires a factor (j+1)4,/j(j, +1); if l is still 
large at the end of the second stage, we can neglect — 
the difference between this factor and unity. It | 
thus follows that at the end of the second stage the 
muon polarization in each of the fine-structure 
states can also be taken equal to ~ vit 

In the third stage the hyperfine structure will 
have an appreciable influence on the muon polari- 
zation. The following sections of this article will 
be devoted to an analysis of this influence for the 
special case of a nuclear spin I =. 

A study of the process of muon depolarization 
in capture by nuclei with spins I > Yi, requires 
calculations of much greater complexity. 

The basic results obtained in the present work 
reduce to the following. 

For nuclei with I = ¥, the 1s level to which the 
muon drops as a result of all the transitions con- 
sists, as is known, of two sublevels of hyperfine 
structure with a total angular momentum F equal 
to zero and unity; the separation between the sub- 
levels is much greater than fi/ Ty where Ty is 
the muon lifetime. It is natural to expect, and this 
will also be shown below, that the probability of 
dropping to one of these sublevels is proportional 
to the statistical weight. In the state with F = 0 
the muon polarization is zero, and therefore the 
average spin of the muon in the K shell is ah of 
the average value of the spin in the state with 
F- so) 

We denote by £ the ratio of the muon polariza- 
tion in the K shell to the polarization at the end of 
the second stage. If the muon is in a state with 
j=1+'/, at the end of the second stage, then we . 
have 8 = '% in the absence of hyperfine splitting of 
the excited levels and B ~ 4, for very dete split- 4 
ting. If the muon was ina state with j =1 —'/,, at 
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the beginning of the third stage, then the influence 
of the hyperfine splitting of the excited levels will 
be more important. If there is no hyperfine split- 
ting of the excited levels 8 ~ 0, and if the splitting 
is large B ~ —'4, i.e., in this case there is a spin 
flip. If we take the average over the states j =1 

+ ¥, at the beginning of the third stage, we obtain 

a value of ~ vie for the ratio of the final polariza- 
_tion to the initial polarization in the absence of 
hyperfine splitting in the upper levels and ~'4, for 
strong hyperfine splitting. These results will be 
discussed in more detail in the following sections. 
In order to illustrate the results of the calculations, 
the values of 6 are given in the table for transi- 
tions from different states with a principal quantum 
number n = 5 for the p-mesic atom p*!, The last 
column of the table gives the quantity 


a l [+4 
B= +1 Br—y, + ee | Brey, « 


2. DERIVATION OF BASIC FORMULAS 


Since the hyperfine splitting of the u-mesic 
atom levels is small, we include these levels in 
one group. We denote such groups by the letters 
A, B, C,..., M,N and the sublevels of each of 
these groups by the indices a,f8, y,...,wU, v. 
Then we readily obtain in the usual way (9) the 
formula relating the matrix densities pf) and p 
in the final and initial states: 


(in) 
pi) = exp {—io,,t} Swap , 
n 


(1) 


where 
+ + ‘¢ 
= NV, a By yy », oly in et De a uF 
pp’ 1 FF t CONG tz yy) Ty ee’ 1 ste t (ee ey Wyy’) L 
Taken ber 
cys S) peee Res OR ve Dante (2) 
1+ i (@g4° — My) Ta 


aa’ 


Here Hog is the matrix element for a transition 
of the system from a state a toa state 8 with the 
emission of a quantum or Auger electron; TA; 
Tp, ... are the lifetimes of the levels A, B,... ; 
wggr = (Eg - Eg’)/n, and Eg and Eg are the en- 
ergies of the sublevels 8 and #’ referring to one 
group B; the symbol S denotes the summation 
over different cascades; wn is the probability for 
the n-th cascade and Nn is a normalizing factor 
determined from the condition Sp p'fn) acl, oli (2) 
the summation includes all possible states of the 
emitted quanta and Auger electrons. 

The p-meson lifetime 1, is much greater than 
h/AE, where AE is the hyperfine splitting of the 
ground state level. Hence, in averaging the matrix 
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p'f) over the time, the elements for which Wypp! 
# 0 vanish, owing to the factor exp (—iwyy’t). 
Consequently, for the matrix p\F) averaged over 
the time we can write 

(Fn)? 


pe) = S w@np (3) 


+ 
Hie Hens 


Pa tO eer 


+ 
HoH ae 


4+ @uwtm 


moe 


where the symbol D means that in the matrix in 
the parenthesis the elements connecting states 
with different energies are assumed to vanish 
(i.e., those for which wypy’ = 0). 

The levels A, B, C, ... occupied by the pu 
meson are characterized by a principal quantum 
number n, an orbital angular momentum J, and a 
quantum number j (j=1+8, where s is the muon 
spin), and the sublevels a, f, y, ... differ in the 
values of the total angular momentum F and its 
projection M (F =j +I, where I is the spin of the 
nucleus ). The symbol D thus signifies the separa- 
tion of the matrix elements which are diagonal in 
the F representation. 

We limit ourselves to the consideration of the 
case [ = Y, and write the general expression for 
the density matrix p corresponding to a group of 
states with given values of n, 2, and j. This ex- 
pression should be linear in n, where n is a unit 
vector in the direction of the initial polarization 
of the muon. Using also the condition that p is 
Hermitian and invariant, we obtain 


pn) = ND (> 


py’ 


‘ > A gal yp" 
1+ 10,47, 


(4) 


aa’ 


p = N (1+ aijl-+n {asj + asl + as [jl] 


+as (iG) + GiI—FIG + )T)}), (5) 


where the coefficients aj are real. The normaliza- 
tion condition Sp p = 1 gives N = (2j+1)7'x 

(21 +1)7!. We shall consider the density matrix 

p given in the form (5) and calculate the matrix 
p(n) from formula (4). To do this, we first con- 
sider in (4) one of the terms in the sum over n 
corresponding to a given cascade and we carry out 
the summation over aa’: 


plier zs » A pall x'pPaa | (1 + 1Waa’TA)- (6) 


It will be convenient to represent the matrix 
0. = i ea el = Paa’ ele Naa’ 
ae 1+ IW, q/T A aal ~ Baa’, 


1+ iW, 4/T 4 


liges— Poa’ (7) 
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in a form similar to (5). For this purpose we 
provisionally denote states with F =j + JE and 

F =j — '% by the subscripts 1 and 2, respectively; 
then w4. = —wW, = w; omitting the subscript in Ta, 
we have 


Ni = Nee = 0; 
iw@t ee wt? i@T 
4. i@t Piz = 1 + w2r? Piz 1 + wt? P125 


iwt @?t2 imt 
rr ee 1 @2q2 Poi =e 1 + wr? Pai, 


1.€., 
@?2t2 i@T ”, 
Ide ameter, ah ni iar Po 
n =e—D(p), nn” =n'P. (8) 


Here D denotes the separation of the diagonal 
parts in the F representation and P is the opera- 
tor with matrix elements Py, = —P9,=1, Pio = Poy 
= 0; it is readily seen that 


P = (4j1 + 1)(2j + 1) | (9) 


is such an operator. 

In order to separate the diagonal part from (5) 
we note that the operators jI and j+I=F are 
diagonal in the F representation, while [ jl] 
= i(j(jl) — (jIl)j) contains no diagonal elements 
in the F representation. Moreover, we have 


PEE <b Dies Reed ee 
ae OF (F +1) F 

Meelis dle ek, Geka) Pll 

= | Ears ae eaneeare nse il 


aS aaa iit 1)—inG4+D 
ae —aar (iD) + (GD) §-+ § —27 G+), 
D [j GD] = D (GD i] 


3/4 F 


eet fiate Ay 1G ck 1) 8 F (Bode dt LG de 
2 2F (F +1) 


=FUM+ MI +e UM 


+ (i) j+j—24 G+ 10 (10) 
In these formulas we have used the relations 
211k = + Sie + bein! 7; ile —Jajc = teseajt. (11) 


With the aid of (5), (8), (9), and (10) we obtain 


n’ = aan [jl] + aya Li) + GD § + 


Taste yeraiGd + Wit j—AG+ 1) 1). — 


yy 
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oy 41) I, 


nth, 


(12) 


where ap = a» — a3 + (1/6) a5 (2j + 3) (2j — 1), and 


finally, owing to (8) and (7), we have 4 


Np! =1+4jl+n {oxi + bsl + ba [il] 


+ bs|j Gl) +G@)i —FiG+ ya 
$1 =a, be = a — rar (ta + ee) 
b= een ae yet) 
by = a+ oD Ore (a+ en): | 
bs = a3 — Se j ora ar aia (a : 


For convenience we introduce the notation: 
: 2a : 1 . 
A=(j+1)(s-%7— ia), A> 4 aie 


then formulas (12) can be rewritten in the form 


am ype es Rew. (14) _ __ Im Ax 
Oy = hy nae Ty i] ot) Se A 
bs = ast zp ReA(l— <i 
dos Re A (4 — x) 
baa thitr GE OPE (16) 


We now carry out the summation in (6). To do 


this we note that the matrix elements of the differ- | 


ent operators occurring in formula (13) between 
states with different u and A (uy and A are the 
projections of j and I) have the following form 
(the subscripts of the vectors denote the cyclical 
coordinates —1, 0, 1: 


Wh] LI w’M> = SuyeBar, Ch jel m’®!> = = Uj i + "ax Chae 


Cun | Ty | pin > = Ey" Ou Oia, 
<p | jele + dade — i (i + 1) Sie [wD 


= + [10f (7+ 1) (2) —1) (Qj + 3) °C Choc ndar, 


(17). 


where C are the Clebsch-Gordan coefficients. 
Moreover, the matrix elements of the operators 
Hin and HpN (L-th and N-th multipole moment 
of the transition and its projection) depend on p 
and A in the following way: 


jibaA1 | Hw | jpA> = Qdaa, Che 


, hey 
<j’ | Hi | jipada> = Q Ont Cin 


= | 
(j, u, wp’, A, A” refer to the level A; jy, my, Wy, Ap e| 


A; refer to the level B), where the coefficient Q 
does not depend on the projection of the angular _ 
momenta and can therefore appear only in the 
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(15) 


| 


| out the summation over N 


i (i +1) (2) +4) (2) +8) (27 —1) (2h +1) J? wes: ; ae 
aj = p,| =~ ) (2) + 1) 2j + 3) @i—1) Ci + | W (ijisiv; 2L)(—1) 


Gas 1)? Guebieh DP AL ed)? 


THE FORMATION OF u-MESIC ATOMS 


| form of an unessential multiplicative factor in 
| front of the entire matrix, owing to the need for 
normalization. Since the probability of dipole 


transitions is very large, we can set L equal to 
unity (apart from the transition 2s — 1s, for 
which the polarization does not change). We carry 
in formula (6). 


In the calculation of pW) we can carry out the 
summation over F, replace M by the summation 
over pA and use Racah’s method!!°] The matrix 
po‘ will then be represented in the form (5) with 
the coefficients a{?, which are related in the fol- 
lowing way to the coefficients b; appearing in the 
matrix p’: 


(1) (1) (1) aia F : 1 

ee a Oe hE 1) Ci +42 FT yy pee os itt _ lat) i+ 1—LE +4) 
lela eae Ra TEE [W Gis 1) (—1) i is (a +1) 

as = bs, 


fi (ia + 1) (2/1 + 3) (2f1 — 1) 


= bs {* fais) Se set) Lh = 1))2 
2)a (ja 1) (2a + 3) (2j, = 14) 


(2L? + 2b + 3) [fi (a+ ye 
2ja (jr + 1) (2/1 + 3) (2f1 — 1) . 


where W are the Racah coefficients. 
According to (4), we should find the sum 


pi) = > HypH preppy | (1 a' iMpa'TB), 
BB’ 


which will be characterized by the coefficients 
a expressed through ae in a similar way, etc. 
After carrying out the last summation, we should 
separate from the obtained matrix the part diago- 


nal in the F representation, as a result of which 


we obtain the final density matrix p(Fn) = = D (pn) % 
This last operation is not difficult to perform if 


we note that, according to (7), p’ = D(p) for wr 
=o, Thus representing p‘fn) in the form (5) with 
the coefficients affn), we find from formulas (14) 


the coefficients o(tn), in them we set wT =~ and 
obtain the Wecespondine coefficients aFn of the 
matrix o(Fn), 

We note, moreover, that j = ¥, in the lowest 
level (of the K shell) and therefore some of the five 
coefficients of the final density matrix prove to be 
unimportant. As a matter of fact, it is not difficult 
to show that for j = 4% we have j(jl) + (jI)j 
+ (%)j(j+1)1=0. Since from formula (14) it 
follows for wt = 0 and j= that by =0, by = bg 

= '/,(a) +a3), then the final density matrix p‘*n) 
will be characterized by two coefficients ar n and 
afn — = at N. Of course, the same will hold for the 
matrix pF), for which, according to (3), a 


. = Dwrafn. Therefore 
n 


pl) = + (1 +a"jl + agnF) = + 
+ (1—af + afnF)P_] =4+p, (1+ 20*nF) P,+p_P_. 


[a + taf + agnF)P, 


(19) 


(18) 


Here P, = 4 (3 +4jl) and P_ = (1 - 4jl) are 
the operators of the projection on states with 

F =1 and F =0, while P, and P_ are the proba- 
bilities of the corresponding states: 


+4ai), p.=+(i—+af). (20) 


The parameter AF = (%)af/(1 + Yak ) is equal 
to the polarization of the muon in the triplet state 
of the K shell. 

In a state corresponding to the beginning of the 
second stage, when the interaction leading to the 
hyperfine splitting is still very small, the density 
matrix is equal to the direct product of the muon 
density matrix in a level with given values of n, 
i, jou and the unpolarized nucleus: 


1 ; 3h 
P= zerety (| + yer in). cr 


The following values of the coefficients aj corre- 
spond to this state, which we shall call the initial 
state: 


p,=2U1 


a= as =a =as = 0, a2 = a = BA/(j +1); (22) 


the parameter A is related to the mean value of 
the spin <s> in this state by the expression 


‘sp = Ani G+)—10+ 1+ %l2G+ 1) (23) 


From formulas (16) and (18) it is seen that the 
coefficient a; = b, remains equal to zero in all the 
subsequent states, too. Consequently, af =i 
p, = %, and p_ =‘. In this way we arrive at the 
natural result that the probabilities of the muon 
dropping to the K-shell levels with F =1 and 
F =0 are proportional to their statistical weights. 
As a result, for the characteristics of the polar- 
ized state of the ~-mesic atom in the K shell it 
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is sufficient to know one coefficient af , which is 
connected with the mean value of the muon spin in 


the K shell <s,> by the relation 
(sx = Sp p's = —aF n. (24) 


Taking into account (23), we obtain for the depolar- 
ization coefficient Bk =<sxn>/<sn>: 


af : af 
3 gia 2a Gee 
co, FOR H Seas 2k 
1, j=14)/2 
. i (i +4)/, j=l— pe (25) 
It is obvious that 
Bx = On Bn, (26) 


where Py is the depolarization coefficient corre- 
sponding to a given cascade and the summation is 
carried out over the entire cascade beginning with 
the initial level. 


3. ESTIMATE OF THE DEPOLARIZATION AND 
DISCUSSION OF RESULTS 


We now determine the change in the polariza- 
tion in any cascade as the muon goes from the 
initial state to the K shell. Let the muon be 
initially in a level with the angular momenta 7 and 
j-1+,. From such a state a transition is possi- 
ble to a state with 7, =1 —1 and j, =1 — % or to 
a state with 1, =2+1 and j,=1+% or 1+%. 
Transitions with an increase in /(1, =1 + 1) are 
unlikely, as is seen, e.g., from Table 15 in 8) and 
we shall therefore neglect them (except for transi- 
tions from s states). 

If we insert j, = j — 1 into formulas (18), they 
then take the form 
is OO bg, ip A es bt 
a) = bs (i ea 


( 2a) 
CRE) 


a) = a — al + Lal (27 — 3) (Qj + 1) 


(27) 


Here the quantity 


(4) ena Safty 
va ate ia }, 


can, after some calculations in which we take (15) 
and (16) into account, be expressed in terms of A 
as 


A™M = Axe Qy/(4j?— ie 


y = 2az (j + 1) — as —ag(j + 1) (2) + 3). (28) 


Constructing the expression y“) = 2a$!)j a aft) 
— %alt) j(2j +1), we can prove with the aid of 
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formulas (16), (15) and (27) that y (1) =. Hence 
if the transitions occur only with a decrease in j, 
then it is sufficient to calculate y once in the 
initial state, after which we can find the quantity 
AG) by applying formula (28) the required number 
of times. 

It is seen from formulas (16) and (18) that in 
each transition a3; changes by the quantity 
(7) 162) + 1) Re A(1 —x). Hence in the final 
state 


f 
a =o ole 


i=0 ali 


7 Re AO (1 — x), 


AY = AO x4 pt (29)m 
where the sum runs over all intermediate levels 
in the given cascade transition and i=0 corre- 
sponds to jj = j. In these formulas referring to a 
given cascade, we omit for simplicity the sub- 
script that labels the different cascades. In the 
final state xp =0, jg = %. 

According to formulas (22), (15), and (28), we 
have in the initial state 


Asa OM(2]-211), saieeaOie (30) 


Formulas Ge and (30) enable us to determine the 
coefficient a; for a given cascade transition and, 
together with this, the depolarization from (25). 

We shall consider by way of example the de- 
polarization in two extreme cases: 1) all x; = 1, 
except for xf, i.e., the hyperfine splitting is small 
in comparison to the width of the levels every- 
where except for the K shell; 2) xj = 0 for all 
lower excited levels important for depolarization, 

e., the hyperfine splitting is larger than the level 

width. 

In the first case, formula (28) gives - 


(1) 42h 6A 
A =a t+@ota Py ees Gar oy BS 


(2) 6K Gy 
A ae Ave = ONe 


(31) 


and formula (29) reduces to af = ('/) Re WW 
since from (25) we have B = Y, (for j=l + ANY 
Since this occurs for all important cascades, then, 
according to (26), Bx = ¥». This result should also 
have been expected, for under these conditions the 
depolarization occurs only as a result of the hy- 
perfine splitting in the K shell. If x is close to 
unity, but not exactly equal to it, then, if we neg- 
lect products with (1 — x;), we obtain the follow- 
ing formula: 


lina! ne 


pa 7 Reo op ir (1 — 4). (32) 


THE FORMATION OF yu-MESIC ATOMS 


In the second case (xj = 0), we have 


12) 


<2) eee 
OY is alt (ict) be 


iF 8Aj 
- 101. @,-ia,+s + toy 


i=1 


en 


6 3 (2j + 1)? (33) 


Here j corresponds to the highest level occupied 
in the given cascade for which xj = 0 [the last 
expression in (33) is valid apart from terms of the 
order (2j +1)7*]. We thus see that af >A. As- 
suming that j is primarily large, we arrive at the 
conclusion that a¥ ~ 42/3. Consequently, accord- 
ing to (25), B wv 2 and is approximately the same 
for all cascades; hence 8x © %. Thus, in the 
second case (strong hyperfine splitting), the de- 
polarization in the transition from states with 
j=1 +, proves to be about * that of the first 
case (absence of hyperfine structure everywhere 
but in the last level). 

This result can be explained physically as fol- 
lows: In the presence of hyperfine structure, the 
muon polarizes the nucleus during the transitions 
between excited levels. Hence, the muon is al- 
ready considerably polarized just before the trans- 
ition to the K shell, which contributes to the 
preservation of the muon polarization. When the 
hyperfine splitting at the upper levels is small the 
muon polarizes the nucleon only in the K shell, 
as a result of which it loses half its polarization. 

If, assuming the xj small, we neglect their 
products we obtain for 8 the formula 
6j-+4 

6 3 *(2j + 1)° 
8x f-1 16x; 
—Re(onarpir + 2 ares) |: 
(34) 


We now consider transitions from states with 
j=1- ,. If we neglect transitions with an increase 
in J, then the possible transitions here are either 
j, =j —1 or jy, =j, where their relative probabil- 
ities are (j +1)(2j —1)/j(2j+1) and 1/j(2j +1). 
For transitions of the first type, formulas (27) are 
valid, while for transitions of the second type we 
have the formulas 


a Tes 1 a 
Barer an hei on PTY 

By bass) Ca i OY wi) os 5 hy 

a = bea Oe TEA (35) 


We now consider all cascades beginning with a 
given initial state (in which j=1 —- 74) and in- 
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volving levels of given n and 1. In each transition 
of these cascades, j decreases by unity until it 
attains the value jy at which a transition would 
occur without a change in j. The relative proba- 
bility of such a cascade is 
BS ras! 4 
= aet EO a 

When all x; are close to unity, we obtain for 

such a cascade 


i-(i-+4)—1 bay aye 
FH} (| == ae ee) 
gt A ere reperyed Reet Riper kU 
ie 4j, 


ie J+ 


é=r-+1 


xy}, 


(37) 


Qi, oS etd a+ 


where we have neglected terms containing the 
factor (1 — xj). When xj «1 for all x; we obtain 
neglecting products of x, 


af = Re es ae 4(4j, +4) | 
fei i, (i, +4) 30 At) (cy ade 
16x'-) 8 (4j, +4) 
: PO eat Ba ORE a) 
> Qi, —1 Gi, FA, +3) ~ 30,+0 Gi, + 
16 nt 1-G-+4) —1 


(SPER AE Ws a BE a Oe a ee ee 
+ Oe Fer + Ds tt md Ui-e 


f—1 


16x{7) 
x 2 goer =a}: 


i=r+2 


(38) 


In formulas (37) and (38) we denote by ate and oe 
the quantities 1/(1+iw7t) for levels with jj; =1; 
+ i and jj =li - a8 respectively. 

Taking into account (25), (26), and (36), we ob- 
tain, after approximate summation over r, 


2(j +4)° 
7aG+H 
f=1 . 
S| 6j;+-1 
+ eqs e, 40 | 


[10 — x? i} 
Redan EQ +4) 


xe) 


K Peal te 


— x0) 


lie 


staan aah 9 
i= HEE Ree Pag 
f—2 xO) 
ns A te ie FD i, + 1) Cie + 9) 
8: ax) 
~ 2 3G FG =a ET | bei 
From formula (39) it is seen that when xj ~ 1 the 


depolarization coefficient is Bx * 0, i.e., in this 
case there is almost complete depolarization. If 
; «1, then, as seen from (40), Bx © ‘4 for large 
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initial j, which indicates a spin flip of the muon. 
Averaging with equal probabilities expression (39) 
and the corresponding expression (32) for the case 
with j=1+%, we obtain for j>>1 


lice! 


6j; +4 ( 


rw — x) 
i= Re[I— Dapeng ia?) 


Z 
fra (aige: 4)? 


sa (1 — x") Jf, (41) 
pare FA a aie | 


l1—x;<l. 

Similar averaging of expressions (40) and (34) 
for the case xj «1 leads to the following result 
POT el 


a 1 4 4 
Aisa e oe Pe oo) ee ee ) 
be=—q Re[I + 3 x — |e 
+3 Ha 

Sy Je Get 2) Ci; + 4) (2); + 3) 


eg 8 (6j,-+ 5) x) 


—Aae—er rea) | <1. 42) 
In the summations in (42) the coefficients of Xj 
decrease rapidly with jj, so that for small xj we 
can limit ourselves to the terms with x¢_,: 


Beas Rell+ 4 *Q—pay] (<1). (43) 
As regards the case xj ~ 1, we cannot carry out 
such an operation in formula (41), since the corre- 
sponding coefficients in the summations decrease 
more slowly. We can only note that the limiting 
value of Bx for xj > 1 is %. Denoting the polari- 
zation of the muon in the K shell by AK (AK 
=B,A) and taking A = Yi, we have 


for, #,=.1;. 00 = 0; 


4 4 “ 1 | 
1+(ot), 8 4+ (or), 


for %;< 1) ors 1, (44) 


The second formula of (44) contains the quantities 
(wWT)3/2 and (wT)4/, for the levels p3/. and pj /o, 
for which, as we have already noted, wt weakly 
depends on the principal quantum number. For 
wT >>1, we obtain AK = Vas 

The experimental data for the depolarization of 
muons on nuclei with spin I = Ys change only for 
p*!, for which the mean value of the muon polari- 
zation in the K shell is Ax = 3(0.025 + 0.005),[4 
For the levels 3pj/2, 3p3/2, 3d3/2, and 3ds5/. the 
values of whT are equal to 3.15, 1.26, 2.27, and 
1.45, respectively. We therefore have here the 
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intermediate case [(wpT)eff ~ 1], and conse- 
quently we should expect a value between 1h, and 
'’/, for the muon polarization in the K shell AK. 
This is in agreement with the experimental data 
cited above. 

In conclusion, we shall comment on the Z-de- 
pendence of the final polarization of the muon Ax. 
For hyperfine splitting we have wp ~ Z°, while for 
the radiative width we have Ty ~ Z*. Hence for 
the lower levels of the heavy elements the effec- 
tive value of wpT is small. Consequently (if we 
disregard the possibility of a very large nuclear 
magnetic moment), in the formation of u-mesic 
atoms with nuclei of spin ¥ and Z much larger 
than for phosphorus, AK should be close to YA 
= 0.083. 

For the lowest levels of the u-mesic atoms 
formed with light nuclei with I = /, where the 
main contribution to the width also comes from 
the radiative transitions, we have wht > 1. But 
for such mesic atoms the Auger transitions are al- 
ready important for weakly excited levels. Hence, 
although we can also expect AK to decrease with 
decreasing Z, it will apparently not attain the 
lower limit ty = 0.056 found here for the lightest 
nuclei. 


Ty. A. Dzhrbashyan, JETP 36, 277 (1959), 
Soviet Phys. JETP 9, 188 (1959). 

2M. E. Rose, Bull. Am. Phys. Soc. 4, 80 (1959). 

3R. A. Mann and M. E. Rose, Phys. Rev. 121, 
293 (1961). - 

“I, M. Shmushkevich, Nuclear Phys. 11, 419 
(1959). 

°H. Uberall, Phys. Rev. 114, 1640 (1959). 

6. Lubkin, Phys. Rev. 119, 315 (1960). 

"Egorov, Ignatenko, and Chultém, JETP 37, 
1517 (1959). Soviet Phys. JETP 10, 1077 (1960). 

8H. A. Bethe and E. Salpeter, Quantum Mechan- 
ics of One- and Two-Electron Atoms, Springer, 
Berlin, 1957. 

°G. Goertzel, Phys. Rev. 70, 897 (1946). 

0G. Racah, Phys. Rev. 62, 438 (1942); ibid. 63, 
367 (1943). 

111. M. Shmushkevich, JETP 36, 953 (1959), 
Soviet Phys. JETP 9, 673 (1959). 


Translated by E. Marquit 
321 


SOVIET PHYSICS JETP VOLUME 14, NUMBER 6 JUNE, 1962 
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The second anomalous singularity of the deuteron form factor situated at s ~ 9u” is consid- 
ered. The dispersion representation is given for the simplest graph yielding this singularity. 


A method is developed which significantly simplifies the calculations of the discontinuities in 
the absorption parts of the diagrams with three free ends. 


1. INTRODUCTION F, 
p 
Tue deuteron form factor, the graph for which is OC ji ee, OT 
a Z 


shown in Fig. 1a, depends on one invariant—the b c 
square of the photon momentum P” =s. The squares 


of the momenta of the two deuterons are equal to k 
the squares of their masses P? = P} = D*. The ae 
deuteron form factor considered as a function of ee) 
e 


s has in addition to normal singularities also some 


anomalous ones. The simplest anomalous singu- FIG. 1. Dotted line denotes a photon, wavy line denotes a 
larity of the deuteron is given by the graphs meson, solid line denotes a nucleon, double line denotes a 
shown"'-2] in Fig. 1b. It is situated at s = 16Me deuteron. 
(M is the nucleon mass, € is the deuteron binding 
energy D = 2M — €). Subsequent singularities of In the absence of anomalous singularities the 
the form factor are situated at s > 16Me. At dispersion representation of the vertex part has 
s)= 4p” (u is the mass of the 7 meson) there the form 
exists a normal singularity which appears as the ae on 
result of graphs of the type shown in Fig. Ic. = \ pao ds’, (1) 
Analogous graphs with three or four meson m? 
lines lead to normal singularities at s = 9p? and where m is the smallest possible sum of the in- 
s=16p’. At termediate masses. If we begin to vary any of the 
8, TALE EBA. masses in the graphs of the vertex part (1), then 
See st onaae (EH eM) anomalous singularities can appear in this vertex 
there exists a second anomalous singularity which part. In this case the contour of integration in (1) 
results from graphs of a different type (cf., Fig. will not be a simple one: when the masses are 
1d.) varied the singularities in the absorption part of 
For sufficiently small values of s we canwrite (s) deform the contour. Such a process of the 
the dispersion representation for the deuteron deformation of the contour of the dispersion inte- 
form factor by restricting ourselves to the contri- _ gral (1) by graphs of the type shown in Fig. 1b has 
bution made to the dispersion part by graphs only been discussed in detail by Mandelstam!, . 
of the type shown in Fig. 1b. If we want to write The graph shown in Fig. 1d will also deform the 


the dispersion representation more accurately, or contour. In order to determine the manner in 
if s is not sufficiently small, then we must include which the contour of integration is deformed in the 


in the absorption part the contribution from the latter case we consider the graph of Fig. 1d in 

normal singularities and from graphs of Fig. 1d. which the shaded block is replaced by a dot (we 

The dispersion representation of the graphs of denote this graph by the symbol 1d*). We shall ob- 

Fig. 1d is the most difficult one; it will be carried serve with the aid of Landau graphs the behavior “) 


of the singularities of interest to us in the absorp- 
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out in the present paper. 
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tion part of such a graph as a function of the vari- 
ation of the intermediate masses. 3 

The Landau graph for 1d* is shown in Fig. 2a. 
The double line corresponds to the deuteron mass, 
the ordinary solid line corresponds to the nucleon 
mass, the wavy line corresponds to the 7-meson 
mass. The dotted line gives the value of Vs) where 
Sy is the position of the singularity of the absorp- 
tion part of graph 1d* and at the same time is also 
the position of the singularity of the whole graph 
1d. Graphs 2b and 2c give the position of two other 
singularities of the absorption part. All these 
singularities of the absorption part are situated 
approximately at s ~ yp” — 92. The graph 1d* can 
in addition also have singularities of the same type 
as the graphs of Fig. le. Corresponding to this 
the absorption part of 1d* has singularities deter- 
mined by graphs 2d and 2e. They are situated ap- 
proximately at s ~ 4My + we. The singularities of 
the absorption part of graph 1d* determined from 
Fig. 2 can be not the only possible ones. . But these 
singularities play an essential role in the discus- 
sion of the deformation of the contour of integra- 
tion. 


If we consider the mass yp in graph 1d* to be 
large, say equal to 2M, then this graph does not 
have any anomalous singularities and its disper- 
sion representation is given in the form (1), with 
m = 2M+u. By means of the graphs of Fig. 2 it 
can be easily shown that as p is reduced (y has a 
small negative imaginary part) the singularities 
of the absorption part of 2a and 2d deform the con- 
tour of integration, while the singularities of 2b, c 
and e move without deforming the contour in the 


v. V. ANISOVICH | 


| 
direction of smaller values of s. When further : 
decrease in p» causes the singularity of 2a to over- 
take the singularity of 2e, no further deformations | 
of the contour occur, since p has a negative imag- 
inary part. The contour of integration in the dis- . 
persion representation of graph 1d* is in this case — 
shown in Fig. 3. In the same figure is also shown 
the position of those singularities of the absorp- 
tion part of 1d* which are determined by the graphs — 
of Fig. 2. The dotted line shows the position of the — 
cut in the absorption part arising as a result of the 
singularity a. 


FIG. 3 


The dispersion representation of graph 1d* has 
the form 


(2M)? 


4 , Ag (s‘) 1 r @ (s‘) 
1 \ ds pee ree 5 ds si —s”’ 
So (2M -+p.)? 
J | chy a tee 
y= 4u? + 16 Mp Y/ £-(1— He), (2) 


where Ag(s) is the discontinuity in the absorption 
part evaluated on the two edges of the cut coming 
from the singularity a. If we are interested in the 
dispersion representation of graph 1d* for small 
values of s we have to know the discontinuity in 
the absorption part near the singularity a. 

We know the absorption part of graph 1d* for 
s >4D*. It is given by (for simplicity we assume 
the nucleon to be a particle without spin) 


@ (s) = \\de dl 6 (k? — M?) 6 (2? — M?) 6 ((P —k — )?—pi)| 
x (Pr — k)® — M?) (P2— 1? — M?)13 | 


(Vs—M)?2 Toy 
ate t as : at, 
ra 15 3 re . \ tT — M2 
V (< a D) (Mfpyt th 
tn | Ror tae Dee te bata e yee ee 
x (6, {Se — poly in Bae 


Tit = M2-+D?— = (o1 + M? —p?) (01 — t2 + D2) 


4-9) [ qo Se M?| ja hy p})" 


45, AS, 


Toa, = M? + D? am hae Tice) 
+2 ((s/4 —D®) [(s—or + M?)2/4s — M?])'2. 
= 


T2 == (P2 — 1), o1 = (P — J). (3) 
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DISPERSION REPRESENTATION OF THE DEUTERON FORM FACTOR 


We can make an analytic continuation of expres- 
sion (3) towards s ~ Qu? and evaluate the discon- 
tinuity in the absorption part. However, such a 


_ method of procedure introduces a number of con- 
_ siderable difficulties. We shall proceed in a some- 
_ what different manner. In graph 1d* we shall vary 


the masses yu and D, ascribing a negative imagi- 
nary part to uw, and a positive imaginary part to 

D. For p, D> 2M the singularities a, b, c, d, e 
will go over to the region s > 16M’. In this region 
we can easily evaluate the discontinuity in the ab- 
sorption part in the neighborhood of the singularity 
a. We shall then continue this discontinuity analyt- 
ically back towards the original values of the 
masses yp and E. In the next section we shall 
carry out this procedure. 


2. EVALUATION OF THE DISCONTINUITY IN THE 
ABSORPTION PART OF GRAPH 1d* 


The graph 1d* can be analytically continued 
with respect to the masses yp and D if we ascribe 
a negative imaginary part to the first mass, and a 
positive imaginary part to the second mass. As yu 
is increased the singularities a, b, c, d, e will be- 
gin to move towards larger values of s. When u 
has almost reached 2M, but we still have 2M — yp 
>> 2M — D, the position of the singularities will be 
the same as in Fig. 4a. As wu is increased further 
the singularities a and d will coincide with the 
point (2M +)? (Fig. 4b). Further, the singularity 
a will move outside the contour of integration 
(Fig. 4c) and moving.in the direction of large 
values of s will approach the point s = 4D’, will 
go around it, and will start moving in the direction 
of smaller values of s (Fig. 4d ande). For 4 >2M 
the singularity a will go into the upper half-plane. 

If we now increase D+ igs in such a way that 
D > 2M, then the singularity a will return to the 
real axis. For D> 2M, w>2M and up —- 2M > D 
— 2M the position of the singularities is shown in 
Fig. 4f. This follows from the fact that for 
|u — 2M| >>| D — 2M], wp ~ 2M, D ~ 2M the posi- 
tion of the singularities is a function of the masses 
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A (w —2M)+ BV @ = 2M) D — 2M) 


(this can be seen from the Landau graphs). In 
going over from D, yp < 2M to D, uw > 2M the 
square root does not change its sign. 

Generally speaking, these may not be the only 
singularities possessed by the absorption part. 

But from the analytic continuation of (3), which 
will be carried out below, it can be seen that for 

s >(2M + )* the absorption part of graph 1d* has 
no other singularities. We have to evaluate the 
discontinuity in the absorption part near the singu- 
larity a. This can be done simply if we know the 
absorption part for values of s situated to the 
right of the singularity a, and if we then continue 
it towards smaller values of s. 

In the case shown in Fig. 4a, for sufficiently 
large values of s (for example, for s >> 4D?) the 
absorption part is given by expression (3). As pu 
and D are increased both the region of integration 
in (3) and the position of the singularities of the 
integrands will be altered. We begin to vary pu and 
D in the following order: we first increase pu — ig 
in such a way that uw > 2M; we then increase D + ig 
in such a way that D > 2M, but wy — 2M>>D — 2M. 
Then for s lying to the right of the singularity a 
(cf. Fig. 4b) the region of integration in expression 
(3) and the position of the singularities in the o;, 

T, plane will be as shown in Fig. 5. 

The region of integration is shaded. Singulari- 

ties I and II come from the logarithm, singularity 


of the type FIG. 5 
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III comes from the pole, and singularity IV comes 
from the square root. The fact that the line of 
singularity is shown by a dotted line signifies that 
in the complex domain of T, the given singularity 
lies below the contour of integration. 

If we evaluate the integral over 7), then the 
integrand which depends on o; will have singular- 
ities which occur at such values of 0; at which the 
line limiting the contour of integration intersects 
with singularity III (we denote these points of in- 
tersection by oy, oy) or with singularity I 
(oq, oTy ). Moreover, these singularities occur 
at o,, for which, for example, singularity III in- 
tersects with singularities I and II (oy and oyy 
respectively). The position of the contour of inte- 
gration with respect to 0; and the positions of the 
singularities oj — ov z in the case of large s and 
u>2M, D>2M (uy —- 2M > D —- 2M) are shown 
in Fig. 6a. If s has a positive imaginary part, then 
singularities oy, oj], Oyyy and oyy are situated in 
the upper half-plane; therefore, singularities oy; 
and opy displace the contour of integration with 
respect to o, slightly upwards. If s has a nega- 
tive imaginary part, 07, O77, O77 and oyy are 
displaced into the lower half-plane; singularities 
oy; and o7;; deform the contour of integration in 
the direction of their motion. 


6. ©. 6 
MF i vii 2 
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As s decreases singularities oy; — oyy move 
in the direction of smaller values of o,. When s 
reaches the singularity a, the singularities oy, 
Oy] and oyy will coincide. If s will continue de- 
creasing further retaining a positive imaginary 
part, then the contour of integration with respect 
to 0; will be deformed (Fig. 6b). If s decreases 
retaining a negative imaginary part, then there 
will be no deformation of the contour of integra- 
tion (Fig. 6c). In this case (Im s < 0) the contour 
of integration with respect to Tt, for oy <0; <oy 
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will be as shown in Fig. 7a; 7], tTyy denote the 
positions of the logarithmic singularities, Ty; is 
the position of the pole singularity. Along the con-_ 
tour of integration the logarithm is real to the left — 
of tz; and to the right of 7y, while in the interval 
between Ty; and 77] the logarithm has an added 
imaginary term iz. For Ims > 0 and oy < oy <oy 
the contour of integration with respect to T) will — 
be deformed. The positions of the singularities 
and of the contour of integration are shown in Fig. 
7b. For 04 >oy and o; < oy, the position of the 
contour of integration does not depend on the sign 
of the imaginary part of s. 

It can now be easily shown that the discontinuity 
in the absorption part between the singularity a 
and b is given by 


— Ag (s) = @ (s + ie) —@ (s — ie) 


oN, 


Be 4 (— 2mi)? 


Sot hae \ de yet a 
16 Y's (s/A—D?) \ * {51 [(o1— M? + D2)2/4o, — D2} 


01, = 9/2 + M? — [s(s/4 —D*) (1 — 4M/D*)]", 
Oy = M2 - D?y?/2M? 


+ [4D%u2 (1 — D?/4M2) (1 —p2/4M2))". (4) 


This expression must be analytically continued 
back towards the physical values of D, yp and 
towards s= On, but in reverse order: we first 
decrease D + ié to the physical value of D. The 
singularity oy goes into the upper half plane, and 
the singularity oyz goes into the lower half plane. 

We now decrease pw — it. For pu < 2M oy falls 
on the real axis, and the upper part of the cut be- 
tween the singularities of the square root o; 
=(D-M)?’, oj = (D+ M)?. As a result of such 
continuation the sign in front of the square root in 
oy will not change. Moreover, we must diminish 
s in order to obtain the value of the discontinuity 
in the absorption part for s = 9u”. The values of © 
s must be varied along the path along which the 


singularity a moved when we were increasing the 
masses p and D from their normal values 
towards yw, D> 2M. This means that we must 
| first take s into the upper half plane, then bring 
it to the real axis at s < 4D’, increase it to S = 4D’, 

go around this point clockwise, and then decrease 
| it along the real axis (cf. Fig. 4d, c, e). As a re- 
| sult of this, s reaches the lower edge of the cut 
from the root (s/4 — D*)!/; the root in oy; does 
not change sign. 

We obtain the following formula for Ag for 
physical values of yp, D and 4p” 
+16Mpfe(1 — p/4M?)/M]!? <s < 16p: 


oy 
\ doi {{o1 — (D — M)?] 


PET 


m4 
BP (s) ee Vs (4D? — s) 


x [—o1 + (D + M)?I}—*; (5) 


oy and ov are given by formula (4). Ag vanishes, 
as it should, for s = 42 +16My[e(1 — 7/4M’) 
/M]'/2, 

We have represented the discontinuity in the 
absorption part in the form of an integral over 
o, =(P- 1)?. In addition, we can introduce into 
formula (5) integration over o2 =(P — k)*, As 
long as we are considering only the graph 1d’, 
generally speaking, this is not worth while doing. 
But in the more complicated graphs 1d we must 
carry out the integration both over o; and over 0». 

In graph 1d* integration over 0» can be intro- 
duced fairly simply. In the right hand side of (5) 
we must introduce into the integrand a factor equal 
to unity: 

2+ 
= \ at@—1) G1) — @ aay"; 


Z- 


2, = 4%,+)V(4—1)(2@—)), (6a) 


where z;, Zz) and z are defined by the relations 
o2 == M?+s 35 (a+ M?— p*) (1 + s — M’) 


m| (1. + s — M2)? s| Pi 


45, 


+ 2 {[ tae 


451 
0 =D? — 1 (or + M? —p*) (1 — MP + DY 


ih 2a{| — M?-+ D?)2 | E 4+ M?—p2) wel} 


40, 45, 


0= s— ze (0 4. s— M*) (1 — M*? + D’) 


$2z,{f[ots— Mr _ )/ A+ Pe pe}. 6b) 


454 451 


Formulas (5) and (6) give the required value of 
the discontinuity in the absorption part near the 
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singularity a. In the next section we shall formu- 
late a rule which considerably simplifies the eval- 
uation of the discontinuities in the absorption 
parts of diagrams with three free ends. 


3. A SIMPLE RULE FOR THE EVALUATION OF 
THE DISCONTINUITIES IN THE ABSORPTION 
PARTS OF DIAGRAMS WITH THREE FREE 
ENDS 


The evaluation of the discontinuity in the ab- 
sorption part of graph 1d* consisted of three 
stages. We first increased the masses pm + i€, 
D+is to uy, D> 2M, and in doing so we observed 
the behavior of the absorption part by means of 
Landau graphs. In the second stage we made an 
analytic continuation of the absorption part with 
respect to the masses from the region D, p < 2M 
into the region D, p > 2M, and we evaluated the 
discontinuity in this absorption part near the sing- 
ularity of interest to us. In the third stage we made 
an analytic continuation in strictly reverse order 
of the discontinuity which we have obtained back 
towards the physical values of uw and D and 
towards s > 4y2 +16u[eM(1 — p/4M?)]!”. 

The second stage is considerably more difficult 
than the first and the third taken together. How- 
ever, it is specifically for this stage that we can 
introduce a rule which in practice avoids all these 
difficult calculations. It has been noted already a 
long time ago that the discontinuities in the absorp- 
tion parts are a result of the vanishing of the de- 
nominators of the functions Ap (private communi- 
cation from V. N. Gribov and I. T. Dyatlov, cf. 
also [4], In the region p, D > 2M we can attempt 
to replace in (3) [( Py — RS we ee Ty 
—~ M?]-! by a6 [(Py — k)? — M?]6 [(P, — 1)? - M’] 
and see whether we might not obtain the same re- 
sult for the discontinuity in the absorption part as 
we obtain as a result of a direct calculation. It 
can be seen at once that this can be done if 
qa =(-27i)*. The discontinuity in the absorption 
part of (2) in the region , D > 2M can then be 
written in the form 


(— 2ni)? \ dkdlé (k2 — M?)6 (12 — M2)8 ((P —k— 1)? —p2) 


x 6((P, — &)? — M*) 6 ((P2 — 1)? — M?)s (7) 


In doing this we must remember that expression 

(7) differs from zero for s lying between the singu- 
larities a and c (cf. Fig. 4c). For s lying be- 
tween the singularities a and b expression (7) 
gives one function, while for s lying between the 
singularities c and b it gives another function. 

We require the value of the discontinuity in the 
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absorption part near the singularity a, and, there- 


fore, in expression (7) we must keep s between 
the singularities a and b. 

We can also carry out a similar procedure in- 
volving analytic continuation with respect to the 
masses in the case of a simple graph of type 1b. 
In order that in such a graph all the lines can be 
real, it must be reduced by varying the masses, 
for example, to the graph of Fig. 8. If we do this 
by varying M, — ig, Dy + ig and D, + i€, then we 
shall see that the discontinuity in the absorption 
part of such a graph can be correctly evaluated by 
replacing [(P, — k)? - Mil; by (-27i) 6x 
(Poe ky) — Mii: 


FIG. 8 


From these two examples it can be seen that in 
order to evaluate the discontinuity in the absorp- 
tion part of any graph corresponding to a diagram 
with three free ends we must go over to such 
masses that each vertex of this graph becomes 
fully decomposable. In the absorption part of this 
graph we must replace factors of the type 
(k? — m?)7! by (-27i) 6 (k? - m?). The discon- 
tinuity so obtained must then be continued analyt- 
ically with respect to the internal masses having 
a negative imaginary part, and with respect to ex- 
ternal masses having a positive imaginary part. 
The inverse continuation of the discontinuity 
towards the physical values of the masses is not a 
very difficult problem. Its solution is aided by an 
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investigation of the behavior of the singularities 
by means of Landau graphs. 


4. CONCLUSION 


The introduction of graphs 1c and d into the 
dispersion representation of the deuteron form 
factor is of interest since these graphs determine 
the structure of the deuteron at distances of the 
order of bts We have presented the dispersion 
representation only for the graph 1d*. Apparently 
the representation of other graphs of type ld is 
given by the same integrals (5) and (6), but with 
the integrand containing an additional function 
A(s, 04, 02) corresponding to the shaded block in 
graph 1d. This is associated with the fact that this 
shaded block has no anomalous Singularities for 
s ~ 9u? and, therefore, will not likely deform in 
any manner the contours of the dispersion inte- 
grals. It seems to us that by means of the method 
utilized in the present paper this can be shown 
more rigorously. Apparently a similar method 
of evaluating the discontinuities in the absorption 
parts can be successfully applied to diagrams with 
four free ends, and this must simplify the evalua- 
tion of p(s, t) for complicated graphs. 

The author is grateful to V. N. Gribov, G. S. 
Danilov and I. T. Dyatlov for useful discussions. 
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The problem of obtaining the interaction Hamiltonian in quantum field theory is considered. 
An analysis is made of the expression for the Hamiltonian that follows from the Bogolyubov 
method, in particular for theories with derivative couplings. It is shown that this expression 
satisfies the condition for integrability of the Tomonaga-Schwinger equation for any renor- 
malized theory. It is also shown how in this method one can accomplish the removal from 
the S matrix of the nonphysical dependence on the shape of the intermediate surfaces and 
achieve gauge invariance of the S matrix for scalar electrodynamics in the Klein-Gordon 


formalism. All of the results are obtained without taking ‘‘surface divergences 


»? into ac- 


count, and the problem of these divergences remains an open one. 


1. INTRODUCTION 


A step of great importance in the development of 
quantum field theory was the introduction of the 
interaction representation and the transition to the 
covariant Tomonaga-Schwinger equation [1,2] 


id@ (o)/d0 (x) = Hint (Hs ro) ® (9), fie) 


where 

6S (3 
65 3 (2) 
is the interaction Hamiltonian density in the inter- 
action representation, expressed in terms of the 
matrix S(a), which is the solution of (1) with the 
initial condition S(-—%) =1. 

Since it is usually the problem of the theory to 
obtain S(a) for a known Hint(x; 0), and not con- 
versely, Eq. (2) does not give us a concrete expres- 
sion for Hjnt(x; a), and we have to determine it 
from other considerations. Historically, the first 
way of obtaining Hj,¢(x; 0) was through various 
attempts [3,4] based on the use of considerations of 
correspondence with the Hamiltonian of the ordi- 
nary Schrodinger equation. This approach, however, 
encountered a number of difficulties in theories in 
which the interaction Lagrangian includes couplings 
with derivatives (or vector fields), since the 
Hint(x; o) so obtained did not satisfy the condition 
of integrability of the Tomonaga-Schwinger equation 
in the form 


Hint ie 0) = ft 


S+ (0) 


. OH int (Y; J) 
65 (x) 


. SA sat (x3 3) 


i G én ; ] —- 0 
6s (y) 4 LAsap (x7iahs Hint y 0) 


(3) 


for x~y or x+y. 


The appearance of these difficulties when cor- 
respondence arguments are applied directly is due 
to the fact that in the ordinary Schrodinger equa- 
tion the quantity that has physical meaning is only 
the Hamiltonian 


H() = \ HX) 


1% 


dx, 

—o: t 
and not the Hamiltonian density, which, according 
to the usual canonical formalism, is written in the 
form 


OL 
O (Ou, / Ox*) 


H(x)=™> (4) 


hk 
At the same time, what appears in the Tomonaga- 
Schwinger equation is a Hamiltonian density 
Hint(x; 0) which itself has physical meaning, and 
accordingly must be a covariant function of the 
field operators and satisfy the condition (3). Nat- 
urally when one uses for the Hjnt(x; 0) of Eq. (1) 
the quantity without physical meaning given by Eq. 
(4) the difficulties we have mentioned arise in 
cases in which Hjpt(x; 0) = —L(x).* 

Ways of solving the problem were found by 
Matthews ©! and by Kanesawa and Koba, [6] who 
proposed two different covariant ways of obtaining 
Hjn¢( x; 0) when one has a known Lagrangian. 

The idea of the Matthews method is that in going 
from the ordinary Schrodinger equation to the 
Tomonaga-Schwinger equation it is not enough 
merely to go over from state amplitudes ®(t) to 


*In cases in which the Lagrangian contains a vector field 
an analogous situation arises in taking the supplementary 
condition into account. 
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state amplitudes ®(o0) and formally go over from 
the Hamiltonian to the Hamiltonian density; it is 
necessary to generalize the canonical formalism 
in a suitable way to the case of arbitrary spacelike 
surfaces. Then instead of the expression (4) there 
appears (7) the physically meaningful covariant ex- 
pression 
OL 


LAY ets 
= \ ha —_— 
ares) ne (Ou, Ox") 


a 


Heel, © 
where nq is the timelike unit vector normal to the 
arbitrary spacelike surface passing through x, 

and (ng)? 24)on, +0. 

It must be emphasized that Eq. (5) establishes 
a connection between the total Lagrangian and the 
total Hamiltonian, and in general cannot be applied 
as a connection between the interaction Lagrangian 
and the interaction Hamiltonian. 

Therefore Matthews has proposed the follow- 
ing way of obtaining Hjnt(x; o), starting from Eq. 
(5). One must first obtain Ht +(x; o) in the Heisen- 
berg representation by Eq. (5), then separate off 
from it Hjpnt(x; 0), and after this go over to the 
interaction representation. In this way one gets in 
any theory an Hjnt(x; 0) which satisfies the con- 
dition (3). For example, for scalar electrodynamics, 
for which 


tugs cen te A dient \ 
Liat (x)= te < (p(x) 5) aes (x) | Aa (x): 
x % Ox , 


+e? :* (x) g (x) Aa ():, (6) 


one finds that 
Hint (3; 0) as Lint (x) sig 2 :Q (x) @ (x) [nA (x)]? ate (7) 


As can be seen from Eq. (7), in cases in which the 
interaction Lagrangian contains a coupling with 
derivatives (or vector fields) Hjyt4(x; 7) contains 
terms which have quadratic dependence on the 
normal to the spacelike surface o passing through 
x, and thus is not only a function of x, but alsoa 
functional of the surface o. The method of Yang 
and Feldman"®! is also one of the variations on the 
Matthews method. 

A different method for obtaining Hjpt(x; o) 
directly in the interaction representation has been 
proposed by Kanesawa and Koba,"@! who took as 
the starting point Lint(x) and proposed to look 
for Hint(x; 0) in the form 


Hine Os Os (a) A, G), (8) 


where A(x; 0) is a function of the field operators 
and a functional of the surface o, and is chosen so 
that the condition (3) is satisfied for Hjpy,(x; co). 

If one attentively analyzes the expressions for 
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Hint(x; 7) obtained by the two methods described — 
above, one can perceive the following connection 

which holds [as Eq. (5) does not] between the in- — 
teraction Lagrangian and the interaction Hamilton- 


ian in the interaction representation: . 
; il 
4 OL,, \ OL; i tt 
Hint Gs. 0) = (n, peel len ns scl eae ii 
k 0 (Op, / Ox") | \ 0 (Op, | Ox") i 

— Ling). (9) 


Neither in the Matthews method nor in the Kane- 
sawa-Koba method, however, does this connection | 
appear in a natural way in the course of the calcu- 
lations. Therefore one would like to have a method| 
for obtaining Hjy+(x; 0) [which we shall hereafter | 
call simply H(x, o)] in which a connection of the 
form (9) arises legitimately. 

A general feature of the methods expounded here} 
for obtaining H(x, 0) is that one starts originally |); 
from the bare classical interaction Lagrangian. 
Therefore in the derivation of the S matrix !# by 
the solution of Eq. (1) two problems arise. First, 
both the expression 


S(e) = Texp{—i \ H (x; 0) dx | (10) 


yr 
and the expression for S(~) obtained from it in 
the limit o —~ © are divergent expressions and 
require the use of a regularization procedure. 
Second, for the case of a coupling with derivatives 
H(x, 0) contains terms quadratically dependent | 
on the normals, which in S(o) are the normals |) 
to a family of intermediate surfaces used inthe 
solution of Eq. (1) by the method of successive ap- 
proximations. Thus S(o) turns out to depend on 
the particular choice of such a family of surfaces, 
and this is of course physically meaningless. 

As is well known, it has not yet been possible 
to get an expression for S(o) which is free from _ 
divergences. If we reason formally and treat S(c) 
as an intermediate quantity, this indeed is not a 
serious trouble, since after going from S(a) to 
S(%) we can remove the divergences by perform- 
ing a suitable regularization. If, however, we do 
not remove from S(c) the nonphysical dependence 
on the shape of the intermediate surfaces, it is 
still present after the passage to the limit S(~). 

A procedure for the removal of this dependence — 
was also first proposed by Matthews, © who showed 
by extremely cumbersome calculations and far 
from obvious operations with singular functions 
that in the calculation of S(o) to second order one 
can bring to light a term which cancels the terms 
in the Hamiltonian that contains the normals. 
Since, however, this calculation is not mathemat- | 


oe 


ically clear, one would like to know a deeper rea- 
son for the results Matthews obtained. 

In this paper we shall follow the method for 

| obtaining the scattering matrix and the interaction 


in this method one starts at the beginning with an 
effective interaction Lagrangian in the interaction 
representation 

BG )=10)+ >= 


PLAS (| 


x \ Mee skys hg) 2.5) (Hp) dx Le. dx, lg, 
ee (11) 


‘which assures the finiteness of the S matrix for 
_the proper choice of the T-product. 

| We shall consider the possibility of obtaining in 
the Bogolyubov method an interaction Hamiltonian 
which will satisfy the condition of integrability of 
_the Tomonaga-Schwinger equation for any renor- 
malizable theory and will have a natural connec- 
tion of the form (9) with the effective interaction 
Lagrangian. We shall first examine how to solve 
in this method the problem of eliminating from the 
S matrix the nonphysical dependence on the shape 
of the intermediate surfaces in theories with de- 

| vivative couplings. At the end we shall consider 
some features of the structure of the S matrix in 
_ scalar electrodynamics. 


| 2. THE INTERACTION HAMILTONIAN IN THE 
BOGOLYUBOV METHOD 


The fundamental quantity in the Bogolyubov 


of sufficiently smooth functions g(x). The appar- 
atus of the matrix S(g) is, however, insufficient 

_ for the solution of all the problems confronting the 
theory, and it is necessary to introduce the appar- 
atus of the Schrodinger equation. The proposed 

| variational analog of this equation, for sufficiently 
smooth functions g(x), is 


SD (¢) J dg (x) = A(x; g) D(x), (12) 

‘ where 
nites _ ; 88(8) ot (5 3 
H (x, a= tg eS" (e) (13) 


is the generalized interaction Hamiltonian density. 
The conditions of relativistic covariance, uni- 
_tarity, and causality for the matrix S(g) must 
- completely determine an expression for H(x; g) 
_which satisfies the conditions of relativistic co- 
variance, Hermiticity, locality, and integrability. 
‘That the first two conditions for H(x; g) are sat- 


5 


Hamiltonian proposed by Bogolyubov and Shirkov!!#1 


method "4 is the matrix S( g), which is a functional 
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isfied is obvious. The locality condition of the 
form 


oH (x; g)/dg(y) =0 for y<x (14) 


also follows directly from the condition of causality 
for S(g). As for the integrability condition, it is 
also satisfied, as we shall discuss in more detail 
in Sec. 4. Thus no new problems arise in connec- 
tion with the generalized Hamiltonian H(x; g). 

The problem arises when we want to go from 
Eq. (12) to Eq. (1) by going to the limit g — 6, 

— 6(Tg —x’), i.e., when we want to obtain in this 
way an expression for the Hamiltonian H(x; o), 
which, unlike the generalized Hamiltonian H(x; g), 
has physical meaning and must have local charac- 
ter in the ordinary sense—that is, must depend on 
the state of the fields only in an infinitely small 
neighborhood of the point x. As has been shown 
(cf. 44), the condition (14) is sufficient to assure 
the local character of H(x; 0) when we go to the 
limit g — 6g. In practice, however, a number of 
difficulties arose in carrying out this passage to 
the limit, in particular the problem of ‘‘surface 
divergences.’’ 

First of all it must be emphasized that the ex- 
pression for H(x; a) is not equal to the limit of 
H(x; g), as one might have thought, but must be 
written in the form 


H(x;6) = lim \ H (x; g) g' (To — x) dx, (15) 
8795 Lee 
where the passage to the limit is made after the 
integration. 
Furthermore, in [11] use was made of the for- 
mula 
\ FAC Rie a a CUA Y s 5 


aS] 


. g (,) dx, eae apie. 
SARE \ Andy (x, Ss ahoaaea Xn) g (x1) eC" g (a) dx, see ahi 
—-0O (16) 


where Ay; are the same quasi-local operators as 
in Eq. (11). Equation (16) is obtained on the as- 
sumption that at first the regularization masses 
occurring in Ay,; remain fixed while g— 6g. At 
the same time it must be admitted that a different 
order in the passages to limits seems more rea- 
sonable, namely that of first letting all Mj LOG, 
and then g — 6, (private communication from 

D. A. Slavnov). But even for the terms in H(x; g) 
that are linear in the contractions, for which the 
question of the order of the limits does not arise 
at all, the analysis made in Sec. 4 shows that when 
there are derivatives in the Lagrangian there must 
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be some additional terms in the right member of 
Eq. (16). 

The final expression for H(x; 0) obtained in 
by the use of (16) is of the form 


[it] 


co 


\ Ls U6 hin cet 


Oe 


{-L@)— Yar 


n=1 


in) 


K Bias Z (Kpdsiions dxn} : (17) 


Since in the general case the quasi-local operators 
An.i contain derivatives of 6 functions and the 
differentiations can get transferred to the functions 
g(x), the limit process g — 6g can lead, as is 
shown in"!4], to the appearance of-.additional nonin- 
tegrable expressions of the type of products of 6 
functions of equal arguments. A more careful 
analysis, based on passage to the limit by the for- 
mula (15) and proper attention to the symmetry 
properties of the quasi-local operators, shows 
that, first, the main term in the expression ob- 
tained for H(x; oa) is —L(x; 1), and second, the 
class of diagrams leading to ‘‘surface divergences”’ 
is much narrower than it seemed at first glance. 
In particular, there is no such problem in the 
vacuum diagrams of any theory, and in the linearly 
divergent diagrams. In this case also, however, 
there is stilla problem of ‘‘surface divergences’”’ 
for the quadratically divergent diagrams,* which 
is essentially a reflection of the additional diffi- 
culties which arise in the construction of a finite 
S(o) from a finite S(g), and which are due to the 
fact that in going over from smooth functions g(x) 
to @ functions it is in general necessary to rede- 
fine the coefficient functions of S(a) as integrable 
generalized functions. It must be noted that the 
problem of ‘‘surface divergences’’ in S(c) is not 
a peculiarity of the Bogolyubov method, but is 
present implicitly also in the Dyson method, as 
has also been remarked by Stueckelberg. 12) 

Thus although the way of constructing H(x; oc) 
in the Bogolyubov method seems to be the most 
natural one, it cannot be carried through at present 
because of the problem of ‘‘surface divergences.”’ 
In this connection it must be emphasized that the 
operator structure of the ‘‘surface diverging’’ 
terms that appear in the Bogolyubov method has 
nothing in common with the operator structure of 
the terms depending quadratically on the normals 
which appear in the Hamiltonians of theories that 
contain derivative couplings (cf. e. g., may These 
terms are in principle of a different nature. 
Whereas the ‘‘surface diverging’’ terms depend 


*A more detailed communication on this problem will be 
published later. 
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on the form of the passage to the limit g — @, 
for arbitrary o, the ordinary surface terms de- 
pend on the shape of the surface o itself after the 
passage to the limit. | 

Accordingly, while leaving to one side the prob- 
lem of ‘‘surface divergences,’’ we wish to examine 
the question as to whether both H(x; g) and the 
H(x; o) obtained from it in the limit satisfy the 
conditions of integrability of the corresponding 
equations for theories with derivatives in their, 
bare Lagrangians, since it would seem that the 
formula (17) does not contain the terms necessary 
for this. Actually the situation is even more ser- 
ious, since even when there are no derivatives in 
the bare Lagrangian the counterterms of all ef- 
fective Lagrangians, except that of Hurst and 
Thirring, contain terms with derivatives, which 
according to Eq. (9) must lead to additional terms 
in the Hamiltonian. For example, for the second- 
order boson self-energy diagram we in fact have 
L'(x) = ae’: (80/ Xu )?:. Therefore the corre- 
sponding H’(x; o) must be of the form 


H' (x; 6) = —L’ (x) + paret: [7 <t id 


Thus the problem of satisfying the integrability 
conditions of the Tomonaga-Schwinger equation in 
the Bogolyubov method is exceptionally significant, 
since it requires the appearance in H(x; a) of a 
large number of terms with quadratic dependence 
on the normals. We shall return to this problem 
in Sec. 4. 


3. THE S MATRIX IN THEORIES WITH DERIVA- 
TIVE COUPLINGS 


Since in the Bogolyubov method the Hamiltonian 
is found from a known S matrix, we must first 
elucidate some features of the derivation of the $ 
matrix in theories with derivative. couplings. We 
may ask the question: how is it possible in the 
methods of Dyson and Bogolyubov to get identical 
expressions for the S matrix in these theories, 
although the two methods formally apply the same 
operation (the T-product) to different original ex- 
pressions ? 

As is well known, in deriving the S matrix in 
such theories by the Dyson method we are forced 
at first to include in the Hamiltonian terms 
quadratically dependent on the normals, starting 
from the condition (3), and then to eliminate these 
terms from the S matrix by a rather complicated 
procedure. Naturally this inclusion and subsequent 
elimination of certain terms is not due to the 
physics of the problem, but to peculiarities of the 
mathematical apparatus employed. In fact, in the 
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Bogolyubov method one is able to avoid these steps 


} and construct the S matrix directly from the 


_ Lagrangian, on the basis of a number of general 


_ arguments. 


A point of primary importance here is that the 
causality condition in second order (in both its 
differential"! and its integral [13] forms) leads to 
the compatibility condition in the form 


[(P@), Liy))=0 for «~ye%+y), 


which is valid for any renormalizable theory and 
in the Bogolyubov method replaces the stronger. 
condition (3). 

Next the difference between the actual methods 
of constructing the S matrix comes into play. In 
the Bogolyubov method we arrive at once at T- 
products of Lagrangians. Here, if the Lagrangian 
contains derivatives, there arises in general the 
problem of a finite arbitrariness in the definition 
of the second derivative of D©(x — y), if the defi- 
nition of D©(x — y) for coincident arguments is 
fixed. In fact, knowing that [14] 


D* (x — y) = 8 (x° — y")D (x —y) 


== 8 (— x ¥) D” (x —y) = 


(18) 


, (19) 


is el k(x— rl 


a po 


we can define 8°D°(x — y)/ax%ay? = BS GB(x -y) 
_ either in the form 


one) = 9 (x? 4°) Dz, (x — 9) 
—0 (— 9+ 9) Dia {x — 9) 


era ry) ay ae ees aoe 
or in the form 
Dis (x — y) = 8 (x° — 9°) Dap (x — y) 

—0 (— +") Dis (x—y), (21) 


or in any other form which differs from the ex- 
pressions (20) and (21) by a quasi-local covariant 
operator. 

Since, however, the S-matrix apparatus is 
adapted to the momentum representation, from the 
point of view of this apparatus the simplest and 
most physically reasonable definition is Eq. (20), 
and this is the one adopted in [11] | With this defini- 
tion of Dog x — y) one gets for the S matrix ina 
theory with derivative coupling the expression 


S (co) = T exp {i ( L (x) dx}, (22) 


which is free from any nonphysical dependence on 


the shapes of the intermediate surfaces. 
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In Dyson’s method, on the other hand, in solving 
the Tomonaga-Schwinger equation we first arrive 
at advanced products of repeated commutators of 
Hamiltonians, and only subsequently, on regroup- 
ing them, do we come to the corresponding T- 
products. In doing so one uses, for example, the 
formula 


DY @— iD (e— 1) it Coe), (23) 
where D°(x — y) is of the form (19) and 
De — fy = ee oe yD (ke egy aes 


If we now formally differentiate both sides of Eq. 
(23) twice, we still have equality of the two sides 
if on both the right side and the left side we simul- 
taneously either do or do not differentiate the @ 
functions. The actual situation is different, how- 
ever. In solving the Tomonaga-Schwinger equation 
we arrive, for example, at an expression 

6 (-x? +y’) [H(x; o), H(y; o)], and when we cal- 
culate this out in a theory with derivative coupling 
we get among other quantities a term 


—0 (— x° + y") Das (x — y), 


which from the point of view of the apparatus of 
the Tomonaga-Schwinger equation it is most nat- 
ural to take as the definition of B29Y (x —y), be- 
cause in solving this equation the situation in 
which one would differentiate the @ function in the 
expression (24) never arises. 

Thus for the most reasonable definitions of 
Doel x —y) and Weer — y) the contraction of 
the type (23) does not occur and is replaced by the 
formula 


Die (x —y) = 


(25) 


Die (eG Daa, Glas 


+ nanpd (x — 9). (26) 


This makes understandable a second point of 
difference of the two methods for constructing the 
S matrix in the case of a derivative coupling. 
Solving the Tomonaga-Schwinger equation, we at 
first arrive at the expression [Dadv(x 7 ¥) 
+ Dae(x — y)]; we can call this quantity Dop(x -y) 
[in accordance with Eq. (21)], and use for the S 
matrix the formula 


co 
S (co) = 7 exp {—i \ H (x; 6) dx}. (27) 
The expression (21), however, is not the most con- 
venient definition of Do g(x — y) from the point of 
view of the S-matrix apparatus. On the other hand, 
if we wish to use the definition (20), we have to go 


over from Dag’ (x =n) toi DS ap(x —y) by Eq. (26), 


a 
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which automatically brings us from Eq. (27) to Eq. 
(22). 

Thus the possibility in principle which Matthews 
has indicated for eliminating the nonphysical de- 
pendence on the shape of the intermediate surfaces 
for theories with derivative couplings can be con- 
nected with the possibility of giving different defi- 
nitions* of DS g(x — y) and with the fact that the 
apparatus of the Tomonaga-Schwinger equation 
leads in the most natural way to the definition (21). 
Furthermore one can use for the S matrix either 
a formula of the type (27) or one of the type (22); 
one need only remember that actually different 
[in the part with DS a(x — y)] definitions of the 
T-product are used in these formulas. We empha- 
size that with this approach to the problem there 
is a natural unity between the cases of a Lagran- 
gian with derivatives and a Lagrangian containing 
a vector field. In both cases one can get an S 
matrix which has physical meaning by defining the 
second derivative of D°(x — y) in a suitable way. 


4, THE INTEGRABILITY CONDITION IN THE 
BOGOLYUBOV METHOD 


As is clear from Sec. 3, for the construction 
‘of the S matrix by the Bogolyubov method it is 
not necessary that the condition (3) be satisfied; it 
suffices for the weaker condition (18) to hold. In 
this method, however, there exists a Schrodinger 
equation as well as an S matrix. Here we shall 
examine in detail what the situation is as to satisfy- 
ing the integrability condition for this equation and 
for the Tomonaga-Schwinger equation obtained from 
it by passage to the limit. 

The integrability condition for the variational 
Schrodinger equation is of the form 


i OH (x;g)/6g (y) —i 6H (y; g)/ 62 (x) 


+ [H (x; g), H(y; g)} =-0 


for *x~y or x=g, (28) 


and in its form is reminiscent of the condition (3), 
which, as is well known, is violated at the point 
x =y for H(x; a) = —L(x) if the Lagrangian con- 
tains a coupling involving derivatives. 

In our present case, when we use the definition 
of H(x; g) by Eq. (13) and the fact that S(g) is 


*The arbitrariness in the definition of the T-product which 
we have indicated leads to an additional arbitrariness l'] in 
the definition of the interpolating field [5] (for a given S ma- 
trix); this arbitrariness is of the following character: in the 
definition of a vector interpolating field there is an additional 
arbitrariness as compared with the case of a scalar field, 
owing to the fact that we can have different definitions of 
Do aX — y) with the same S matrix. 


AD. SUBRBANOV 


- Hamiltonian will contain, along with other terms 


unitary, the condition (28) takes the form 


62S (g) ‘A 6°S (g) em Ee . a Ot 
+{H (x; 2), Hy; g)1= 0, for x~y. or. s=9. am 
(29) 


In the expression (29) the commutators cancel and 
the equality of the second variational derivatives 
of S(g) at the point x =y does not arouse any 
doubts. 

Thus the integrability condition of the variational 
Schrodinger equation is satisfied automatically for 
any theory and does not depend at all on the value 
of the commutator [H(x; g), H(y; g)] (which in 
second order is [L(x), L(y)] at the point x = y. 
There is nothing surprising in this result, since 
we did not obtain the expression for the generalized | 
Hamiltonian from any sort of collateral arguments, | 
but essentially from the physically meaningful 
solution of the equation (12). 

The question of what happens to the integrability — 
condition for g — 6, calls for closer examination 
in view of the singular character of the approach 
to the limit. This is true especially because if we 
approach Eq. (16) uncritically we would have to 
admit that for all theories except the Hurst-Thir- 
ring field the integrability condition is violated in 
the limit. 

Nevertheless, we are enabled to clear up this 
question by the analysis of the structure of the S 
matrix for theories with derivative couplings which | 
we made in Sec. 3. We merely note that every | 
ordinary product or T-product can be represented | 
by an expression of the form 


T (L(x) L(y) =: L(x) Ly): ‘| 


OL (x) OL (y) 


Tap Gy apy) 


Dee By en 


Therefore if the Lagrangian involves a derivative | 
coupling, then according to Eqs. (13) and (15) the 


which are linear in the contractions, a term of the © 
type: 


co 


AA (xp. 0)= o= dim \ dx® dyg’ (T. — x°) | 
rail iin | | 
wt ip) pte wh EO) eee 
*. BMD oe 05 Saya. Thed Obi) Oe i | 
— Dag (x — y)}. (30) 


By the arguments which lead to Eq. (16) this term 
is to be regarded as equal to zero, since it does 
not depend at all on the order in which the limits 
are taken. If, however, we recall that in the 


oes epg ai heettl 
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Bogolyubov method S(g) depends on the Lagrangian 
and consequently DGp(x — y) is defined by Eq. 
(20), then it is clear that to obtain AH(x; o) we 
must go over to Dag" (x ~y) by Eq. (26). We then 
have 
\ dx dyg' (Tz — x°) 
OL (x) 
0 (0g / ax") 


AH (x; 6) = — lim 


g-8 


OL (y) 


x g (Ts — y) : TEER ih (Dis (x—y) 


— Nafiad (x — y)}. (31) 
Here the first term in the curly brackets goes to 
zero in the limit, and the second term gives the 
nonvanishing contribution 
uel to. OL (x) 
game ke eer kt 
which assures that the integrability condition of 
the Tomonaga-Schwinger equation is satisfied both 
for the bare Lagrangian and for the counter-terms 
of arbitrary order, since in the Bogolyubov method 
what one has as L(x) is the effective Lagrangian 
L(x; 1). In second order in scalar electrodynam- 
ics 


AL (x) | (32) 


d (ag / ax®) 


AH (x; 0) = e*: p* (x) @ (x) IngA. (x) :, 


which corresponds to the well known usual expres- 
sion. 

Combining the results of Secs. 2 and 4, we can 
write (if we drop ‘‘surface-diverging’’ counter- 
terms) the expression for H(x; 0) which follows 


from the Bogolyubov method: 


fix, 6) = — L(x; 1) 
pe: OL (x; 1) OL (x; 1) “ 33 
aes [ns aoa a (ag / ax") |: oe 


Thus a formula of the type of Eq. (9) arises 
legitimately in this method. 

It is also not hard to understand that with this 
way of obtaining the Hamiltonian no terms of 
fourth or higher order in the number of normals 
can arise, since when there is one derivative in 
the Lagrangian such terms will correspond to un- 
connected diagrams, which do not contribute to the 
Hamiltonian, “4 and when the Lagrangian contains 
products of derivatives some of the normals that 


- appear will have to be identical, and therefore be- 
cause (nq )? =1 these terms also will not have 
more than two normals. Thus in any renormaliz- 


_ treatment carried out by Nishijima. 


able theory a formula of the type of Eq. (33) gives 
an expression which is exhaustive from this point 


of view; this is in agreement with Gr rag cs 


Thus in this method (if we disregard the 
problem of ‘‘surface divergences’’) both the gen- 
eralized Hamiltonian H(x; g) and the physical 
Hamiltonian H(x; 0) obtained from it in the limit 
g — 6 satisfy the corresponding integrability 
conditions for any renormalizable theory. This re- 
sult is all the more attractive because the inte- 
grability condition is important not only mathe- 
matically but also physically. In particular, for 
theories with derivative couplings it is only when 
this condition! is satisfied that the energy-mo- 
mentum conservation law holds. 


5. SOME FEATURES OF THE CONSTRUCTION 
OF THE S MATRIX FOR SCALAR ELECTRO- 
DYNAMICS 


As is well known, [17,18] the Klein-Gordon and 
Duffin-Kemmer formalisms can be used with equal 
success in the construction of the S matrix for 
scalar electrodynamics by the Dyson method. In 
particular, the proof of renormalizability has been 
given in both formalisms. In doing this in the 
Dyson method one starts from the interaction 
Hamiltonian, which in one formalism has the form 
(7) and in the other the form 


H?-K (x; o) = — ie: (x) Fatp (x) Ag (x): 


— em: tp-(x) TaD pp (x) Aa (x) Ap (x): 

+ em: p (x) Tals [nels ]*p (x) Aa (x) Ag (x): (34) 
where Ig are the Duffin-Kemmer matrices, and 
then in obtaining the S matrix one goes over to 

the Lagrangian, of the form (6) or the form 


LP-K (x) = ie : p (x) Pap (x) Aa (Xx) :. (35) 


As can be seen from a comparison of the for- 
mulas (7)—(34) and (6)—(35), in going from the 
Hamiltonian to the Lagrangian in the Dyson method 
one eliminates not only the terms quadratic in the 
normals, but also, in the Duffin-Kemmer formal- 
ism, all the terms quadratic in the charge, while 
in the Klein-Gordon formalism the term e?: 

o*(x) p(x) AX(x): remains. As was shown above, 
the possibility of eliminating from the S matrix 
the terms that depend quadratically on the normals 
is due to the fact that there is an extra finite arbi- 
trariness in the definition of the T-product. In all 
probability the possibility of eliminating the other 
term of order e’ in the Duffin-Kemmer formalism 
is due to this same circumstance. 

It is clear from the foregoing that one of the 
advantages of the construction of the S matrix by 
the Bogolyubov method is that in this method the 
situation with the terms quadratically dependent 
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on the normals is much simpler. Up to this time, 
however, the S matrix for scalar electrodynamics 
has been obtained by the Bogolyubov method only 
in the Duffin-Kemmer formalism [19]. one can as- 
cribe this in particular to the fact that LD-K( x), 
unlike LE-G(x), contains only a term linear in 
the charge. In the Bogolyubov method this is of 
importance in the use of the correspondence argu- 
ments, which allow us to have only a first-order 
term in the bare Lagrangian. 

Nevertheless, a careful analysis shows that the 
S matrix for scalar electrodynamics can also be 
constructed in the Klein-Gordon formalism by the 
Bogolyubov method. In fact, following the course 
of the arguments given in Cia) we find from corre- 
spondence considerations that 


Site G (x) 22 eg (x)) Aa (x) ‘+ (36) 
BS Ox 
because we can include in 8,(x) only terms linear 
in g(x). If, however, we continue with the con- 
struction of the S matrix, we can arrive at the 
usual formula. Namely, in second order we have 


Sa (x, y) = OT |: (@ (x) SE — 9 (x)) Aa (x) : 


x: (7 Oo) As: |. (37) 


oy® ay 


/ 


and S,(x, y) is defined everywhere except at the 
point x =y. This indefiniteness in the T-product 
enables us not only to make S,(x, y) an integrable 
generalized function, but also to secure the gauge 
invariance of the matrix S(1). 

In Sec. 3 we pointed out the existence of a finite 
arbitrariness in the definition of D@g(x — y) with 
a fixed definition of D°(x — y). In particular, we 
can add to the definition (20), which was adopted in 
[tt] a term es (x -—y). This definition of 
D&e(x — y) has the result of bringing out from the 
diagram that describes the meson Compton effect 
in second order a term 


co 


e? | dxdyg (x) & (y) : 9° (x) @ () Aa (x) Ap W) : gt*6 (x —y) 


—oo 
co 


=e \ dxg” (x) : * (x) p (x) A? (x).:. 


—oo 


(38) 


We can return to the previous definition of 
Dag(x — y), which is more convenient for the fur- 
ther calculations, and include the term (38) in the 
effective interaction Lagrangian, which to second 
order takes the form 
. a ae Ck a ‘ Ch ey A 
L (x; @) = te: (GSE Se 0 (0) ) Aa (x) +229" (XQ 
x (x) A(X: g(x) + gr) As(es EWdy — (39) 


—oo 


AY. TDA ES UKHAWN OY. 


A peculiarity of the counterterm e” o*(x) 9(x) 
x A(x): g(x) is that its appearance is associated 
not with the problem of securing the finiteness of 
the S matrix, but with that of securing its gauge 
invariance. Thus the requirement of gauge invari-_ 
ance [at least for S(1)] must be included from the 
very beginning among the fundamental require- 
ments imposed on the scattering matrix. 

At first glance it may seem that there is a 
great difference between the processes of con- 
structing the S matrix by the Bogolyubov method 
in the different formalisms of scalar electrody- 
namics, since in the Klein-Gordon formalism we 
have to redefine the T-product in order to secure © 
the gauge invariance of the S matrix, whereas in 
the Duffin-Kemmer formalism it is secured auto- 
matically, as it were. The difference, however, is 
an apparent one. Actually the appearance of the 
term e?: o*(x)@ (x) A(x): when we go from the 
Duffin-Kemmer formalism to the Klein-Gordon 
formalism is due to the fact that in the definition 


of the chronological contraction of ~(x) operators — 


in the momentum representation there is a term 
m!Y, where Y is a combination of Tq matrices. 
This term is a typically quasi-local one and can 


be eliminated from the definition of the contraction | 


if we ignore the requirements of gauge invariance. 


Thus in the Klein-Gordon formalism we can use : 


for the S matrix, besides formulas of the forms 
of Eqs. (27) and (22), the expression 


foe) 


oe T exp {i \ je (x) dx}, (40) 
where 
Li (x) = ie: (a" @) 38 oe 9 (2) A.():. i 


Thus there are no essential differences between 
the Klein-Gordon and Duffin-Kemmer formalisms 
in the construction of the S matrix either by the 
Dyson method or by the Bogolyubov method. 

As for the Schrodinger equation, independently 
of whether we assign the additional term indicated 
here to the Lagrangian or to the T-product, in the 
limit g — 0g we get a Hamiltonian which agrees 


with the usual Hamiltonian of scalar electrodynam- | 


ics. In the former case this term appears by the 
same arguments as the usual counterterms. In the 


latter case it arises in the Hamiltonian in the same > 


way as the terms that depend quadratically on the 
normals. | 
Finally, it must be pointed out that the treat- 
ment given in Secs. 4 and 5 requires that we 
make one addition to the apparatus of local dy- 
namical variables introduced by Bogolyubov and ~ 
Shirkov."14] 


One of the important requirements of 2. 


j 
7 
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this apparatus is that in the limit g — 0 the quan- 
tities B(x; g) must become identical with the cor- 
responding expressions B(x) of the free-field 
theory. If we apply this requirement to H(x; ¢) 
for the scalar electrodynamics, then in the limit 
g— 0 this expression goes over into L’(x) [cf. 
Eq. (41)], which is neither the Hamiltonian nor 
even the Lagrangian of the free fields. The same 
difficulty is found with the corresponding current. 
A way out of this situation can be found by requir- 
ing that in the limit g — 0 a quantity B(x; ¢g) is 
to agree with only the part of the corresponding 
free-field quantity that is linear in the charge. 


6. CONCLUSION 


Thus we have shown that if we leave to one side 
the problem of ‘‘surface divergences’’ the Bogoly- 
ubov method applied to any renormalizable theory 
gives in a legitimate way an expression for H(x; oc) 
of the form (33) which satisfies the integrability 
condition for the Tomonaga-Schwinger equation. 
Since this Hamiltonian includes the usual counter- 
terms, the solution of this equation will give an 
expression for the S matrix which is free from 
‘‘ultraviolet’’ divergences. Thus the derivation of 
H(x; o) by the Bogolyubov method can be regarded 
as a third method for obtaining the interaction 
Hamiltonian in quantum field theory, and the most 
natural of the existing methods. It is also quite 
clear how in this method one can eliminate the 
terms that depend quadratically on the normals 
from the S matrix obtained by the solution of the 
Tomonaga-Schwinger equation. 

As for the problem of ‘‘surface divergences,”’ 
a consistent treatment of this will in all probability 
require the use of a more rigorous mathematical 
apparatus of the type of the new R operation.!! 
Only such an approach to the problem will make it 
possible to decide finally whether it is of mathe- 
matical or Ea origin, since there also exists 
the opinion 20) that there is no S matrix which has 
physical meaning. It is a matter of very great in- 
terest to settle this problem, since it arises both 
in the Bogolyubov method and in the Dyson me- 

. thod.42 Furthermore, if the problem of ‘‘surface 
divergences’’ can be positively solved, we shall 
for the first time have to do with a Hamiltonian 
which will lead through the solution of the Tomo- 
naga-Schwinger equation to an expression for the 
matrix S(o) which is free from both ordinary 
divergences and ‘‘surface divergences.”’ 

It must be emphasized, however, that even in 
this case new difficulties of a ‘‘surface’’ character 
can arise in the construction of the apparatus of 
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local dynamical variables by means of the matrix 
S(o) (for example, in the construction of the ex- 
pression for the interpolating field [45]) 

Finally, if the Hamiltonian so obtained is used 
not for the derivation of the S matrix, but in some 
other apparatus, then the regularizing masses 
which it contains can lead to expressions which 
are infinite in the usual sense of the word. There- 
fore along with the solution to the problem of 
‘*surface divergences’”’ one must look for a new 
and mathematically more rigorous approach to the 
entire set of questions associated with the 
Schrodinger equation and the apparatus of local 
dynamical variables. 

In conclusion I express my deep gratitude to 
B. V. Medvedev for his constant interest in this 
work and a number of helpful comments. I also 
express my gratitude to D. V. Shirkov and D. A. 
Slavnov for a fruitful discussion. 


Note added in proof (November 19, 1961). We must empha- 
size that our use of the notation DS (x —y) in Eq. (21) is of 
a somewhat conditional character, because if taken too liter- 
ally it could even lead to such an absurd result as ({_|, — m’) 
x De(x) = 0. Indeed, in Eqs. (20) and (21) we have written 
different definitions of the contraction T go ms) , which 

Ax% dyB 
are used in the Bogolyubov and Dyson methods, respectively. 
Furthermore, although the definition (21) follows directly from 
the intuitive meaning of the T-product for x # y, the definition 
(20), for which the equation 


ag ap) 9 0, 
(se ab) =a BT @ Mow) 


holds right down to x = y, is more convenient. The same can 
be said about the notation D293 —y) in Eq. (25). 
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The cross section for dipole absorption of gamma rays by Pb” nuclei is calculated using 


the shell model. It is shown that when residual pair interactions between nucleons are taken 
into account the giant resonance energy is approximately doubled. The calculations agree 


with experimental results. 


Ir has become clear that the principal shortcom- 
ing of the single-particle model of photonuclear 
| reactions | 
nance energies that are calculated when nucleon- 
| nucleon correlations in the nucleus are neglected. 
The calculations for the photodisintegration 
of O'8 and Ca? in" ana C3) with interactions be- 
tween nucleons taken into account, have shown that 
the shell model can furnish a comprehensive de- 
scription of the photodisintegration of light nuclei 
in the giant resonance region. It was shown that a 
mixture of states in light nuclei does not essen- 
tially shift giant resonance as compared with the 
| “diagonal * ee aed (a term used in our 
earlier work!#!), This is understandable since in 
light nuclei the average separation between levels 
of the ‘‘zero approximation’’ considerably exceeds 
the average value of nondiagonal matrix elements 
between single-particle dipole states. In heavy 
nuclei giant resonance represents a large number 
of single-particle transitions. Therefore, while 
the initial assumption of the Brown-Bolsterli 
scheme! is a highly idealized procedure for light 
nuclei, it can be expected that the dipole absorp- 


iE Single- 


Mev proton 
states 


Single-proton 
states 


lies in the sharply reduced giant reso- 


E, 
Mev 


tion curve for heavy nuclei will reflect the charac- 
teristic features of this scheme. 

In the present work the shell model has been 
used to calculate the dipole cross section for y- 
ray absorption by Pb*, With regard to the photo- 
disintegration of Pb?"8 it is noteworthy, first of 
all, that the diagonal approximation (which takes 
into account only the diagonal part of the interac- 
tion between a particle and a hole) does not yield 
results essentially different from those obtained 
with Wilkinson’s single-particle model. In this 
approximation the dipole absorption curve has a 
broad peak at 5.5—8 Mev (Fig. 1), while the ex- 
perimental giant resonance energy is 13.5—14 
Mev. 5] 

The J=1 energy levels and the corresponding 
wave functions were calculated by diagonalizing 
the interaction matrix based on the single-particle 
states given in Table I. The single-particle levels 
were determined from experimental data for 
neighboring nuclei and from extrapolations based 
on the single-particle model.'®! The matrix ele- 
ments for the interaction between a particle and a 
hole were calculated assuming the following 6 in- 


Table I. Zero-approximation energies 


Single- 
neutron 
states 


Single- 
neutron 
states 


po 
Mev 


Si 
Mev 


thie lisa | 6.4 me ZF | 10.0 |] iS tiise | 6-7 | 2feig S4o/0 8.5 
3875 3P 3/0 7,0 2d5 79 fp Ah a/0 6.6 3Pi/5 3d, 9 6.6 2fa5 oe 7.3 
3s it 3pyp | 9.0 | 1876 2fy. | 8:3] 3p 5 ad, 7.5 2Fah Pa ea 

up fe Pap 8.0 17/0 Foye | 11.8 BP jp 35/0 6.3 Re 7/2 “8g/2 6.6 
2dz2 3p. | 9-5 | 18 ye2haye | 14-7 || Pie 4510 PARA a, ba 8 
ie 3P 0 9.8 | 151M. | 10.8 3P5/o 451/2 7.9 es 28 yr 7.4 

205 Fer Oy eaiane the, 7,5 || fee Bday 7.4 
2Fé io 84570 6.2 | 1h 2g | 10.1 


1371 


1372 BALASHOV, 


o, mb. 


400 


Bi 


200 


100 


coe 
0 b We 


Pg 
FIG. 1. Histogram of main dipole transitions in Pb” in 
the diagonal approximation. 
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teraction between nucleons: 
Vier g [(1 


oscillator functions were used in calculating the 
radial integrals (ry = ¥hi/mw = 2.13 x 107! em Ve 
The interaction amplitude g was taken to be 
1220 Mev-f in accordance with calculations of the 
lowest Pb” jevels.'§) Figure 2 and Table II give 
the calculated cross sections for photoabsorption 
into 1” levels, using a = 0.135 (for Soper 
forces), (7 

Unlike the light nuclei o'* and Ca‘, where the 
ground and excited dipole states differ in isotopic 
spin, in heavy nuclei the single-particle dipole ex- 
citations contain some admixture of ‘‘spurious 
states’’ corresponding to the excitation of motion 
of the nuclear center of gravity. The spurious 
states were distinguished after diagonalization by 
calculating the matrix element |2%j|Ra| | for 
each of the derived dipole states 7%; (w% is the 
ground-state function). It was found that ~85% of 
the spurious states are included in a.level corre- 
sponding formally to the negative energy 
E = —4.7 Mev. This level was excluded; thus the 
remaining states include about 0.5% spurious 
states for each level. 
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FIG. 2. Experimental and calculated (for Soper forces) 
integral cross sections for the main dipole transitions in 
Pb*°*, The column width is arbitrary. 
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In order to determine how giant resonance is 
influenced by the properties of nucleon-nucleon 
interactions a similar calculation was performed 
with Wigner forces (a =0). The results are in 
sharp disagreement with experiment (Fig. 3). 

It must be remembered that the foregoing cal- 
culations were based on a number of more or less 
crude assumptions, such as point interactions, 
oscillator functions etc. Therefore a detailed quan-_ 
titative comparison with experiment is hardly | 
justified. However, we can draw the following | 
general conclusions. | 

1. When residual interactions in Pb”® are taken 
into account an isolated ‘‘dipole state’’ is formed, 
corresponding to the experimental giant resonance 
energy. The occurrence of this state when the en- 
ergy matrix is diagonalized results from the high 
density of single-particle dipole states in the given © 
nucleus. The average separation of single-particle | 
levels (~0.2 Mev) is smaller than the nondiagonal | 
matrix elements (~0.3 Mev). ; 

2. The high density (approximate degeneracy) 
of single-particle levels is not a sufficient condi- 
tion for the appearance of an isolated strongly 
correlated dipole state (the Brown-Bolsterli effect). 
The character of the configuration mixture depends — 
substantially on the relative magnitudes of the dif- 
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ferent nondiagonal matrix elements for the interac- 
tion between a particle and a hole, as determined 
by the properties of the residual nucleon-nucleon 
interaction. 

Shell-model calculations of photonuclear reac- 
tions have by now been performed for all nuclei. 
The most detailed calculations have been carried 
out for the magic nuclei 0, Ca*®, and Pb™8, and 
show that the principal features of giant resonance 
in photodisintegration are successfully accounted 
for by the shell model including configurational 
mixing. One might expect the principal conclusions 
derived from these calculations to be applicable to 
all nuclei. However, technical difficulties arise 
which make it doubtful that similar calculations 
can actually be performed for non-magic nuclei, 
with the exception of some special cases. The 
problem appears to consist in the construction of 
a simpler model of nuclear dipole states not re- 
quiring the diagonalization procedure and based on 
a microscopic (shell) interpretation of collective 
dipole excitation. 
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A general expression is obtained for the relativistic corrections to the magnetic moment of a 
nucleus which arise on account of non-Galilean relativistic corrections to the Hamiltonian of 
the nucleon-nucleon interaction. The corrections to the magnetic moments of the nuclei H? 
and He® are calculated numerically. It turns out that the corrections are of the right sign 
and order of magnitude, but do not explain more than 30 percent of the existing discrepancy 


between theory and experiment. 


ie In nonrelativistic approximation the magnetic 
moment of a nucleus is determined by the intrinsic 
magnetic moments of the nucleons and the orbital 
magnetic moments of the protons. Inclusion of 
relativistic effects leads to corrections to the nu- 
cleon-nucleon interaction Hamiltonian of the order 
(p/M )*. Because of gauge invariance the appear- 
ance in the Hamiltonian of terms that depend on 
the momentum is necessarily accompanied by the 
appearance of an additional interaction of the nu- 
cleons in the nucleus with the electromagnetic 
field, which in turn leads to corrections to the 
magnetic moment of the nucleus. We emphasize 
that the corrections in question occur only for 
pairs of nucleons and are absent for isolated nu- 
cleons. 

The relativistic corrections to the interaction 
energy of two nucleons can be divided into two 
groups. 

a) Corrections which satisfy the condition of 
Galilean invariance and consequently do not de- 
pend on the total momentum of the nucleons. Cor- 
rections to the spin-orbit interaction are correc- 
tions of this type. 

b) Corrections which do not satisfy the require- 
ment of Galilean invariance and therefore depend 
on the total momentum of the nucleons. Correc- 
tions of this type to the interaction Hamiltonian of 
two particles of arbitrary masses and spins have 
been derived by one of the writers. 

Both these groups of corrections to the inter- 
action energy lead to corrections to the magnetic 
moments of nuclei. The relativistic corrections 
to the magnetic moments of nuclei are on the av- 
erage of the order of 107° nuclear magneton. Un- 
fortunately, the wave functions of nuclei of any 
complexity are known to very small accuracy, 
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and as a rule in the calculation of the nonrelativ- 
istic values of the magnetic moments this leads 
to uncertainties much larger than the relativistic _ 
corrections. Therefore at present it makes sense © 
to examine the relativistic corrections only for 
the simplest nuclei. For the deuteron there are no 
non-Galilean corrections."] Therefore in the 
present paper we analyze the corrections to the 
magnetic moments of the nuclei H® and He’. 

The values of the magnetic moments of H® and 
He® differ considerably from the sum of the mag- 
netic moments of the constituent nucleons (cf. 

e. g. pal), In principle there can be nonrelativistic 
corrections to the magnetic moments of these nu- 
clei owing to admixtures of states with nonzero 
orbital angular momenta. The total angular mo- 
mentum of the ground state of these mirror nuclei _ 
is J = cr Possible states are 2841/2 °P iyo *Pi jos 
“Dio. Mixings of these states, however, cannot 
completely remove the discrepancy between theory | 
and experiment. In fact, an admixture of P states _ 
in amounts which do not disagree with the value of 
the spin-orbit coupling leaves the magnetic mo- 
ments practically unchanged, /*! and Sachs and 
Schwinger [4] have shown that a 4-percent admix- 
ture of the *Di/2 state makes it possible to get 
agreement between theory and experiment only for . 
the sum of the magnetic moments of H® and He’, 
For the magnetic moments of the individual nuclei | 
there remain discrepancies, which amount to | 
+0.27 nuclear magnetons for H® and —0.27 nuclear — 
magnetons for He’. . 

The Galilean-invariant corrections to the mag- _ 
netic moments of these nuclei on account of spin- _ 
orbit forces have been calculated by Berger."! He 
found that the correction to the difference of the _ 
magnetic moments on account of the spin-orbit 
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| interaction is of the order of only 1074 


nuclear 
‘magnetons, i.e., negligibly small. 

In the present paper we calculate the non-Gali- 
lean relativistic corrections to the magnetic mo- 
ments of H® and He’. 

2. With relativistic corrections included to 
order (p/M)* the Hamiltonian of the nucleon-nu- 
cleon interaction is of the form |“ 


= ZiPn >» Haat YT, +>) Hot Dy HT Ad) 


m>n m>n m>n 


| where Ty is the kinetic energy of the n-th nucleon, 


Hmn is the interaction energy of the m-th and 
n-th nucleons, Ti, is the relativistic correction 


| to the kinetic energy of the n-th nucleon, Hyp is 


the non-Galilean correction to the interaction en- 


| ergy of the m-th and n-th nucleons, and Hyn is 


the non-Galilean correction associated with spin- 
orbit forces for this pair of nucleons. 

For the nucleon-nucleon interaction the rela- 
tivistic non-Galilean corrections are of the form! 


One 
Ox )(P nr) 


ipa (on — On) AmnlpP] 


= aa { HmnP? + i(P 
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| Here 


fe Pt Py ap (Pn, = Pa Sere hee H, 
By means of the Hamiltonian (2) one can obtain the 
operator for the non-Galilean relativistic correc- 
tions to the magnetic moment of the nucleus. The 
interaction with the electromagnetic field is intro- 


duced in a gauge-invariant way C7] by the replace- 


p = 


ment: 


pep, — 2A. 


For central forces not depending on the velocity 
the operator for the relativistic non-Galilean cor- 
rections to the magnetic-moment vector of the 
nucleus is obtained from Eq. (2) in the form 


Ap =a {2H mn (em -+ én) [n (F —R)] P 


OH inn ) 
or 


Bete, i+ en)(Pin— Fn) [n G STR) 


= —R) (02) |} 


The corrections (3) have been calculated for the 
*St/2 state of the mirror nuclei. Harmonic-oscilla- 


*{[pP] = p x P, (pP) = p-P. 


OH, (3) 
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tor wave functions were used for the calculations. 
The energy Hy was taken to be of the form 


Ann = (W + MP, + BP, + #P,P.) V (r). 


The calculations were made for Gaussian and 
Yukawa forms of the radial factor V(r), with 
various parameters. Two forms were used for the 
exchange part of the potential. The results of the 
calculations are shown in the table. 


W=0,222, M=0,58, 
Form and parameters of V(r) W=M—0.5, B=#=0 | B—0,222, H#=—0.022["] 


(Vo in Mev, a in 10°"? cm) 


Ap(H*) | Ap(He*) Ap.(H?) Ap(He*) 
Gaussian potential 
ee vais iF] 0 —0,048 0.014 —0.014 
Vo= a=1 ,94 [°] 0 —0.032 0.009 —0,009 
Vo= a. 3; G1 woo | 2°] 0 —0,018 0,005 —0.005 
Yukawa potential 
Vo=08)) 01.47 [24] 0 —0.086 0.026 —0.026 
Vo=46.48, a=1.184 [??] 0 —0.056 0.017 —0.017 


3. The following conclusions can be drawn from 
the results. 

1) The non-Galilean relativistic corrections to 
the magnetic moments of the nuclei H® and He® 
depend strongly on the choice of the potential. The 
signs of the corrections are as required, but their 
size is insufficient for the complete explanation of 
the discrepancy between theory and experiment. 
The maximum size of the corrections is 0.086 
nuclear magnetons, which is 30 percent of the 
previously mentioned discrepancy of 0.27 nuclear 
magnetons. 

2) The relativistic non-Galilean correction 
considerably increases the correction for the spin- 
orbit interaction. 

Thus the relativistic corrections cannot fully 
explain the discrepancy between the theoretical 
and experimental values of the magnetic moments 
of these nuclei. The remaining discrepancy is 
evidently to be ascribed to the effect of meson-ex- 
change currents. Corrections of this sort are not 
taken into account in the phenomenological theory 
developed here. A rough estimate of these correc- 
tions has been made by Drell and Walecka [13], 
their work shows that inclusion of meson-exchange 
currents leads to a decrease of the anomalous 
magnetic moments of the proton and the neutron. 
Their calculations are made for nuclei in which 
there is one nucleon outside an even-even core. 
The even-even core itself is regarded as a Fermi 
sphere with a definite limiting momentum and en- 
ergy. Their result gives a change of the spin gy- 
romagnetic ratio by Agg — 0.26 73, where 73 is 
the isotopic spin component of the nucleus. Ac- 


1376 N. S. ZELENSKAYA 


cording to this the exchange correction is —0.13 
magneton for He® and +0.13 magneton for tritium. 
It must be noted that these estimates are very 
rough. Nevertheless, they give a direct indication 
that inclusion of the exchange currents will make 
it possible to explain the differences between the 
calculated magnetic moments of the mirror nuclei 
and the experimental values. 

In fact, the total correction to the magnetic 
moment (relativistic correction + correction for 
exchange currents) is —0.23 magneton for He® and 
+0.23 magneton for H?, which agrees very well 
with the observed discrepancy of + 0.27 magneton. 
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The cross section for ionization of hydrogen atoms by electrons is calculated in the Born ap- 
proximation, taking interference effects into account. 


Ir has been shown that in the ionization of hydro- 
gen atoms by electrons exchange effects can be 


_ considered as an interference between parts of the 


wave function !!] This is a purely quantum mech- 
anical effect and can be described by saying that 
when the wave function is symmetrized in accord- 
ance with Pauli’s principle, interference occurs 
between scattering events that differ by an exchange 
of electrons in the initial or final states. The ioni- 
zation cross section, taking exchange into account, 
can be written in the form 


Q = Q’ Pat Qints 
where Q is the cross section without exchange 
and Qint is the interference term 


E/2 


Qinn = | 2 de(\ Re Uf (k, ©) g* (Kk, €)] dkde. 


0o* 


(1) 


(2) 


In this formula, q is the momentum of the incident 
electron, € = k?/2, E= Eg — 2, Eq = q’/2 is the 
energy of the incident electron, and f(k, c) is the 
probability amplitude for the electron being scat- 
tered with momentum c and the atom to have 
final momentum k; g(k, c) is the corresponding 
exchange amplitude. All quantities are measured 
in atomic units. 

We now calculate the interference term in the 
Born approximation. In this approximation! *] 


f (k, ©) = — 5 \ i (0) ey, (1) dr; 
(3) 


x=q—c, = q? +c? — 2qc cos (q, ¢), 


where 7, and %» are atomic wave functions for the 
initial and final states. The result of the integra- 


tion is 


16 exp (18 (k)) [(1 — ik)? + 2]7—7 [(1 — n) kx — 27] 
(atk (4 — exp (— 2n/k))¥ 2x? [1 + x — kp]? 


8 (k) = arg (1 —i/k), n = Mik. (4) 


i(k, c)= 


According to "11, the phase shift of the wave 
function of the scattered electron can be chosen so 
that 


g (k, c) = f (c, k). 


In general, for an arbitrary phase shift n’ = 7 
— A (k, c), Eq. (5) is to be replaced by 


g (k, c) = f (c, k) exp [iA (k, c) — iA (c, k)], 


(5) 


(6) 
and the interference term then becomes 


E/2 


Qine = \ Sade \\ Re fF (k, df* (, k) 


x exp [iA (c, k) — iA (k, c)]} dkde. (7) 
The magnitude of A in the Born approximation 
is not known. However, calculations in the Born- 
Oppenheimer approximation for incident 
S-waves [3] and also by Geltman!41, show that near 
the threshold for ionization the direct and exchange 
amplitudes do not differ by a rapidly oscillating 
factor. In the Born approximation this corresponds 
to the relation A (k, c) = 6 (k), and this is the 
choice which was made in the work being reported 
upon here. This implies that the factor 
exp { i6 (k)} in (4) should be dropped if (5) is used. 
The integration over one of the four angles in 
(7) can be carried out analytically. The remaining 
integrals were determined with the BESM-2 com- 
puter. The cross section Q given by formula (1) 
is then as shown in the figure, with the Born cross 
Seto, without exchange having been taken from 
5 
Since we did not determine A rigorously, we 
also calculated the integral (2) with the amplitudes 
replaced by moduli, so as to find the maximum 
possible amount of interference. This corresponds 
to the choice A (k, c) = argf(k, c). The partial 
cross section for S-wave scattering has also been 


1377 


1378 


05 


Se 

0 50 100 

1,2 — the Born cross section without taking interference 

into account, and with this effect included; 3 — experimental 

cross sectionl*]; dashed line — Born cross section assuming 
the maximum possible amount of interference; 4,5 — Born 
cross sections for S-wave scattering without taking inter- 

ference into account and with this effect included. 


calculated inthe Born approximation andthe results 
are shown in the figure. The S-wave partial cross 
section, which corresponds to both electrons being 
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in s-states after ionization, constitutes only a 
small part of the total cross section. 

The results shown in the figure indicate that by 
taking interference effects into account the agree- 
ment between theory and experiment can be 
markedly improved. 
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The question of the ambiguity in the definition of the interpolating field is considered; this 
ambiguity is shown to be connected with that in the definition of the T-product for a given 
S matrix, and also with the ambiguity in the determination of the S matrix outside the en- 
ergy surface. The possibility of going over from one of these interpretations to the other 


is discussed. 
1. INTRODUCTION 


One type of axiomatic approach to the construc- 
tion of quantum field theory has been expounded in 
a series of papers by Lehmann, Symanzik, and 
Zimmermann." This approach uses as its fun- 
damental quantities two complete sets of field op- 
erators* Ajn(x) and Aout(x), which satisfy the 
conditions 


(Dx — m?*) Ain, out (x) = KxAin, out (x) = 0, (1) 
[Ain, out (x), Ain, out (y) = 0 for *~ y, (2) 
Ain, out (x) = An, out (x). (3) 


The operators Aout(x) and Ajn(x) are connected 
_ with each other by means of a unitary operator S: 


Aout (x) = St+ Ain (x) S, (4) 


which is identified with the S matrix. "1 
Besides the fields Ain and Aout one introduces 
a so-called interpolating field A(x), which is sub- 


i jected to the following asymptotic condition: 


jim (®, Af (t) BW) = (©, Abn, out (t) ¥). (5) 


Here W and @ are arbitrary state amplitudes, and 


Al (t) =i \ dx(A (x) $2 — f (x) 2A) 


0 oxo 
=P 


=j \ [4 (x) — f (x) | dx (6) 
xt 
where f(x) is an arbitrary normalized positive- 
frequency solution of the Klein-Gordon equation. 
_ Ain, out is analogously defined and does not de- 
pend on t. 
It must be noted that an expression very often 
used as a definition of the interpolating field is 


*We confine ourselves to the case of a neutral scalar field. 


A(x)=Arn, out (x) + \Do4” ret (x —y) iy) dy, (1) 


understood in the sense of weak convergence. It 
must be emphasized, however, that the field A(x) 
defined by Eq. (7) satisfies the condition (5) only — 
when definite requirements are imposed on j(x). 
For example, we can state that a sufficient condi- 
tion on j(x) is the convergence of an integral of 
the type 


| ay? (®, \ dy f YW) J) ¥). 
All treatments ordinarily implicitly make this as- 
sumption or an analogous assumption. 

Furthermore, it is said that a field A(x) cor- 
responds to a given S matrix if the fields Apyt(x) 
and Ajn(x) which it interpolates are connected by 
the formula (4). 

One of the basic postulates of local field theory 
is that of microscopic causality. In the approach 
under consideration “!J this postulate is formulated 
as follows: an S matrix is called causal if to it 
there corresponds at least one interpolating field 
satisfying the locality condition in the form 


[A (x), A(y)] =0 for x ~ y. (8) 


A paper by Borchers [3] gives proofs of a num- 
ber of mathematical theorems from which it fol- 
lows that the local interpolating field is not unam- 
biguously determined by the conditions enumer- 
ated above. In particular, if a field A(x) corre- 
sponds to a given causal S matrix, then a field of 
the form 


B(x) = A(x) + Q(Ox)7(), (9) 


where 


K A(x) = —j (x), (10) 


and Q(Ox) is a polynomial in Ox with real con- 
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stant coefficients, also corresponds to this S ma- 
trix. 

The problem of the ambiguity of the various 
quantities that form the apparatus of present quan- 
tum field theory is not encountered here for the 
first time; in particular, it has been discussed 
extensively inthe book of Bogolyubov and Shirkov.[4] 
From this mathematical point of view these ambi- 
guities are a result of the fact that in the definitions 
of the quantities we need we are forced to use ex- 
pressions containing products of generalized func- 
tions, which in the general case are not unambigu- 
ously defined. Therefore it is quite clear that the 
ambiguity that Borchers [3] has pointed out in the 
determination of the interpolating field must have 
the same origin. 

The purpose of the present paper is to bring 
out the connections between the arbitrariness in 
the definition of the interpolating field, on one hand 
with the ambiguity in the definition of the T-prod- 
uct, and on the other, with the possibilities of dif- 
ferent definitions of the S matrix off the energy 
surface. 


2. THE CHRONOLOGICAL PRODUCT 


The problem of an arbitrariness in the T- 
product arises when one constructs the S matrix 
by going from order to order in perturbation the- 
ory, on the basis of a number of general assump- 
tions, as is done in [4]. Weare actually concerned 
there with a T-product of nonlinear operators, of 


is an arbitrariness in the definition of this quan- 
tity when some of its arguments are equal. In 
order to write out this arbitrariness in explicit 
form, it is convenient to introduce a T’-product, 
by which we mean a chronological product which 
is defined for equal arguments in some arbitary 
but fixed way, so that the T’-product is an inte- 
grable generalized function of all its arguments. 
Then the most general form for the T-product 


= SAP (aks)... Gk) |... Oran) 
m=1 
ee Aa en Xe) ae eke ae Kay (11) 


where m is the number of factors in the T’-prod- 
uct, and P is the symmetrization operator intro- 
duced in (J, Here 
kite thy, 

Die een) Ga): 


¢=0 


Ai (x) =: p(x) 3, 


Afi-+-Fy, (x1 eee Xv,) =a 


(12) 


Di sAtuS.LAVNOViand Ar DA SUKHANOY ' / 


L® (x) = Z(x)+ > 4 gr \re (X, Xp... Ang) O07 5 oe 


mit: --ky, is a c-number function which differs . 
] 


from zero only for xj=...=Xy,. | 
It may seem that if the S matrix is prescribed . 
in the entire momentum space, and not merely on © 
the energy surface, then the arbitrariness in the . 
definition of the T product is entirely eliminated. | 
Actually, however, this is not true. All that fol- 
lows from the general arguments [4] is the formula . 


S'= 7" exp {ig\L° (x) ax\, 


(13) 


where 


my (14) 
Here £(x) is the bare Lagrangian, and bi are the 
quasi-local operators introduced in [4], | 
It is not hard to verify that without changing the 
value of the S matrix one can go over in Eq. (13) 
from the T’-product to the T-product defined by 
Eq. (11), by changing the effective Lagrangian in 
a suitable way. In fact, let 


S. = T exp {ig\L (x) dx\, 


(15) | 
where L(x) is given by a formula analogous to 

Eq. (14). To establish the connection between 

L(x) and L(x), let us first consider a T-prod- 
uct of quasi-local operators Ly. Then using 

Eq. (11) we have 


T Lea eg en ene) 
Ta ing YO RL Te) 
k-1 | 
, : 
+ pa int P (xa) « « « (x"*ty,) |---|. Get pa)) TY (RE 


X(t. 8) Rete, x8) Ree (te 
(16) 
where, for example, x! denotes the set (x},... »Xiuy ) 
In Eq. (16) we have introduced instead of the quasi- — 
local operators A(x,...xj) quasi-local operators 
R(xX;...X;) which are more convenient in the pres- | 
ent case and which are certain combinations of the 
A(x,...X;), since in general the operators 
Ln(xX;...Xpn) are sums of expressions of the form 


oki (xj): withdifferent values of kj. The formula | 
(16) can be regarded as a definition of R(x;...xj). _ 
Expanding Eqs. (13) and (15) in power series in g, 
equating terms with equal powers of g, and using 

Eq. (16), we get 


Son 
iLn (%1 +» Xn) = iLn (%1... Xa) — Di g@P (#1... x4) 
kR=2 


XD) Reve (xt. xt), (17) 
uy 
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where P(x!... xk) is the operator of complete 


' symmetrization, and the summation goes over val- 


ues Of py4,.-.-, Uk that obey the condition Zyj =n. 

Equation (17) is a recurrence formula which 
enables us to express the operators Ly in terms 
of the operators L} and A. If, on the other hand, 
we use instead of Eq. (16) the transformation from 
the T’-product to the T-product, we can also get 
a formula which directly expresses the operators 
Ly, in terms of a8 and A. 

Thus starting from a number of general propo- 
sitions we can conclude that there are two possible 
interpretations of the arbitrariness that arises in 
the construction of the S matrix by perturbation 
theory. Namely, this arbitrariness can be re- 
garded as caused either by the ambiguity in the 
Lagrangian for a fixed definition of the T-product, 
or by the ambiguity of the T-product itself for a 
given Lagrangian. Both of these possibilities have 
been noted already by Bogolyubov and Shirkov. (41 
In practice, however, they have used only the first 


possibility, although the second appears preferable. 


An example of the use of the second possibility in 
the construction of the S matrix can be found in 
the situation(*] that occurs in theories with deriv- 
ative couplings (or with vector fields ), in which 
the S matrix can be expressed in terms of either 
the Lagrangian or the Hamiltonian, depending on 
the use of one or another definition of the T-prod- 
uct. We shall also use this same possibility here 
to express the indefiniteness in the interpolating 
field in terms of the ambiguity in the definition 

of the T-product. 

It must only be pointed out that actually one 
can use for the derivation of a finite S matrix a 
much narrower definition of the T-product than 
that of Eq. (11). Namely, since the problem of 
deriving a finite S matrix reduces essentially to 
the problem of defining chronological contractions 
and their products for coinciding arguments, we 
can simplify the formula (12) by introducing dif- 
ferent M:-:Ki--- only for different types of prod- 
ucts of chronological contractions in the T’-prod- 
uct. We shall not carry out this simplification for 
the general case, but shall do so in the next sec- 
tion for the special case we need here. 


3. THE INTERPOLATING FIELD AND THE AM- 
BIGUITY IN THE DEFINITION OF THE T- 
PRODUCT 


- In order to establish the connection between the 


arbitrariness in the definition of the interpolating 


field noted by Borchers [3] and the ambiguity in the 
definition of the T-product for a given S matrix, 


we shall use the following expression for the in- 
terpolating field: 
A (x) = S*T (Ain(x) S). (18) 


Here we can understand the expression T(Ajn(x)S) 
if we represent the S matrix in the form 


s= ) \o (yi... 4): Amy)... Amy): dy... dy. 
ie (19) 
Then 


T (Ain(x) 8) = >} lor. 4) T 


i= 


x (Ain (x) : Ain (yi). . . Ain (yd +) dyy... dy. 


In order to convince ourselves that the field de- 
fined by Eq. (18) satisfies the asymptotic condition 
(5), let us substitute Eq. (18) in Eq. (5), for exam- 
ple for t—-o: 


lim (0, Af ()¥) 
t-—0o 


lim i 
t+—oo 


I 


\ dx (®, [S*T (Ain(x) S)] saa (x) ¥) 


x= 


i lim 
t+—00? 
i=0 


x \ dx (,[S+T (Ain(x) : Ain (s)--- Ain(y2):)] 


=F 


\au- .. dy:(yi... yz) 


— 


ny) (20) 


In accordance with the comment made in Sec. 1 we 
shall assume that the coefficient functions of the S 
matrix are such that in the right member of Eq. 

(20) we can take the process poe inside the sign 


of integration over y;. Then 


Jim (®, AMO ¥) =i SH dys... dyspe (Ys yi) tim 
nee poe Tesi oS 
x \ dx (9, [S* : Ain (y1) re Ain (yi) > Ain(x)] 
ep 
ry ae : i 
x gal (4) ¥) = limi (®, S s | dxAin (3) say f (x) ¥) 


=t 


\ 


= (0, Ai (i)¥). (21) 


We emphasize that these arguments do not make 
use of the specific properties of the T-product, 
which in principle can be just as general as in the 
definition (11). Of course, we have here a special 
case, with all the k; equal to 1. Besides this, we 
are here using the previously indicated possibility 
of simplifying the T-product defined in Eq. (11), 
and shail introduce M°°: Ki... only for different 
types of products of chronological contractions in 
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the T’-product. Since in the given case we en- 
counter only one contraction, we have 


T (p (x) = @ (Ys) - » « @ (Ya): ) 


=T’ @ (x): 9 GY). --@ Ya): ) 

+ P (yr | 42... Yn) Me (x, yx) > @ (Yo)... (Yn):, (22) 
where we have introduced a new notation M,(x,y) 
= M!!(x, y). 


Substituting Eq. (22) in Eq. (18) we get the fol- 
lowing expression for the interpolating field: 


A (x) = Ain (x) + \D™ (x — y) SY) 


+ \ M2 (x, y) SM(y). (23) 


Here and in what follows we use the abbreviated 
notation 

S'OS/MA j, (x)i==!S" O55 S49) (x). 
Obviously the field A(x) is Hermitian if. M,(x,y) 
is pure imaginary. The following assertion can be 
made about the field defined by the formula (23). 


If the S matrix satisfies the causality condi- 


tion /6] 
6,S@ (x) = 0 for «<4, (24) 


then a field A(x) of the form (23) satisfies the 
locality condition (8). 
In fact, 


[A (x), A (y)] = (An (x), Am(y)] 
a5 =| [Dret (y — 2) + iMe (y, 2)] [Ain (x), S® (2)] dz 
a =| [Dret (x — u) + iM (x, u)IS® (u), Ain (y)] du 


—\ [Dre (x —u) + iM, (x, u)] [D4 (y—a2) 


+ iM, (y, 2)] [S™ (u), S (2)] dudz. (25) 
Let us use the obvious formulas 
[S® (u), SM (z)] == 6,SM (uw) — 6,S (2), (26) 
[Ain(2),S® (2)] => |D (x —u) 64S (2) du. (27) 


Then we get 

[A (2), AY) = (Ace (x), Am) + | Dy — 2) 
+ iMa(y, 2] (D(x — u) + iMs (x, u)] 84S (2) du dz 
—{ [Dret (x — u) + iMg (x, u)] [Dow pee, 


+ iM, (y, 2)]6,S™ (u) dudz. (28) 


It is clear that in virtue of the locality of Ajy(x), 
the causality condition (24), and the properties of 
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the functions D’et(x—y), D24¥(x-y), and 
M,(x, y) each term in Eq. (28) vanishes for x~y. 

We note that, starting from Eqs. (18) and (11), 
we can also get for the local interpolating field 
the more general expression 


4 
A (x) = Ain (x) +7 \D (x — y) SO) dy | | 


, ‘ 
epee a) Mens (X; Yi, . - « Ye). > (Ups: eat pCa ae - yp, 
rt (29) 


if we assume that in Eq. (12) 


ANhocl (Xi) coe pant eee My, (x1 niriSoaks 


The local character of this field is proved in an 
analogous way, but more cumbersome calculations _ 
are required. fl 

Let us consider as an example the case in which © 
M,(x,y) is a polynomial of finite degree in 8/ax 
applied to 6 functions, with constant pure imagi- 
nary coefficients. Then when the requirements of 
relativistic invariance are taken into account A(x) 
takes the form 


A (x) = Ain (x) + Dex — iW) dy 


+) Q(x) 8 —W iW) dy, (30) | 


or 


A(x) =A (x) + Q(d i), (31) 


where 


A (x) = Ain(x) + \Dre(x—y) jy) dy, (82) 


and [61 
j (x) = — iS (x). (33) 


Equation (31) is identical with Eq. (9). Thus the 
ambiguity in the definition of the interpolating field 
pointed out in Borchers’ paper !3] has been shown 
to be capable of being expressed in terms of the 
ambiguity in the definition of the T-product with 
a given S matrix. 


4. THE INTERPOLATING FIELD AND THE AM- 
BIGUITY IN THE DEFINITION OF THE S 
MATRIX 


In this section we approach our problem from 
a somewhat more general standpoint and show that 
any ambiguity in the definition of the interpolating ; 
field can be interpreted as an ambiguity in the | 
definition of the S matrix off the energy surface. 

First let us give some attention to the problem 
of the definition of the S matrix off the energy | 
surface. As is well known, the S matrix can be 


i 


s= > ai \ dhs». « den’ ee 


1 
(8S= > (n—1)! 
n=1 


| 
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represented [1] in the form 


al eaen 
n=0 


X fin (Ry... Rn) 8 (R2 — m®) 


2 8 (b2 — mm?) : Ain (ha). . Ain (Rr) (34) 


| It can be seen from the expression (34) that the S 
| matrix depends only on the values of hn(k,...kn) 
| on the energy surface, i.e., for kt =...=k?, = m?. 


This, however, is not sufficient for a complete 
formulation of the theory, and in particular for the 


| formulation of the causality condition. We also 


need to know the Fourier transforms hy(x;...Xp), 


| and consequently it is necessary to define in some 


way hyn(k,...ky) off the energy surface. We shall 
suppose that the S matrix is defined off the energy 
surface if the hy(k,...k,) are prescribed in the 
entire momentum space. In this case we can de- 
fine the variational derivative of the S matrix in 
the form 

il 
Qn) 


x (ees (ey +... + hp) 6 (R2 — m?) .. 8 (k2 — mi) 


dRn. 
(35) 


Se (hit 2 Bn) AR (R.A (Rn) dey os 


It can be seen from Eg. (35) that the value of 6,S 
depends in an essential way on the definition of 


hy(k,...ky) off the energy surface. It is clear, 


however, that an expression of the form 

J£(x)5xS dx, where f(x) is an arbitrary solution 
of the Klein-Gordon equation, depends only on the 
values of hn(k,...ky) on the energy surface. It 
follows from this that the values (6x8), and (6xS), 
which correspond to two different definitions of 
hn(k,...kn) off the energy surface can differ only 
by a function Q(x) which satisfies the condition 


lf) Qe) dx = 0. (36) 


It is also not hard to verify the converse, namely: 
if (6S), is defined by Eq. (35) with certain fixed 
functions h{)(k,...ky), and 


(6,S)2 an (6,S)1 + Q (x), (37) 


‘where Q(x) satisfies Eq. (36), then (6xS), can be 


represented in the form (35) with certain other 
functions h{?)(k,...ky) which differ from 
ny k,...ky,) only off the energy surface. 

From these arguments we can conclude that the 


) possibility of different definitions of hy(k,.-.- Kn) 
i off the energy surface reduces to the possibility 


4 
. 
9 


a 


of an arbitrariness in the current defined by Eq. 
(33), of the form 


j (x) = jo (x) + J (x), 


where j(x) corresponds to some definite choice of 
hyn(k;,...Ky) off the energy surface and J(x) is 
some operator satisfying the equation 


(38) 


\i (x) J (x) dx = 0. (39) 
In order not to make additional complications we 
shall assume that J(x) satisfies the requirements 
of Hermiticity and of translational and relativistic 
invariance, and also, if the theory is causal, the 
causality condition. 

Let us now consider the question to what extent 
the asymptotic condition (5) fixes the definition of 
the interpolating field. For this purpose let us 
write down the difference between the expressions 
for the asymptotic condition for t — +” and 


t—-—*«. We have 


(o,\ 5/4 @ cn (x) ] dx ¥) 


= (©, | [Aout (x) — Ain (x) 555 F(X) dx ¥), (40) 
It follows from Eq. (4) that 
Aout (x) —Am (x) =\D(x—WiW dy. 41) 


Substituting Eq. (41) in Eq. (40) and making some 
transformations, we get 


\ f (x) KA (x) de = — \ f(x) j (dx. (42) 
It follows from this that 
K;,A (x) = —j (x) — 41 (x), (43) 


where 
\F (x) Ja (x) dx = 0. 


Using the fact that the definition of j(x) itself con- 
tains an arbitrariness [cf. Eq. (38)], we can put 
Eq. (43) in the form 


K,A (x) = —j (x). 


Thus the asymptotic condition (5), which is fun- 
damental in this approach, [1] leads to a formula 
(44) for the determination of the interpolating field 
which shows that all of the ambiguity in the defini- 
tion of this field is due to the ambiguity in j(x), 
i.e., to the ambiguity in the definition of the S 
matrix off the energy surface. 


cea 
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5. DISCUSSION 


We now draw some conclusions. It was shown 
in Sec. 4 that all of the ambiguity in the interpo- 
lating field can be regarded as an ambiguity in the 
definition of the S matrix off the energy surface. 
On the other hand, in Sec. 3 it was indicated that 
there is a possible ambiguity in the definition of 
the interpolating field associated with the ambi- 
guity in the definition of the T-product with a 
prescribed S matrix. Therefore it is interesting 
to see whether we can establish a connection be- 
tween these two approaches to the problem. 

In Sec. 3 the ambiguity in the interpolating field 
was actually determined in terms of the ambiguity 
of the expression T(Ajn(x)S), which can be writ- 
ten out explicitly as follows: 


T (Ain(x)S) = 51 \ dys «. -dysP (Yi | Ya++ + $e) Gr (Ys «++ 4) 
Z=0 
1 ne 
% (FD* (x — 1) + Ma (x, 41): Ain (Ys) «+» Ain (Yd) 
(45) 

Since M,(x,y) can be represented in the form 

i? Q( Oy) 6(x-—y), Eq. (45) can be written in the 
form 


T (Ain (x) S) = >) \\ dys «+ dysP (ys | ¥2-- + 42) 9 (Yr- + - ue 


x 4 (D' («—y) — Q (Ow) 
x K,y,D° (x — 1) > Ain (y2) suo obaee (y;):. (46) 


Let us integrate Eq. (46) by parts, assuming 
that when the limits are substituted the expression 
in question vanishes, in accordance with the re- 
mark made in Sec. 1. Then we get 


T (Ain (x) S) 


4 
=>) \ dy, -.  dyiP (ys | Yo... ys) ~D* (x — 1) 
i=0 


xX Ig: (Yi... 4) — Q (Oy) Ky O: (Yr... ys): 


Are (Helene intl) x=al) Wain (x) 9), (47) 


where 


Say \ dy... dye [pi (Yi. - - Ys) 


—Q (Oy,) Ku. (1. . - ys) : Ain (ys)... Ain (ys) :. (48) 


It is clear from the structure of the expression (48) 
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that the matrix § differs from the S matrix only 
off the energy surface. 

Thus we see that the ambiguity in the definition © 
of the interpolating field associated with the am- 
biguity in the definition of the T-product with a 
given S matrix can be reformulated in such a way 


that it turns out to be connected with the ambiguity | 


in the definition. of the S matrix off the energy 
surface with a fixed definition of the T-product. 

A very curious situation arises. It turns out 
that not only is there quite a variety of interpo- 
lating fields corresponding to an S matrix defined 
off the energy surface in a prescribed way, but 
also conversely there are several expressions for | 


the S matrix off the energy surface corresponding — 


to a single interpolating field. We now recall that 
the definition of the S matrix off the energy sur- 
face is closely connected with the definition of the 
Dyson matrix S(0,, 2) which connects state vec- 
tors prescribed on two arbitrary spacelike sur- 
faces. In this connection it becomes very inter- 
esting to find out how the ambiguity noted here 
affects the definition of the Dyson matrix, and we 
intend to continue with the study of this question. 

In conclusion we express our deep gratitude to 
B. V. Medvedev for suggesting the topic and for 
his constant interest in the work. We also ex- 
press our gratitude to M. K. Polivanov for a dis- 
cussion. 
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8 As has previously been pointed out, '!s? in the 
framework of the Sakata model there can exist be- 
sides the known pseudoscalar mesons 7 and K 
two further pseudoscalar mesons* o, and og». Out 
of the nine different charge states of the system 

baryon + antibaryon three states (pp, on, AA) 
have identical quantum numbers and can make 
transitions to each other. From the diagonali- 
zation of these states there arise three other 
states, one with unit isotopic spin, 


n° = (pp — nn)/V 2, 

and two others with zero isotopic spin, 

6, = {a (pp + nn)/V 2 + BAX}, 

6, = {8 (pp + nn)/V 2—aAA}. 
Because of the orthonormality of the states o, and 
0, the constants a and £ satisfy the relation 
a? + B2=1. These coefficients are determined by 
the properties of the strong interaction between 
the three baryons p, n, A. As has been shown in 
a number of papers, !4-8] if the strong interactions 
of these baryons were identical (as they are, for 
example, in the model of universal vector interac- 
tions [9-11], | the Sakata model would possess an 
additional symmetry, which bears the name of 
unitary symmetry. In the framework of unitary 
Symmetry the nine mesons break up into an octet 
and a singlet, and the mesons occurring in the 
octet (7, K, o,) must have equal masses; the 
mass of the ninth meson (o,) must in general be 
different, and may be much larger. The values of 
the coefficients that correspond to unitary symme- 
try are B= (%)'?, a=- (¥,)1/2, The amount of 
deviation from unitary symmetry in nature can be 
characterized by the mass difference of the K and 
™ mesons (~ 350 Mev). This gives us reason to 


*In[+»?] these mesons were denoted by p} and p). Recently, 
however, the letter p is used in the literature to denote vec- 


tor mesons. We do not use the notation n°, since it refers 
to a hypothetical o{ meson with a mass equal to that of the 
7 meson. ° 
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The arguments in favor of the existence of heavy neutral pseudoscalar mesons with isotopic 
spin zero are discussed. A number of experiments are proposed by means of which it might 
be possible to settle the question of the existence of such mesons. 


suppose that the mass of the a} meson can scarcely 
exceed 1 Bev. At present we have no definite argu- 
ments about the mass of the o} meson. 

Considerations connected with unitary symme- 
try make the problem of looking for and discover- 
ing the o meson a matter of great present inter- 
est.* In this connection we shall make a number 
of remarks about the possible properties of this 
particle. 

2. The possible decays of the o meson have 
been considered in the greatest detail by Zel’do- 
vich (14] (cf. also (#1). The rapid decay o — 27 
is forbidden by parity conservation; the rapid de- 
cay o — 37 is forbidden by the conservation of 
G-parity (the G-parity of o is positive, and that 
of 7 is negative); and the decay o — 47 must be 
improbable, since the mesons are produced in 
states with high orbital angular momenta. 

The decays into five and seven 7 mesons must 
be forbidden on account of the G-parity. Just like 
the decay o — 47, the decays into six and eight 7 
mesons will involve high orbital angular momenta, 
and owing to the smallness of the phase volume 
these decays cannot compete with o —47. The 
high orbital angular momenta in the decay 0 — 47 
are due to the fact that a pseudoscalar configura- 
tion of the four 7 mesons arises. The following 
4n decays are possible: 


o > 2n+ + 2x7, 6 >2n°9+at+4+n, o > 4n°. 


The matrix element for the decay into 27* + 27 
is of the form 


M = (L/p)? €apysP1aP2pPsvPas (D1 — P2)p. (Ps — Pa)p PiPePsPaPo, 


where p is the mass of the 7 meson, L isa 
dimensionless quantity, p, and p», are the four- 


*Recently, on the basis of ideas about an eightfold sym- 
metry, Gell-Mann'*] has concluded that the 0? meson may ex- 
ist; he calls this particle y°. The conclusion that such a 
meson may exist has also been reached by V. M. Shekhterl**] 
on the basis of an analysis of the symmetries of the strong 
interactions. 
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momenta of the 7* mesons, p3 and py, those of 

the m mesons, and the g’s are wave functions. 
The expression for M is symmetrical under the 
interchanges 1<—~ 2 and 3<—~4. 

In the language of orbital angular momenta the 
expression for M corresponds to I’ = 1” = 2, 
1=1, where I’ and l” are the orbital angular 
momenta of the 7* and 7 pairs, and 7 is the 
orbital angular momentum of the relative motion 
of these pairs. For 1=l’ =1” =0 the quantity 
L/u would be of the order of the effective dimen- 
sions of the region of strong interaction, i.e., 
ba iowor iad” =2,1= 1; this quantity will 
be much smaller because of the centrifugal bar- 
rier [L’~ (51!)72(3!!)71~ 1077-1073]. The 
decay into 27° + 7* +7 is described by an analo- 
gous matrix element. Because of the complete 
symmetry of the system 47°, the decay o — 41° 
contains still higher orbital angular momenta. 

As V. I. Ogievetskii has shown (private commu- 
nication), the matrix element for this decay is 
proportional to 


4 €.618DiaPopP3vPas (D1 — Pe)» (Ps — Pa)p 
X (pi — Ps)» (P2 — Pa)v (P1 — Pa)e (D2 — Ps)o Pi P2PsPaPo: 


Therefore the decay to 47° can be neglected in 
comparison with the other 47 decays. Calculating 
from M the probability of the decay o — 27* + 27°, 
one easily gets 


w ~ 1077-114 (A/p) "nu, 


where A =mg-—4yp and the formula holds for val- 
ues AX uw. In spite of the rapid rise of the proba- 
bility with increase of mg (for mg > 4u we have 
w ~ mJ°), one could think from the smallness of 
the coefficient in the 47 decay and from the for- 
mula for the probability of the decay o — 27 + y 
(see below) that the decay into 47 could be im- 
portant only for mg & 1 Bev. Beginning at mg 

= 2mxK + yu, however, the following fast decays 

are allowed: 


o—Kt+ K +2n°, 

o>K*+ K+, 
The decay o — K® + K9 + 7° is particularly inter- 
esting. Because of the conservation of charge 
parity this decay must go either by the channel 
2k? +7° or by the channel 2K? + 7, and the chan- 
nel K} + K} + 7° must be forbidden. Thus pair 
production of K? mesons must occur in the ex- 
periment. For small A (A=mg-2mxK-y) the 
probability of this decay is given by 


w ~ 10°L?A7/m, (L ~ 1). 


o> K+ K+ 2, 
o +> K- + K®°+ at, 
0 


KOBZAREV and Lo Boj OKUN: 


3. Let us now turn to decays that involve the 
electromagnetic interaction. Conservation of 
charge parity forbids the decay 0 — nw? + y (this @ 
decay is also forbidden as a 0—0 transition, | 
cf. (141), and the decays 


o-nmtette, on + pt+y, 


i) 
| 
o — 2n° a ‘ 


are forbidden in second order in the electromag- 
netic interaction. The decays 


os-nt++nu +7, 


are allowed. Because of gauge invariance the 
probability of the second of these decays must 
increase as m3 with increase of the mass of the 


o meson. We can take as an approximate formula © 


OZ 


Woy = Why (7./1)?. 


Assuming T,,0 = 107!* sec, we see that w}, ~ 100 e 
for mg = 2u. In spite of its small width, however, 1 
as Ohnuki has remarked, [4] this decay would be the 
main one for mg X 2u. For larger values of the | 
mass Mg, as Zel’dovich has emphasized, §4] the 
predominant decay is 


oonmtt+n4t+ ¥. 
The matrix element of this decay is of the form 
eL3 FA chy, Py1PamEikimP1P2Qo> 


where e is the electric charge (e? = a = 45); 
L is a dimensionless quantity ~1; and k, pj, py» 
are the respective four-momenta of the photon, 
the 7* meson, and the mt meson. 

The decay probability calculated with this ma- 
trix element is 


w~ 10-7aL$ (mm,/p)’ p 


for mg >-2u. The spectrum of the photons is of 
the form 


n (w) dw ~ w (m2 — 2m,o — 4p2)"* (m2 — 2m,w)~" do. 

The heavier of the 0 mesons (¢,) can have in 
addition to these decays the decay of — oa? + 27, 
provided that Mo > Mo? + 2p. 

4. Let us now consider possible ways of detect- 
ing o mesons, in the light of the existing experi- 
mental data. In the range 0<mg<1.8y a search © 
for o° in the reaction d +d — He’ + 0°, which was — 
made in Berkeley, [15] gave for the cross section 
for production of of the value o < 7 x 107 em? 
for mg =p, and o < 0.2 x 10-* cm? for mg = 1.8m 
An experiment made with the accelerator in Fra- | 
scatil!6] gave do/dQ < 6 x 107* cm?/sr for the 
cross section of the reaction y+p—-o+p fora ~ 
range of o-meson masses at about 3.5. Experi- 
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ments in Dubna"!7J have not revealed any features 
associated with the production of o mesons in the 
range of masses 270 Mev = mg < 400 Mev. 

Moreover, there are the following arguments 
against the existence of a 0 meson with a mass 
much less than that of the K meson. Such a meson 
would occur in decays K* —o +7" if mg < 350 
Mev. The production of o mesons which decay 
through the channel o — 2y would increase the 
fraction of the energy carried away by neutral 
particles in the annihilation of antiprotons (in 
comparison with the experimentally measured 
value of Way. [18] There are some possible indi- 
cations against the existence of a o meson with 
the decay o — 2y in the data from the analysis of 
annihilation stars for ‘lost mass.’ !!9J 

At present there are no experimental data con- 
tradicting the existence of a o meson with mass 
larger than that of the K meson and with the de- 
cay oo —1* +7 +y. A-search for this meson 
can be made either by trying to observe the hard 
photons arising in its decay or by analyzing reac- 
tions for its production (experiments of the types 
of §16,17,19])| A reaction convenient for kinemat- 
ical analysis is 


AnbkePens Te. Oy: 
p+ a +a +7 


Because of the uncertainty of the theoretical esti- 
mates, for a o-meson mass near 1 Bev we cannot 
_ regard the decay 0 — 47 as excluded. The exist- 
ence of this decay is, however, improbable. The 
existence of a o meson with such a decay could 
be detected if one were to measure the quantity 
M? = (E, + E, + Ex + Ey)? — (py + Pp + P3 + Pg)” in 
reactions in which 27* + 27 are produced (the 
E’s and p’s are the energies and momenta of 
these mesons ). 

For a sufficiently large mass of the 0 meson 
one could look for it in the decay o — 2K + 7, by 
studying the kinematical distribution of K mesons 
(in particular pairs of K{ mesons) in reactions 
at high energies. For a pair of K mesons pro- 
duced in the decay of a o meson the energy of the 
pair in its center-of-mass system must lie in the 


| Yange 2mx < E2K < Mg — H. 


: In conclusion it must be emphasized that if it 
should be shown experimentally that o mesons 
do not exist, this would mean that in nature uni- 

tary symmetry is catastrophically violated. 
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Certain processes of (anti) neutrino absorption by nucleons should give rise to systems of 
baryons and mesons with total strangeness zero. It is assumed that the weak interaction re- 
sponsible for these processes is local, CP-invariant, and includes a baryon-meson current 
which transforms in isotopic spin space like a component of a vector. A relation is estab- 
lished between cross sections of similar reactions, resulting from the absorption of a neu- 
trino or antineutrino respectively, and a method is indicated for qualitatively distinguishing 
between the V, A and S, P, T variants in the weak interaction. Isotopic equalities between 
amplitudes for various processes of neutrino or antineutrino absorption by nucleons are also 


written down. 
1. INTRODUCTION 


As is known, the processes that occur as a result 
of absorption by nucleons of high-energy neutrinos 
or antineutrinos may be divided into two categories. 
For one class of reactions the total strangeness of 
the strongly interacting particles in the final state 
is the same as that of a nucleon (i.e., zero), and 
for the other class it differs by unity. The follow- 
ing are examples of processes of the first type 


Meet p bv ps pen AP ty ig AN eK a: [-, 
vtponttl,vtnont+ort lh, ytproAtkK+t 


etc., whereas the following are examples of the 
second type 


vtpop+kK 40, 
vtpop+K+e 


and so forth (J+ denotes a charged lepton, i.e., 
either electron or 4 meson). Processes of the 
first type, proceeding with strangeness conserva- 
tion, are caused by the same weak interaction that 
is responsible for nuclear 8 decay and yp capture, 
whereas the interaction leading to reactions in 
which strangeness is not conserved appears only 
in leptonic decays of K mesons and hyperons. 

It is known about the first interaction that for 
small momentum transfers it consists of the V 
and A 4-fermion variants, and that the baryon- 
meson current in it transforms like a component 
of a vector in isotopic space. (11 This latter cir- 
cumstance, by the way, cannot be considered as 


ye oA, 
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rigorously proven. The reason for this lies in the 


fact that the decay of 1 mesons, as well as the B | 
decay of the free neutron and a majority of mirror 7 


nuclei (it is precisely these processes that give 
rise to most of the information on the structure of 
weak interactions ) is due to only the (+) compo- 
nent of an isotopic vector. Even if the weak inter- 
action were to include a current transforming like 
a component of a second rank tensor in isotopic 
space (such a current can, for example, be con- 
structed out of the 5 and = operators ), it would 
not contribute to the decays mentioned. An argu- 
ment against the existence of such a current comes | 
from the observation that it would contribute to the | 
decay of O'*, which occurs between different com- — 
ponents of an isotopic vector, leading to a disagree- 
ment between the vector constants in the decays of | 
Ne and O!. This last consideration, however, is | 
of a quantitative nature, and furthermore the equal-_ 
ity of the constants has lately become subject to | 
doubt. 21 In composite models of elementary par- — 
ticles it turns out, as a rule, to be possible to con- 
struct only isovector currents, [3] however these 2 
models themselves are greatly in need of experi- — 
mental verification. : 
Nothing definite can be said at this time about 
the interaction of strongly interacting particles in 
which strangeness is not conserved. According to _ 
the Feynman—Gell-Mann scheme!!J the baryon- 
meson currents are, generally speaking, sums of — 
isospinors of rank ¥, and %. In a number of papers 
(see, e.g., the review article by Okun’ (31) the hy- } 
4 
: 
' 


pothesis has been advanced that the isospinor of 
rank */, is absent. 


| 
| 


ISOTOPIC STRUCTURE OF WEAK INTERACTIONS AND PROCESSES 


A study of reactions resulting from the absorp- 
tion by nucleons of neutrinos or antineutrinos would 
give information about the properties of weak in- 
teractions for large energies and momentum trans- 
fers. A direct calculation of cross sections for 
specific processes will not, apparently, be very 
useful, because a large number of unknown form 
factors appears in the calculations. As a result 
the calculations, as well as their comparison with 
experimental data, become difficult or in practice 


‘i imposssible. A different approach seems more 


reasonable, in which experimental consequences 
of the general properties of the weak interactions 
are predicted. It is from this point of view pre- 
cisely that the neutrino and antineutrino absorption 
by nucleons was discussed in the article of Lee 
and Yang. /41 

In this work, as in [4] the consequences of 
locality, CP invariance, and the proposed isotopic 
structure of the weak interactions are investigated. 
From the beginning we include in the considera- 
tions all five possible variants of the weak inter- 
action. 

In Sec. 2 the strangeness-conserving processes 
are investigated. The hypothesis that the baryon- 
meson current transforms like a component of a 
vector in isotopic space leads to certain relations 
between the processes of absorption of neutrinos 
and antineutrinos; these relations turn out to be 
different for different weak interaction variants. 
The difference between the V, A and S, P, T 
variants turns out to be most pronounced for the 
case when the energy of the neutrino or antineu- 
trino in the laboratory frame is large is compari- 
son with the transferred momenta. In Sec. 3 addi- 
tional consequences of crossing symmetry for pro- 
duction processes of an arbitrary number of 7 and 
K mesons are described. Section 4 is devoted to 
the establishment of isotopic relations between 
amplitudes for various reactions. 

Questions relating to the identity of electron 
and p-meson neutrinos, or to the feasibility of 
obtaining sufficiently intense beams of these par- 
ticles, are not discussed in this paper. 


2. PROCESSES PROCEEDING WITH NO CHANGE 
IN STRANGENESS OF THE STRONGLY INTER- 
ACTING PARTICLES 


Reactions of neutrino or antineutrino absorption 
by nucleons, resulting in the production of baryons 
and mesons with zero total strangeness, may be 
written in general form as 


a) vt+N—>B-+T, 
b) v+N,—>B, +0, (1) 


where N refers to the nucleon in the initial state, 
and B to the system of all strongly interacting 
particles at the end of the reaction. The states 
N, and B, may be obtained from N and B by ap- 
plying the charge symmetry operator. If it is as- 
sumed that the latter coincides with rotations by 
180° about the first axis in isotopic space, then 
this operation amounts to the substitutions 


A-A, 3tod®, 
nyse cess nh 


D°+—D?, Hk, 
Kt<+K°, K-<> Ko. (2) 


To each of processes a) there corresponds a defi- 
nite reaction b), and vice versa. The amplitudes 
for processses a) and b) are simply related to each 
other, in the same manner as in ordinary B decay. 
If the weak interaction is local the matrix element 
for reaction a) may be written in first order of 
perturbation theory as 


M= pay (4:0; (C; + Cis) ty), (3) 


pon, 


19 —> — 71°, 


where the sum is over the five variants of the 4- 
fermion interaction, Oj are the spin matrices for 
these covariants, and [Tj are the matrix elements 
of the corresponding baryon-meson currents taken 
between the states of N and B; ys = iyoyiy27¥33 Ci 
and C{ are the ordinary B-decay constants. 

If CP invariance holds, and if the baryon-meson 
current transforms like a component of an isovec- 
tor, then accurate to within the possible appearance 
of an immaterial common factor of (—1) the ma- 
trix element for process b) may be written in the 
form 


My = DV (ar Orm: (Ci— Ci¥5) us), (4) 


where (after replacing N and B by N, and B,) 
Ij is the same as in Eq. (3) and nj is determined 
by (C is the charge-conjugation matrix ) 


Cas O; (Oe Or, 
ua{ 1 isAsP, a 


Leese 
It follows from a comparison of Eqs. (4) and (5) 
with (3) that the transition from reaction a) to b) 
is accomplished by having 


Cy, C’,,Cs, Cp, Cr change sign 
and C,,, Ca, Cs, Cp, C; do not change sign. (6) 


In other words, terms involving interferences of 
constants appearing in the same line in Eq. (6) are 
the same in the cross sections for reactions a) and 
b), whereas interferences between lines contribute 
to the cross sections terms with opposite signs. 
Let us restrict ourselves in this section to the 
cases where in processes (1) the masses of the 
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leptons can be ignored. In practice this is permis- 
sible whenever the lepton 7 is an electron. If fur- 
thermore the energy of the incident neutrinos and 
the transferred momenta are much larger than 

the -meson mass, then our conclusions are valid 
also for the case 1=y. In the case of massless 
leptons the free Lagrangian is invariant under the 
vy; transformation of the lepton operators, under 
which in the matrix element (3) 


Cs, Cp, Cr, C’,, Cz, C, change sign, 
and Cy, Ca, C,, C’, do not change sign. (7) 


Therefore after neglecting mj the expressions for 
cross sections for processes (1) cannot contain in- 
terferences of constants from the two groups in 
Eq. (7), i.e., interferences of the V and A vari- 
ants with the S, P and T variants. 

Let us consider now the spinor transformation, 
used previously in application to leptonic decays: [5] 


uy (py) > UF (— pi) = Cur (pr), us (1) > v5 (— pr) = Cu, (py) 

(8) 
and amounting, in essence, to a crossing transfor- 
mation of the leptons. The transformation (8) is, 
apparently, equivalent to the exchange 


Py are Pi (9) 


(one should also add m, ~<~ mj] except that we have 
assumed that the leptonic masses may be ignored ) 
in the projection operator or in the density matrix 
resulting from squaring the matrix element (3). 

On the other hand, that matrix element remains 
unchanged if simultaneously with the transforma- 
tion (8) we require that 


C,, Ca,Cs, C,,Cp,C, change sign 
and Cy, C’,, Cr, C, do not change sign. (10) 


It therefore follows that the expression for the 
cross section for processes (1) should be left un- 
changed under the simultaneous transformations 
(9) and (10). What has been said above is valid 
provided that the ‘‘vertex parts’’ Tj that appear 
in Eq. (3) are functions of only the four-vector 
Py-—pj, which is invariant under (9), and not the 
four-vector py, +pj. This is the case for a local 
weak interaction, as well as in the case when a 
virtual charged boson exists; we will refer to 
this latter case as a quasilocal interaction. 

A number of conclusions can be derived from 
the invariance of the cross section under trans- 
formation (9)—(10). To this end we observe that, 
as a consequence of locality or quasilocality of 
the weak interaction, the cross section for proc- 
esses (1) may depend on the four-vector s 
= (py + pz) not more than bilinearly. That is to 
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say, the cross section divided by the statistical 
weight factor may be expressed in the form 


a (sq;) (Sz) + 6 + d(sqs), 


where q,, q, and q3 are four-vectors made up out | 


] 
} 


of the momenta and polarizations of the strongly 
interacting particles in the initial and final states, _ 
as well as of the four-momentum p,—pj7, which 
is related to the others by the laws of momentum 
conservation. The coefficients a, b, d are func- 
tions of invariants formed out of the same four- 
vectors. We do not.include in Eq. (11) the term | 
proportional to s* because 


—_ 


(11) 


s* = — (py — pi)? + 2 (imp + m!) = — (py — pi)? 


Under the transformation (9) the vectors q; do 
not, and the vector s does, change sign. It then 
follows from the invariance under (9), (10) and the 
circumstance that the coefficients a, b and d de- 
pend on Cj and Cj bilinearly, that the coefficients 
a and b in Eq. (11) may contain only such inter- 
ferences of the constants that are even under (10), 
ier, 

a,b ~ Ce PCR Ce C2 eC) CaF CCe 

G2 08 CF > C2 CsC gC tia eee 
CsC,,.CpCp,,CsC, + C.Ce, CrC,, 

whereas the coefficient d should be odd: 
d~CyC,+CiC’,, CyC,, CaC,,, 

CsC7.+ C.U3; CpCz 4 CC, 

CsC, +.C.Cr, CpC, + C,Cr. 


(12) 


(13) 


Comparing now Eqs. (12) and (13) with (6) we 
find that in the case of a V, A interaction the co- 
efficients a and b are the same for processes 
a) and b) in Eq. (1), whereas d differs in sign. 
The sum of the cross sections a) and b) will there- — 
fore not contain d, and consequently the interfer- 
ence of the V and A variants may enter only 
through the combination CyC + CyCa, i.e., only 
through a pseudoscalar quantity. The scalar part 
of the sum of the cross sections on the other hand, 
can contain the V and A variants only in the form > | 
of a sum of squares, which is obviously larger than _ 
the contribution from a pure V interaction. If the | 
Feynman-Gell-Mann hypothesis relating the B- 
decay current to the isovector part of the electro- | 
magnetic current is valid, then the V contribution — | 
may be determined from experiments on electro- 
production of the system B or B, from nucleons. 
Such a calculation was carried out by Azimov(®] 
for the processes v +N—Nt+a7+1l, v+N—~AF © 
K +1. . 

In the presence of the S, P, T variants the 
situation for the scalar part of the cross section ~ 


a ts 


pit Se 


is the same as in the “‘pure’’ V, A case, i.e., 
a and b are the same for processes a) and b) 
and d differs in sign. Consequently the experi- 
mental comparison of this part of the cross sec- 
tion for processes a) and b) permits one to test 
independently of what variants might be involved in 
the fundamental assumptions of the theory, namely 
locality, CP invariance, and—which is most prob- 
lematic—the isovector nature of the baryon-meson 
current. For the pseudoscalar quantities, such as 
the longitudinal polarization of the produced fer- 
mions, the situation is different. Namely for the 
case of S, P, T, d is the same and a, b differ 
in sign for processes a) and b), whereas for V, A 
the opposite is the case. Consequently a compari- 
son of quantities of this type in processes a) and b) 
would allow, in principle, to establish whether the 
S, P, T variants contribute at high energies. 

Experimentally the coefficients a, b and d 
can be distinguished by varying the momenta of 
v(v) and I in such a way that only the four-vector 
S =p, +p 7 changes, while p,,—pj, as well as the 
momenta of all the other particles, remain fixed. 
One can, in particular, in studying any of the proc- 
esses (1) select only those events for which the 
neutrino energy in the laboratory system E, is 
large and is almost entirely transferred to the 
electron (or 4 meson). In that case the only 
large invariants in Eq. (11) are (sq) (with q 
~p,-—pj,). If, for example, q coincides with the 
four-momentum of the initial nucleon, then (sq) 
=m(E, + Ej) » 2mE,, whereas the invariants not 
involving the vector s are of the order of either 
Q = (py-pj)? or ~mvV/Q?|. For E, > v|Q’| 
only the first term in Eq. (11), i.e., a, is impor- 
tant. Therefore under these conditions the scalar 
parts of the cross sections for a) and b) should 
coincide independently of what variants are in- 
volved in the weak interaction. (In the case of 
the V, A interaction the cross section for each 
of the processes a) and b) —and not only their 
sum—appears now in the form of a sum of posi- 
tive contributions from the V and A variants, 
the first of which may be related to electro- 
processes.) The pseudoscalar quantities should 
have the same signs in the case of the V, A in- 
teraction, and opposite signs in the case of S, P, 
T. Thus again they provide a possibility for deter- 
mining what variants are involved. 

If we consider the cross section integrated over 
all internal variables of the system B in Eq. (1), 
then there remain only three independent vectors 


_ in the problem: s=p,+pPpj, Pp—Pl and py, so 


that q=py and (sq) =m(E,+ Ez). At that Eq. 
(11) means that the cross section depends quad- 
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ratically on Ey + Ej for fixed. E,—E] and the 
angle of emission of 1 with, according to what has 
been said, the terms in the scalar part of the cross 
section linear in E, + Ej being of opposite sign for 
processes a) and b), the other terms being of the 
same sign. This fact has been pointed out previ- 
ously by Lee and Yang [4] in somewhat different 
terms. 

In conclusion we note that the cross sections 
for the processes of (anti) neutrino absorption 
resulting in a change in the strangeness of the 
strongly interacting particles also have the struc- 
ture of Eq. (11), with, for (sq) > mv|Q?|, the 
first term dominating. In that case we again have 
invariance under the transformations (9)—(10), 
however no analogy of the type (6) between various 
processes exists. 


3. CROSSING SYMMETRY 


From among the processes (1) we may select 
those in which the system B or B, consists of 
one nucleon and an arbitrary number of mesons. 
In that case besides the relations between the vari- 
ous reactions, that occur as a result of neutrino or 
antineutrino absorption, described in the previous 
section it is possible to obtain additional relations 
due to crossing symmetry. Let us consider the 
processes 


a vtM>NetA+L, 


B) vtM +Ne+A+ 4b, (14) 


where N, and N», denote nucleons in the initial and 
final states, and A stands for a system consisting 
of an arbitrary number of 7 and K mesons. A 
differs from A in that all particles are replaced 
by their antiparticles. If the initial nucleon in the 
reaction @ is the same as the final nucleon in the 
reaction £, in the sense that they are either both 
protons or both neutrons, and if the same is true 
of the other pair of nucleons, i.e., if 


Nix = Nog, Noa = Nig, (14a) 


then the matrix elements of reactions @ and 6 are 
related by crossing symmetry. Let us denote the 
momenta of the particles in reaction @ by py, Pj, 
Po, PA» Py, and those in reaction B by dp, 41, Qe, 
GA» G7 (pa and qa stand for the totality of the 
momenta of all particles in A or A) and let us 
assume in what follows that Eq. (14a) holds. Then 
the expression for the cross section of process 6 
in Eq. (14) coincides with the expression for the 
reaction a, provided that we make the following 
substitutions in the matrix element for the latter, 
i.e., in Eq. (3): 
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Pir A922 ay REP At IAG 


Py > UW, pit — Gv, my, <-> My. (15) 


If the nucleons are polarized then we must add 
to Eq. (15): £,+~ %, +> 14, where ¢; and nj ° 
are the polarization vectors of the i-th nucleon 
(i =1,2) in the reaction @ and B. The last re- 
lation in Eq. (15) may be omitted if the neglect of 
the mass of the lepton J is justified. If such is 
not the case then it becomes convenient to add to 
Eq. (15) the transformation (9), (10), after which 
the transition from a to B consists of the re- 
placement (10) together with 


DA Ars 


(C1 %, 


Pi — Qa, P2 = 1; 
Dive a] 
Let us consider in more detail the specific ex- 


ample of ‘‘weak’’ production of a single 7 meson, 
i.e., the reactions 


a)vtpopt+at4+tl, 
o)vtnon+aut+t, 
a)vtnopt+nrs+e, 


[PX Sah 
G2—> M1). 


Bi) MiP ap ama Lt, 
B2) vt nontan + it, 
Bs) Vip se ae I+, 

(17) 

These reactions are related by the transforma- 
tion (15) or (10), (16). On the other hand, the proc- 
esses $j, Bo, B3 stand in the same relation to aj, 
Q@»y, 3 as did processes b) to a) in Eq. (1), so that 
the transition between them is accomplished ac- 
cording to the rule (6), provided that the conditions 
listed in Sec. 2 are fulfilled. It is easy to see on 
comparing Eq. (6) with Eqs. (10) and (16) that in 
the case of the V, A interaction the expression 
for the cross sections a3 and £3 should be even 
under the exchange p, <~ p, and a change of sign 
of p,, py and p,;, whereas the cross sections a; 
and Q@», or B; and £,, should under the same 
transformation go into each other. In the case of 
S, P, T what has been said above remains true 
for the scalar part of the cross section, whereas 
the pseudoscalar part changes sign. 

An experimental test of crossing symmetry 
would require obtaining the dependence of the 
cross section on the invariants that can be con- 
structed out of the four-vectors entering into 
Eqs. (15) or (16) which is, apparently, difficult. 

It may be that selecting events for which N, is 
approximately at rest will somewhat facilitate 

this task. At that in Eq. (17), as well as in the 
general case (14), there remain after integration 
over the internal variables of the system A or A 
only three independent vectors: p,, pz and p, © pp», 
out of which one can construct three invariants: 

Q* = (py—pz)?, (Py—Pz)* Py = m(E,—E7) and 
(sp,) = (pp + py) * py = mM(E, + E7). Under the 
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(16) 


transformation (16) the last two change sign. At 
large energies E, and for |Q?| « m(E, + Ez) 
the dependence on the last invariant is quadratic 
so that the transformation (16) amounts to a change | 
in the sign of the one invariant (py—pj)°p; | 
=m(E,y-—Ej]) only. 


4, ISOTOPIC RELATIONS 


If the baryon-meson current has definite iso- 
topic structure, i.e., transforms as a component 
of an isovector or isospinor of a given rank, then _ 
the amplitudes for the various processes resulting _ 
from absorption of (anti) neutrinos by nucleons | 
are related to each other as a consequence of iso- 
topic invariance. Such relations are given below 
for reactions with no more than three strongly in- 
teracting particles in the final state. In the usual 
manner there follow from equalities among ampli- 
tudes inequalities among cross sections. 

Let us consider first processes in which the 
total strangeness does not change, and let us sup- 
pose that the baryon-meson current transforms 
like a component of an isotopic vector. 

1) If the amplitudes for the reactions 


O) SV at (Pe Dusk Tipe ce vhs 
b))vtnon+a+t, 
djdvtnoptwtl 


are denoted respectively by Tag, Tp, Te, then the 
relation between them may be written as 


i RE Remy Og en ip 


(18) 


(19) 
The same relation holds also for the processes | 


ajav+t+poat+t kts, 
bv+n—stt+ K+, 
es oll Maca? les Sa 6 Ges Se a 
or 


apv+prAst+ Krtarstt, 
b)v+n5A+ Ko +at+, 


C) vi eon SAK Ee Oo FF: (20) 


The inequalities for the cross section arising from 
Eq. (19) are obvious. 
2) In the reactions 


ayv+pop+art+ wer, 
i Dl Bc a ea Sai etalk 
c)v+n—->p+att a+, 
d)v+nopt+rt+nrste, | 
e)vtnontattw+l (21) 
the two pions may be produced in an even or odd 

orbital state. If the corresponding amplitudes are 
denoted by T* and T’, and if the Bose nature of 


do, — Og; 


ey np Dt 8 KO, 
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the pions is taken into account, then 
Ti =T5/V8 = —T: = (T; —TH/V 2, 
T =Ta=0,.. T, = (Ta —Te)/ V2. 


In the total cross section the amplitudes T* and 
T do not interfere. Consequently one obtains from 
Eq. (22) inequalities for the total cross sections: 
Og = Op /4, Ge = 01/4, etc. If reaction (21) takes 
place near threshold then T” is clearly small in 
comparison with T*, so that Eq. (22) gives for the 
differential cross sections 


do,== do, ~ do,/8 < (Vdo, + V dsq)?/2, 
V2d0, + Vdo,>Vdow, V2do,+Vdou>Vdo.. (23) 


For the total cross sections the relations (23) re- 
main valid provided that 


(22) 


aos 0. d0;, > 6,, d0,/2 —> 0, ~ dog/2-— G4, 


Since pions obey Bose statistics the amplitudes 
T* and T may be interpreted as corresponding 
to the production of the pion pair in a state with 
even or odd total isotopic spin. In this sense 
Eq. (22) is also valid for the processes 


abvt+powiw+kKt4+T, 
bvtpotourt+ KT, 
yvtnodt +a +kKt+, 


ey po Dot nt + Kt, 


een 2 + at KT +, 
eyvin-Dint+ Kes, 
djv+n—-2+n°+K*+C, 

(24) 
with Ta-= +Tt, Tg =+Té, Tg: =+Tg- The latter 
equalities are a consequence of isotopic invariance 
alone. In Eq. (22) the superscripts + refer now 
only to the isotopic parity of the 27 system and 
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have no relation to the orbital angular momentum. 
Consequently T* and T™ can interfere also in the 
total cross section. 

3) The amplitudes of the reactions 


ee pee Rta Re 

bt) vtnso EEK LK LE, 

c) vtn—>8-4+ K*-+ KAt4+ I (25) 
are connected by the equalities (T* and T” now 
again refer to the amplitudes for production of 
pions in even or odd states of orbital angular mo- 
mentum ) 


Ce ae. Tg Te —2T5 = 0: (26) 


Since T* and T do not interfere in the total cross 
section we get from Eq. (26) the inequalities 


V205+Vo.>V0, V20,+ Voa>V %. 


So far all the relations in this Section have been 
written for processes involving neutrinos, i.e., re- 
actions of type a) in Eq. (1). The same results are 
naturally valid for the corresponding reactions of 
type b) involving antineutrinos. 

In conclusion we consider processes in which 
strangeness changes. As was already remarked, 
the baryon-meson current is in this case in gen- 
eral a sum of terms of isospin ¥, and %. In the 
table are given relations between the amplitudes 
for various processes in the two extreme cases 
when the current has isospin q, or A Only proc- 
esses satisfying the AS = AQ rule!1] are consid- 
ered and only if they result in the production of 
no more than two strongly interacting particles. 
The two types of reactions in the last group in the 
table refer to processes of the type 8 and a, 

Eq. (14), and are connected by crossing relations. 
Relations between cross sections for processes 


(27) 


Relations between the amplitudes 
when the current has isospin 


8/9 


"/2 


a) v+poS9+ 1+ or a) V+ prA+an°+1t 
b) vt noA+a-41+ 


b) v+no-d-+h 
a) V+ p>89+ K+ h 
b) V+ poe +Kt+h 
Evil fe we KO fet 
a) V+ p>dt+a-4+lt 
b) V+ p>do+ 0° + I+ 
c) V+n-D94+n-+ 1+ 
d) V+ pod-+at+ lt 
e) V+ no=-4+ 09+ 0 


a) v+ p—>p+K-+l+ or a) v+poptKttl 


b) V+ pon+Ko+lt 
c) V-+non+K-4+1+ 


b) v-+-n—> p+K°+l- 
c) v+non+Kt-+i- 


Tot gee Ta=T»=—T, 
2 Se 1 of, 
A if ) T= 2 (V2T —T,) 
se = ae =—(T+T;) 
Fey =T,+Vir. 
fl 7, =0 —T,=T,=T, 
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>+N—2+1* were obtained previously by 
Behrends and Sirlin. !7 

The author is indebted to Ya. I. Azimov for 
discussions. 
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of the angular momentum 1. 


1. INTRODUCTION 


ly a recent paper, Regge, C1] by introducing par- 
tial waves with complex orbital angular momenta, 
obtained an interesting result in nonrelativistic 
theory concerning the asymptotic behavior of scat- 
tering amplitudes and spectral functions in the 


h ~ nonphysical_ region of large momentum transfers. 


Ina previous paper of this author [2] the asym- 
ptotic behavior was studied under these same con- 
ditions in relativistic theory in order to examine 
the possible types of asymptotic behavior of the 
scattering amplitude at high energies. In this an 
important part was played by the Mandelstam 
equation, obtained by analytic continuation of the 
usual unitarity condition. 

In the present paper we show that partial waves 
with complex orbital angular momenta / can also 
be introduced in a relativistic theory. Their ana- 
lytic properties are to some extent similar to 
those of the corresponding nonrelativistic quanti- 
ties. The introduction of complex values of 7 en- 
ables one to find the general solution of the Man- 
delstam equation and to obtain some information 
about the possible asymptotic behavior of ampli- 
tudes and spectral functions. 


2. PARTIAL WAVES WITH COMPLEX ORBITAL 
ANGULAR MOMENTA 


| Let us consider the dispersion relation in the 


momentum transfer in the t channel (region III 
ein Fig. 1): 

. 62 . : 
AGN =Als,t) +5 \ ds Ay(s,t)|z=s—F=5 


4p2 


b 44 ( aw'Asw'y [245 —7ta] 


Mi 4p? 
.] 
¥ 


(1) 
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PARTIAL WAVES WITH COMPLEX ORBITAL ANGULAR MOMENTA AND THE ASYM- 
PTOTIC BEHAVIOR OF THE SCATTERING AMPLITUDE 
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It is shown that in relativistic theory the partial wave amplitudes fy are analytic functions 
The asymptotic behavior of the scattering amplitude as a func- 
tion of momentum transfer is determined by the nearest singularities of fy. An expression 
is obtained for the scattering amplitude for arbitrary momentum transfer in terms of the 
fj, which satisfies the Mandelstam equation relating the spectral functions and absorptive 
parts. The behavior of the scattering amplitude at high energies is discussed. 


/Al 
= a Hf gy? 
Ze 


vA) 
5 N\A 
ey I] \= ‘e 
FIG. 1 


To be specific, we have written the equation for one 
subtraction; as will be clear later, the number of 
subtractions is unimportant. 

In addition we shall assume that the Mandelstam 
representation is valid. Then, assuming for sim- 
plicity that the particles all have the same mass py 
and are the lightest particles (for example, 7 me- 
sons ), we find, following Mandelstam, that the 
spectral function p(s,t) and the absorptive parts 
A,(s,t) and A,(u,t) must satisfy the equation 

dz; dzo 


26)=) | 

[Aa (51s 8) AY (Sef) -+ As (tas 8) AD (tn, 
s=—1¢— 4) — 9, 
— 4y’) (1 — 2,2), 
*) (1 — 244) 
2>ant+V(id—)(4—)), (2) 


for t below the threshold for inelastic processes. 


(For + mesons, t < 16”). 
Using (1), we calculate the amplitude for the 
wave with angular momentum 7: 


Sia +(t 


aaa = (t — 4p 
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io = 3 \ P, (2) A (s, t) dz. (3) 


tt 


For l=1 


f(t) =z) We) Ar s', 8) de’ 


Zo 


+ (— NE) We) Aru’, fae", (4) 


where 
tC os ee 
a aa spe de 
—1 
Zi ae es ea=l+— es bar 


2” — | - Sa (5) 


If the asymptotic behavior of A for large s re- 
quired not one but k subtractions, equation (4) 
would be valid for 1 =k. We write (4) in the form 


ih@® =e? O+ — 1)? @ (6) 


and study the properties of, say, g(t). 
We consider the expression 


g}? (t) = =| Q(z’) Ar(z’, t) dz’ 

as the definition of CO a for nonintegral 1, where 
Qj(z) is the Legendre function of the second kind, 
and coincides with (5) for integer 7. Then under 
the condition that | A,(z,t)| < Cz, it follows from 
(7) that of is an analytic function of 7 in the half- 
plane Rel >a, since Qj(z’) is an analytic function 
of 1 and behaves like (z’)7+1) for z’ ~~. 

For 1—o, 


(7) 


Oren oe zy chi 


Using the analytic properties and the asymptotic 
behavior (8), we can easily invert (7) and express 
A,(z’, t) in terms of 9 1)(t). In order to do this, 
we use the following PRES! which is proved in 
Appendix I: 


_ b+i00 
ot | a Ql+ I) Pr) Ga) =d@—a4), 6>—1. 
edt (9) 
Integrating (7) over 1 for b = a, we get 
_ b+io0 
A(z, th=z \ dlQl+ Ie P(). (20) 
b—ioco 


We note that the right side of (10) is equal to zero 
for z < Zp, since then the asymptotic behavior of 
of and P;(z) for large J permits us to close the 
contour to the right for 1—- ©. The formula be- 
comes meaningless for z < 1. 


*ch = cosh. 


> 


(8)* 
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Formulas (7) and (10) are analogous to the di- 
rect and inverse Mellin transformations, but are 
more convenient than the latter for studying the 
unitary condition (2). 

We can write a similar relation for A,(z”, t): 


_ b+f00 ; 
A,(Z,)=z \ dQit+ Ne OP). (1) | 
b—ico 
Since p(s,t) =Im A,(s,t), 
_ b+bo0 : 
p(s) =z \ dl Ql + 1)Pr(2) > lo? —@B)1-02) 
b—ioo 


Now we can substitute (10), (11) and (12) into 
(2). As shown in Appendix II, Eq. (2) will be sat- 
isfied if 


= lo — (@2)'1] = Eto (Py + oP (2): 
(13) 


= +Vi— 4p, o=+Vt. 
For real 1, (13) goes over into 
Im gf? = (glo) (gt? ? + gf? PI. 


(14) 


If together with Eq. (2), which is obtained by 
analytic continuation of the unitarity condition in 
the t channel into the region I, III of Fig. 1 
(s > 4y?), we also considered the relation between 
p(u,t) and Aj, A», which follows from the analytic 
continuation of the same unitarity condition into 
the region II, III of Fig. 1 (u > 4y?), then as shown 
by Mandelstam we would get the equation 


dz,dz 
u,t = Im As (u, 2) => oe 
p ( ) = ze 2 + 22 — 22722 —'4 


X [Ar (a) Ag (ze) + Ay (21) Az (z2)] (15)° | 
and, analogous tO Lats 
_ b+ico é 
pu) =z | dl Ql +1) PQ lo —@P)1. (6) 
b—ico | 
Substitution of (10), (11) and (16) in (15) gives 
to — @py') = te? Gy + PY eM. (L7)q 
where for real J, | 
Im p® = (g/o) [pi@?" + pp]. (18) 


If for integer 1 we multiply (18) by (-1 ye and add 
to (14), we get the usual unitarity condition: 


Im fr == (q/e)| fr? 


Thus formulas (14) and (18) are the generaliza- 
tion of (19) to arbitrary real 7, while (13) and (ts 
generalize it to arbitrary complex l. 

For the case of interaction of identical particles, 
of = oF = gy, but since the integration in the 
original unitarity condition must be taken only over 


(19) 
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half the sphere, the right sides of (1) and (15) con- 
tain an additional factor ', so that instead of (13) 
and (17) we get 


= le —@r) 1 = (ge), fi = + (— 1) qr.(20) 
Thus we have shown that A,(s,t), A»(u, t), 

p(s,t) and p(u,t) have the form (10), (11), (12) 

and (16) and satisfy the unitarity condition if 

og and ef satisfy (13) and (17). The functions 


o”; of are analytic in 1, their behavior for 


large J is given by (8), and for integral 1 >a they 
are related simply to the phases for the t channel 
(Eq. 6). 

It is also easy to get the Sees for “i 
amplitude A(z,t) in terms of 9 Y(t) and 94 pEY. 
This can be done either by using “ine dispeTeiRs 
relation (1) or by analytic continuation of the 
series 


A(z, = >) QL+ 1A) Pr (2, 
l=0 
in a way similar to that for the nonrelativistic 
theory, [J but including both cuts. 
With some simple transformations we get 


A(z,) => 2+ )AO P+ 
I=0 


x lp @) Pr(—z) + 9?) @) Pr (I, 
where k <n <b. 

If we resolve A(z,t) into parts which are sym- 
metric and antisymmetric with respect to the sub- 
stitution z — —z: 


b-+-Lco 
i (, Ql-+4)dl 
\ sin 3 
b—ico 


(21) 


A(é, t) = At(z, t) + A(z, 4), 


then 
A* (2, 1) =D) (20+ 1) fad) HH £ (—1)) Pula) 
t=0 
+ \ SEP if P(e + Pula), (22) 
b—ico 
where 
fF=9P ter 
satisfy the conditions 
+ ft — (fy) = Sir dy (23) 


Contrary to the situation for the nonrelativistic 
theory, we have not been able to show that go} and 
of? are a) meromorphic functions for Rel > —%, 

and b) have singularities only in the upper half- 

plane. We know of no reasons why the first prop- 

erty (meromorphy) should be retained in the ex- 
act theory even when t—4y? « 4”, i.e., in the 
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nonrelativistic region in the t channel. This is 
related to the fact that in analyzing the analytic 
properties of fy ( t) it was necesary to assume that 
the potential at small distances is not too singular 
(which was necessary in the nonrelativistic theory, 
in order for a solution of the form r/ to exist for 
small r). 

It is easy to give examples of potentials for 
which this property does not hold. For a potential 
of the type —a/r’, the partial wave has branch 
points at 1 = — a + Va, which for a > yy, repre- 
sent a collapse into the center. Fora 6-function 
potential, f7 = 0 for all 1 + 0. 

As for the second property (singularities only 
in the upper half-plane ), in nonrelativistic theory 
it is a consequence of the hermiticity of the Hamil- 
tonian and is closely related to the fact that the 
singularities of the amplitude as a function of the 
energy t, which correspond to unstable states, lie 
only on the second sheet of the t plane. 

It may well be that this distinction of the upper 
half-plane is retained in the relativistic theory, 
but we have simply been unable to prove it. 

In Seno oaon we consider the analytic proper- 
ties of yY)(t) as a function of t for arbitrary 1 
where Rel > max; a. These properties are easily 
understood, starting from formula (7). Since 
A,(s,t) is an analytic function of t, Eq. (7) is 
conveniently written in the form 


2 
gp (t) = =e: 


— 4p) \ Qu(1 By an ae )At (5, ds. 
4p? 


(24) 


For t > 4y?, the singularities of ef (t) corre- 
spond to singularities of A,(s,t). For t — 4p, 


—a)~ t— 4? hae 
re ~( 2s é 


Q(1 Segre a 
consequently, 
eo (t) ~ g for q 0, 


which coincides with the usual relation for integer 
l, with the one difference that g ne for nonintegral 
1 remains complex when t < 4p’. 
As t decreases, singularities of y¥(t) appear 
for two reasons: 1) Q)(z) has a singularity at 
z = —1 and consequently gf?)(t) has a singularity 
at t=0; 2) A,(s,t) hasa ene for 4y?-s 
—t =u = Up. 
It is also easy to write a dispersion relation for 
ef (t). We note that in nonrelativistic theory 
oy t) has no singularities for t < 4”, and the 
left-hand cut for g(t) comes only from the sin- 


gularity of Q). 


ae 
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3. ASYMPTOTIC BEHAVIOR OF A,(s,t) AS 


sS— 


To investigate the asymptotic behavior of 
Ay(s,t) for s—-~ (z—~) it is convenient to 
use formula (10). Since when z—, Pj(z) ~ zl 
(for Rel >—- ioe the asymptotic behavior of A, 
as z— © is determined by the position of the 


nearest singularity on the right for the function 
(1) 


? 

; The simplest asymptotic behavior, of the form 
sf(t), which is discussed in [2] corresponds to 
the case where of has as its nearest singularity 
for arbitrary t a simple pole at 1=1. However, 
the unitarity condition (18) excludes the possibility 
that of goes to infinity for real 1 as we approach 
the first singular point on the right, since it fol- 
lows from the unitarity condition that (q/w)| eo | 
Seals; 

In the nonrelativistic theory C1] the only singu- 
larities of o are poles in the upper half-plane 
and, consequently, the asymptotic behavior has 
the form 


Ai ~ f (t) sh, (25) 


where /J,(t) = a(t) +if(t) is necessarily complex. 
The same asymptotic behavior was assumed in rela- 
tivistic theory in the work of Chew and Frautschi.[3] 
Such behavior is possible, but it is important to un- 
derstand that it leads to an essentially nondiffrac- 
tive character of the scattering in the s channel for 
s—o (cf. [4]). In fact, if we continue (25) into 

the region t < 4y’, then A(t) = 0 [the pole moves 
onto the real axis; for t < 4u2 we do not have the 
condition (18)]and we will have 


Ai ~ f (A) s*, 


where a(t) # const (since the location of the pole 
of the function of (t), which is analytic in t, isa 
function of t). The assertion of Chew and Fraut- 
schi that a is approximately constant in the inter- 
val —20m2 < t< 0 is, to say the least, not under- 
standable. 

For t = 0, as shown by Froissart,[°] | A,| 
< Cs ln’ s, and therefore a(0) <1. In order to 
get a constant total cross section, it is necessary 
that a(0)=1. Then in the physical region of the 
s channel (region I in Fig. 1), for small t 


A1 peck sf (t) ext Ins (26) 


falls off very rapidly with increasing —t for large 
s, so that the diffraction cone (the region of values 
of t for which do/dt does not tend to zero) is not 
independent of energy, but has a size t~ —1/Ins. 
In particular this has the consequence that the 
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elastic scattering cross section tends to zero at i 
high energies. If with such a behavior for A,(s,t)_ 
we calculated the partial wave amplitudes aj(s) 
in the channel s, then in contrast to the case of ’ 
diffraction, in which aj(s) ~ 1 for 1S p/u while ~ 
the amplitudes drop rapidly for 1 > p/y, we would — 
find aj(s) ~ 1/lns for 1 pu-! In!” s, while the 
amplitudes would fall off rapidly for 7 > pu! Int/2 Ss. 
This means that as the energy increases the par- 
ticles ‘‘swell’’ and become more transparent. 
The asymptotic behavior A,(s,t) =sB(é) f(t) 
(where ~ =1ns), which was discussed in [1 and 
corresponds to a decreasing cross section, occurs 
if 0} ( t) has a branch point for 7=1 (for arbi- 
trary t). The fact that by virtue of the unitarity 
condition ge? ( t) remains finite as we approach 
the branch point, has the consequence that B(é) 
falls off faster than 1/. The appearance of such 
a branch point can be pictured classically, for ex- 
ample as follows. Suppose that the interaction in 
states with J values other than J = 0 has the char- 
acter —a/r*? with a= ve Then for 1 =1 the func- — 
tion go} (t) will have a branch point corresponding _ 
to collapse into the center, but gp) will still have 
a meaning. We note that in nonrelativistic theory 
among the interactions 1/r™ for small r only the 
interaction 1/r? has a real effect on the analytic 
properties of g(t), since for n < 2 the function 
gy is meromorphic for Rel > —%, while for 
n> 2 it does not exist in general. If yf) has a 
branch point, then B(é) ~ 1/&9/ for — — ~. 


FIG, 2 


Let us discuss briefly the possibility of such 
an asymptotic behavior of A,(s,t) that, no matter 
how complicated the asymptotic form for t > 4? 
(region I, III in Fig. 1), for t< 4u* itis equal to 
sf(t). It is clear that if of is a meromorphic 
function, then as we go to t < 4u? a pole cannot 
develop for 1=1 independently of t. Butif there | 
is a branch point J =7)(t) on the real axis (Fig. 2), | 
then it may turn out that gf has a pole for 7=1 | 
which lies on only one side of the cut. The pres- : 
ence of such a pole does not contradict the unitar- 
ity condition. If, as t decreased, J)(t) moved 
toward the left, and for t < 42 became less than — 


unity, leaving a pole on the right, the asymptotic 

behavior when t < 4y? would be determined by the 

pole and would have the form sf(t). It is easy to 

see that in order for the pole to remain at the same 
_ place when t < 4”, it is necessary that it be located 
initially on the lower edge of the cut. 

One may also consider a possible behavior like 
Ij(t) in the region t > 4u?. This problem contains 
several interesting points which we shall not dis- 
cuss here. We note only that, even though one can 
make no rigorous assertions, from studies of these 
possibilities one becomes convinced that a behavior 
like sf(t) in the region t > 4u? is impossible to 
obtain if we restrict ourselves to only two-particle 
_ states in the unitarity condition for the t channel, 
and that even the inclusion of any finite number of 
states may not be enough. 

In conclusion I wish to thank I. T. Dyatlov, 

L. D. Landau, I. Ya. Pomeranchuk and K. A. Ter- 
Martirosyan for valuable discussions, and Chew, 
Frautschi and Froissart for sending me their 
preprints. 


APPENDIX I 


To prove formula (9), we consider the well- 
known relation 


-s =a) (21 os 1) P; (21) Qi (22), (AI.1) 
which is valid for 
jJatVZ—1\<|a+VA—1|. — (AL2) 


We shall assume that z, is real and larger than 
one, and write an expression for the right side of 
(AI.1) which is valid for arbitrary complex z,. To 
do this we use the Watson transformation: 


Py(=1) 


sin dit 


Qi (22). (AL3) 


4 PAs POY 
a 5\ a(t +1) 


ee ——— eh - 


The contour C is shown in Fig. 2. The integral 
converges if (AI.2) is satisfied. For z,> 1, the 


expression (AI.3) appears at first glance to be un- 
defined, since P7(x) for integer 7 has a branch 
point at x =—1. But since 
> IP:(—z — ie) — P; (— 2 + ée)] = sin In-P,(2), 
; (AI.4) 
the integral on the right side of (AI.3) vanishes for 
the difference of the values on the two sides of the 
cut. 
_ Since for large J and |z|>1 
Pi (2) ~ (2m Ish £)—eel+9%, Qu (2) ~ (a/21 sh Be, 


bh che (AI.5)* 


*sh = sinh. 


Phe 
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and are entire functions of 1 for Rel > —1, for 
Z4 < Z» the integration contour on the right side of 
(AI.3) can be deformed into the contour C’. The 
integral over the contour C’ will converge for all 
complex z and for real values satisfying 1 < Z4 

< Z,. We may therefore calculate the difference 
of the values with z, +ie for the right and left 
sides. As a result we get, using (AI.4), 

aca e = \ di (21 + 1) P, (z1) Q;(z),  (AI.6) 
QED. 

This formula can also be proved directly. In 
particular, the fact that the right side is equal to 
zero for z,< Z) follows immediately from the fact 
that in this case the contour of integration can be 
closed to the right. 

In order to show that the right side of (AI.6) is ° 
equal to zero for z, > Zz», it is convenient to take 
a= -—¥,: then using the relations 

LF 
*/a + Y) 


Prpptrys 
(AI.7) 


Ps, gy PAs), ? Oe ae = Oa tg = 


it is easy to show that 

\ Tay P—y,ty (2) Qty (22) = \ V4YP 1,44 (22) Q-uety (41), 
aes (AI.8) 
from which it follows that the right side of (AI.6) 

is a symmetric function of z, and Zp. 


—l00 


APPENDIX II 


To prove that the Mandelstam equation (2) is 
equivalént to Eq. (13), we may use the relation 


sao #4 —-V P= =) 
[V 2+ 24 2—222.2,—1]” 
_ a+ioo 
=4 \ (21 + 1) dlQz (2) Qz (2) Pr (2), 
Ae Ke) 
a>—Leiy={y 325, Oe 


which can, for example, be proved as follows. 

Consider the expression for the absorptive part 
of the square diagram and carry out the angle in- 
tegration using (AI.1); we then get 


dz, dz, { y 


‘ RT ee nee ee See gee Zi kew 
i iter at ee l 2 1 Nees 2 


7 Qi (21) Qr (2) Pr (2) (22 + 1), 


/=0 


=] ot 2, di ep? Buh, (AII. 2) 


The left side of (AII.2) is easily calculated, and 
its imaginary part coincides with the left side of 
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(AII.1). The imaginary part of the right side of 
(AII.2) is calculated in exactly the same way as 
we used for obtaining formula (AI.6), and is equal 
to the right side of (AII.1). Substituting (AII.1) in 
Eq. (2) and using (10), (11) and (12), we easily ob- 
tain Eq. (13). 


1T, Regge, Nuovo cimento 14, 952 (1959); 18, 
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The spectral distribution and the angle-energy distribution of plasma waves radiated by a 
charge moving in a magnetoactive plasma are investigated with spatial dispersion taken into 


account. 


Tie radiation of electromagnetic waves by a 
charge moving in a magnetoactive plasma has been 
considered by a number of authors (cf. '172]), As a 
rule, however, these authors have not taken account 
of spatial dispersion, that is to say, thermal motion 
of the electrons has been neglected in these analy- 
ses. In many cases, however, spatial dispersion 
can be extremely important. For instance, there 

is the possibility of generating new kinds of charac- 
teristic waves that do not exist in a cold plasma. 
Shafranov!*1 has obtained an expression for the 
energy loss of a charge moving in a magnetoactive 
plasma. However, his expression applies for a 
cold plasma only (vy = 0, vy is the mean thermal 
velocity of the plasma electrons). 

In the present paper, using a method different 
from that used earlier,-?93] we have obtained an 
expression for the total energy loss of a charge 
moving in a magnetoactive plasma with spatial dis- 
persion taken into account. This general expres- 
sion is used to compute the energy of the plasma 
wave radiated by the charge. Inasmuch as this 
energy can be appreciable, the formulas obtained 
can in certain cases be important in the analysis 
of radio emission from the radiation belts around 
the earth,{41 sporadic radio emission from the sun 
and so on. 

Starting with Maxwell’s equations for the medium 
we obtain the following equation for the electric 
field: 


4ne 0 


PE, 4 OE, ane 0 
c? at 


aes ul eo a St vo(r —r Ne 
Beir Ca Ox, 0X, 4 ca ©akap Gf ( e) 


Di= Cabaplap- 


Here, indices that appear twice indicate summation, 
€q is a unit vector along the coordinate axis 
denoted by a and fg is the radius vector to the 
charge moving in a magnetic field Hy) parallel to 
the z axis, i.e., 


re{fo cos Qt; rosin QF; vol}, 
v {— y, sin Qt; v, cos Qt; vo}, 
Q = WOH V1 "eT B?, 


hae a ie (v? ae v’), o,, = eH,/me. (2) 


Ota roQ, 


We expand (1) in a Fourier integral: 
E (r,t) =| Bu xe" do dk + ¢.c. (3) 
Substituting (3) in (1) and using (2) and the rela- 
tions 


b(r—fe) = 


\ ef re) k dk 


1 
(2a)? 
4 
~~ (20)8 


»y \Ji (E) ef Ukr—t (she ccs 01 dk, 
we obtain the following ponations for the Fourier 
components E,)k3 (cf. Ct ye 


co 
j . d(o—k — sQ 
ei >, : (@ Uo cos 8 — sQ) . 


4 


rts f (4) 


je=—viiJs(&), jy = Toss (8), fz = ods (8), 


Tap eke a 


where @ is the angle between k and Hy, Jg (&) is 
the Bessel function and = krysin@. The compo- 
nents of Tg® are: 


Tag = n? (Xa%p — Sap Bap; 
n? = k*c?/w2, Ne == Real Re (5) 


Using the symmetry of the problem we take 
Kx = 0, Ky = sind, Kz = cos 9, i.e., the vector k 
is assumed to lie in the yz plane. 

The solution of (4) is elementary: 


Eoxs = — i Ta jad (© — kup cos @ — sQ); (6) 


where Tan is the reciprocal of Tgp. 

The effect of spatial dispersion on the dielectric 
tensor of a magnetoactive plasma ¢q (w, k) has 
been considered by a number of authors (cf. '*)5 
Hence we shall not stop here to give the values of 
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€qg (w, k), which are taken from the cited papers,* 
but immediately write an expression for the com- 
ponents of Tog [cf. (6) ]: 


Tye = A * {— n? (8, sin?@ + &3 cos? @) + ee; — ez}, 

Tx = A {ie, (— n? sin?® + 23) + €4(n® sin 6 cos © — ie5)} 
a Bee 

Tra = A" {— ie, (n? sin @ cos 8 + ie;) — e,(—n? cos? 6 + 'e;) 
ay wae 

Ty = A? {(— n? + @) (— n® sin? ® + e,) — e3}, 

Tye =— A *{(— n? + €) (n? sin ® cos® + ies) — ieges} 
he Tepe. 

Top = NO {(— n® + 85) (— n® cos? 0 + 2,) — 25}. (7) 

Here 
Exx = £o, Eyy = &1, Exy = — ly, 8zz = &3, 

£5 = Sas Eyz = 1&5 


(cf. [35,6] ) while A = | Tag | is the determinant 
made up of the components of Tqgg. We note that 
the dispersion relation is obtained from the condi- 
tion A (w, k) = 

Now, using (2), (3), and (6) it is easy to compute 
the energy loss of a charge moving in the plasma 
(7 =21/Q): 


A= e| vE(r=r,)dt 


oti 


sr >) \ @ iaisTha'6 (@ — hoy cos 0— sQ) dk-+c. C. 


) 72 

wt sen (8) 
In what follows we shall not be interested in the 
total energy loss of the moving particle, but only 
that part associated with the radiation of weakly 
damped electromagnetic waves, particularly 
plasma waves. Thus we can limit ourselves to the 
case Bip << 1, i.e., the case where the velocities 
of the plasma electrons are small. Then, if the 
following conditions are satisfied'"1. 


(v,-k/o,,)? sin? A< I, (8.2 cos 6)? < 1; 

(1 — @2,/@?)? S> Be, 1 — 4w2,/w? > Bz, (9) 
the left-hand side of the pepe anon relation can be 
written in the oe (cf, ETI) 


= |Toa| = 7, (BVRn* — [1 —u 


V + wV cos? 6] n4 


2 (1 ee + uV cos?® — u (2 —V)In? 


+ (1 —V) lu — (1—V)*}}; (10) 
*Everywhere below it is assumed that the plasma electrons 
have a Maxwellian distribution in momentum space in the 
zeroth approximation. Then, for example, Ve = T/m when 
BL =v{/ <1. 
tEquation (10) is easily obtained by expanding in powers 
of ¢., in (7)[*°] keeping terms of order 87. where necessary 
(cf. also L¢l). 
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where 

ean Of y — 20 _ 4nen 

wo 5 NOt) Fraser, ? 

_ 3sin*§ [ Bate :| in? ® cos? 0 he 49 
R a 1+ up| Sin’ 8 cos + 3 (1 — u) cos 


(N is the number density of the plasma electrons). 


We need retain only terms with B%p in the 
numerators of the expressions in (7) so that 


&= 8 =1+V(1—u), e&% =—VVul(l —u), 
Spel Vi. 8. hg en (11) 
The equation A (w, k) = 0 is cubic in n* indi- 


cating the possibility that three characteristic 
waves can be radiated. To calculate the radiated 
energy associated with each wave, we substitute 
the values of gen [cf. (7)] in (8), taking account 
of (10) and (11) and carrying out the appropriate 
integration. The difference between the present 
case and the case of an electron moving in a cold 
plasma appears at values of the variables w and 
@ for which n?> 1. 

A particularly simple result is obtained if the 
following condition is satisfied!7) ; 


F = 1—u—V 4+ wv cos? 6 8.. (12) 


Taking account of (9) and (12) we can write (10) 
in the form 


A = RVB3 (n? — F/VRB2) (n* + Bn? + C)/(1 — u), 


Boe pe SL Ve WY a cos8 a Se 
Ge Sey eee 


The second bracket in (13) corresponds to the 
radiation of ordinary and extraordinary waves ina 
cold plasma. The first bracket, however, which is 
important only when n?>> 1, corresponds to the 
radiation of a longitudinal wave. 
of this wave forms a very small angle with the 
vector k. 

X. Using (7), (11) and (13) we write (8) in the form 
(Taposa Tepe dt 


ciara te ( 5 (@ — kop cos 0— sQ) jig Tag (1 — u) dodk 
One @RV (n? — F/RVB2) (nt + Bn? + C) 


T s=—00 


+¢C.C.=Aj, 5+ As. (14) 


Here, the term A; is associated with the longitu- 
dinal wave 
n® = F/RVB?. = n?, 


while A;,» 


waves (n2 = ni! 9). For example, the Cerenkov 


*We note that the integration in (14) extends over values of 
@ and @ that satisfy (9) and (12). 


The electric field © 


(15). | 


comrespond to ordinary and extraordinary 


a Es Se 


fy 
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losses due to radiation of the ordinary and extra- 
ordinary waves by a charge moving along the mag- 
netic field W,,. can be obtained from (7), (11) and 
(13): 

Wi2=— Aj» 


etusi ( 6(@ — kup cos f)) [n4 cos? f) —~ ne, (1 + cos? 9) + e223] dwdk 


heat @ (£1 sin? + €3 cos? 6) (n* — n‘) (n® — n}) 


PeO.C,, 
where <j, €9, and €3 are determined by (11). Our 


_ expression for W;, » agrees with the corresponding 


expression given by Sitenko and Kolomenskii!!], 
Nothing new is learned from studying the term 
W;,2 = —A,,2 [cf. (14) ], which is essentially the 
radiation in a cold plasma (cf. [2] ). For this rea- 
son, we discuss below only the plasma radiation 
(A;). Because n? > 1 the expression for A; can 
be simplified considerably. Keeping only the 
highest power of n in Tgg we have 
Ty) ~ ntsin?, Tz =~ n* cos? 0. 
(16) 
The other components of Top can be neglected. 
Thus 


GC fain! ba, 


Tyz =~ n' sin® cos, 


sin +. up Cos 0) J2(e). 


4 
=fl3 


Since (14) contains a 6-function of argument y 
=w — kv,)cos@ —si2, we have G(y = 0) 
= e7nzy2 (é). Thus, the final expression is 


"(x= cos 0) 


J? (E) | @? — 3, | dx 
Ving | Ra [w (14 —.Bonsx)]/do | 


= Ag uot er ' 
¥ oy S| e (E) | @?— w3, | odo 
rete yore 3 ta] Rd (nsx) idx | 
In order to go over from (14) to (17) it is neces- 
sary to carry out the integration over k, using the 
pole of the integrand at nes ni: The integration 
over dw or dx is carried out with the 6-function 


6 (w — kvycosé —sQ ), i.e., 
o > 0, 


In view of the above the limits of integration in (17) 
are determined from the requirement that the 
function x (w) or w(x), given by (18), must be 
real. 
We now consider (17) for a number of particu- 
lar cases. The Cerenkov radiation corresponds 
to the s = 0 term in (17): 
yor | o? — o%, | Jo (&) odo 
ng | Rd (nsx) /dx | 


(17) 


@ (1 — Borns cos 0) = sQ, Bo == 0a/ Cone, (18) 


(19) 


er \ 
Capes 
U @ 
0 oe 9 Bons>1 


4" ; For Cerenkov radiation of the plasma wave, i.e., 
_ for v, = 0, (19) becomes 


a 


(20) 


er 
Agree 


( | ©? — 3, | odo 
2 a2 
YP r Borta> 


ng| Rd (nsx) / dx | ° 
1 
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The value of cos@ = x in the integrals (19) and 
(20) is determined from the equation 

1 — Bong (w, x)x = 0. The integration in (2) can 
be carried out easily if the charge moves in an 
isotropic medium ; 5 
(wH = 0, n} = (w? — wi)/384w3, R= 3). Using 
some simple transformations we have 


@ 
mu 


(0) er dow? eT a4 2 a 
As Fe, ot \ 5 5=— SF {Fon — oF] 
0 Ve OM We i) 
ww? wo 
+ 2 In “mt wo” = @2 (1 + 302 /v2 
ayo UT 8 o = 05 (1 + 307./v?), (21) 


where, in the usual way, the frequency wy, is de- 
termined from the condition of applicability of 
macroscopic electrodynamics (cf. [3] ), km 

= Wmn3(wm)/c. The lower limit of integration in 
(21) corresponds to the Cerenkov radiation thresh- 
old Bin? = 1. In the present case Ba < 1 and 

Wm — Wo K wo. Hence, the radiated energy asso- 
ciated with Cerenkov excitation of the plasma wave 


wi” = — A is characterized by the quantity 
(0) 2, ewe kno 


which, as expected, coincides with the polarization 
losses in a cold plasma. 

When é <1, i.e., oscillatory motion, the sum- 
mation in (17) must contain the s = +1 terms in 


addition to (20). Asa result we have (8, = v,/c) 
2, 9 2 ran 3 
Cay ae oe ( @? — w4,| M3 sin? §o%do us 
Sontib 4v%-v,@? | Rd (nsx)/dx | Py = ery, (22) 


where x =cos @ is determined from the Doppler 
relations (18) for s = +1 respectively. 

When the electron moves ina circle (vy = 0) 
the radiated energy is given by the expression 


Perth yy 
Asc ie et Venera | JE (E) ax 
cV B?. ng| R | 
(@=sQ) iso 172,'35),7.). 
The applicability of (23) is determined by (9). 
Strictly speaking it can only be used when the rela- 
tivistic dependence of 22 on velocity 
(22 = wH ¥1—B8?) is taken into account. 
If the motion is of oscillatory nature, i.e., 
£ = Byn3 sin @ « 1, the basic contribution to the 
radiation comes from the s = 1 term [cf. (23) ] 
and we have 
AD ca. & parQ? | Q? — oj; | \ ng sin® § dx 
; 482.c39V ‘ecglrae? 
We may note that the last expression is equal to 
twice the energy of a plasma wave radiated by an 
oscillator oscillating perpendicularly to the mag- 
netic field Hy. If the oscillator oscillates ata 
frequency Q,) in an isotropic plasma, i.e., 


(23) 


(24) 


Po = &fo- 


ae 
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Hy =0, 2? = (RB —o3)/382.02, 1 — 03/Q3<1 
(cf. [9] ), we have from (24) 
AS? = — pr Qon/9B%c° (25) 


Proceeding as in the case of radiation in a cold 
plasma?) , we can obtain from (17) a formula that 
applies for high harmonic numbers: 


|s| =o | 1 — Bons cos 9 |/ QS-1. 


As a result, for example, when 
Byn3sin@ /| 1 — Byngsind | z 1, we have 


s|S 26 
A= ( ) 


o's 2x (2 dx®? (z) | o? — 03, | 


ncQ' Bis B3. V (@ng sin 0) *n3|R ins 


where ®(z) is the Airy function [10], 


[o-o) 


®(z) = = \ cos (+ + 2t)dt, 


iS 
20? /s ‘ 
a aeecee) [1 — Bons cos § — B,n3 sin 6]. 

A characteristic feature of all the expressions 
we have obtained describing energy radiated by 
plasma waves is the fact that A; is proportional 
to a large quantity 1/B*. For this reason, in cer- 
tain cases the energy radiated by the plasma wave 
can be quite appreciable and can even be greater 
than the energy associated with the transverse 
waves. Thus, in the case of an oscillator in an 
isotropic medium the energy ratio for the longi- 
tudinal wave oe (25) ] and the transverse wave 
(A{® = yO OG aTN; /3c°, nj=1—V) is 
Loy ato, 1,2 = 1/6B%, >> 1, (cf. £91). A similar rela- 
tion will obviously hold for an oscillator in a mag- 
netoactive plasma. 

In conclusion we direct attention to the following 
situation. As we have indicated above, the Ceren- 
kov radiation in a plasma is characterized by the 
quantity 

AS” = (—e?t 05/00) In (Rmtp/@o). 
Thus, when longitudinal waves are excited by an 
oscillator (with peak velocity v)) the energy 
radiated by the plasma wave is appreciably greater 
than that due to Cerenkov radiation: 


AS?/AY =~ B5ng/9BF S> 1. 


In the final analysis this situation comes about be- 
cause the frequency spectrum of the excitation 
current that excites the Cerenkov radiation 

[j = v6 (r — vot)] is continuous, in contrast with 
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the oscillator, which is a monochromatic source. 
The Fourier component of the longitudinal field in 
an isotropic plasma (6) is given by E!! wk | 

~ 1/e (w, k) [cf. [3] , Eq. (6.38) ] where €|| (w, k) | 
is the dielectric Sonstane for the longitudinal wave; — 
this is a small quantity if the spatial dispersion is _ 
small: 


e,=1 — 0?/@° — 3k? 


2 2 
l Opies 


@O — Wy KM. 

The order of the singularity 1/e€(w, k) is re- 
duced by integration over frequency. This means 
that the radiated energy due to the excitation of 
plasma oscillations by a monochromatic external 
force w © wy is greater than that due to excitation 
by a force with a continuous frequency spectrum.* 
It will be evident that the above considerations also 
apply to the excitation of a longitudinal wave ina 
magnetoactive plasma. 
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*The situation here is, to some extent, similar to that 
which obtains when a harmonic oscillator is driven by an 
external force. 
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It is shown that the entrainment of phonons by electrons significantly changes the transverse 
electrical conductivity in a strong magnetic field at low temperatures (T «<@). The order 
of magnitude and the temperature dependence change in metals and semimetals. In semi- 
conductors, the dependence on the magnetic field may also change. 


1. INTRODUCTION 


Ler the magnetic field H in a crystal be directed 
along the z axis. We shall regard this field as 
strong in the sense that wT >1, where w = eH/mc 
is the Larmor frequency (m is the effective mass 
of the electron) and 7 is the relaxation time of the 
electrons. We shall be interested in the electric 
current along the x axis, due to the electric field 
acting in the same direction. The corresponding 
component of the electrical conductivity ox x will 
therefore be denoted simply o. 

In the displacement of the electron along the x 
axis, the location of the center of the Landau os- 
cillator x’? changes. Consequently, the y compo- 
nent of the associated electron momentum also 
changes (x? = cpy/eH). If the electrons are scat- 
tered by the phonons, then their displacement along 
the x axis is associated with the transfer of the 
y component of the momentum to the phonon, which 
leads to the formation of a phonon flux along the 
y axis. If the phonons interacted only with the 
electrons, then the momentum in the stationary 
state, obtained by the phonons from the electrons, 


- would be equal to the momentum given up by the 


electrons in the opposite process. This would 
produce an electron current along the x axis. In 
the opposite limiting case, when the phonons give 
up momentum to defects or to boundaries, or lose 
momentum as the result of transport processes 
more rapidly than they obtain it from the electrons, 
the phonons are virtually in an equilibrium state, 
and the usual relaxation of electrons takes place 


relative to the phonons. Here we are interested in 


the case in which the relaxation time of the pho- 
nons relative to electrons, Tpe:, is smaller than 
their nonelectronic relaxation time Tp. 

It is important to bear in mind that the current 


in the direction of the electric field can be caused 
by the transfer of the y component of the elec- 
tronic momentum not only to the phonons, but also 
to different types of defects in the crystal. Of 
course, the effect studied by us is of importance 
only if that part of the electrical conductivity which 
we tentatively call the defect part (og) is much 
smaller than the phonon part (og < Op): 

The entrainment effect significantly decreases 
the transverse electrical conductivity and changes 
its dependence on the temperature and on the mag- 
netic field. In particular, at sufficiently low tem- 
peratures there is a dependence of the electrical 
conductivity on the dimensions of the specimen in 
the direction of the Hall current for semiconductors 
and semimetals. In semiconductors, the electrical 
conductivity in this temperature region is shown 
to be inversely proportional to the magnetic field 
intensity. For somewhat higher temperatures, the 
electrical conductivity can be shown to be exponen- 
tially dependent on the temperature. In Secs. 3 
and 4 we consider the effect of entrainment in 
semimetals (and metals with a closed Fermi sur- 
face) and in semiconductors for different phonon 
relaxation mechanisms. 


2. GENERAL THEORY OF THE EFFECT 


The quantitative expressions for the case of an 
arbitrary spectrum of the electrons can be ob- 
tained from the equation for the density with the 
aid of a diagram technique [1]. however, inasmuch 
as the discussion is of a new physical effect, we 
shall, for the sake of a better understanding, limit 
ourselves in the present work to a very simple 
derivation for the case of an isotropic quadratic 
spectrum for the electrons. 

The kinetic equation for the phonons expresses 
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the fact that a change in the phonon distribution 
function per unit time (as a consequence of the 
emission and absorption of phonons by electrons), 
which brings about an electric current, is com- 
pensated by a change in the distribution function 
as a result of the relaxation of the phonons rela- 
tive to the electrons and other scatterers. We 
shall estimate the relaxation of the phonons in the 
‘¢relaxation time approximation.’’ As regards the 
term expressing their entrainment, which is asso- 
ciated with the electrons, it can be easily obtained 
by starting out from the known formula for the 
electric current:"+» 


he ame ver 2 ld 


Ver 2: Ja [PbCg |? Nata (1 — ne) 8 ap + oq) XaceF- 


(1) 


Here q@ and f are the aggregates of quantum 
numbers of the electron in the homogeneous mag- 
netic field (with account of spin), ng is the 
equilibrium Fermi function, Ng is the Planck 
function, W q is the phonon function, JBa is the 


matrix element of the operator e!4° r/h (q is the 
momentum of the phonon), X@q = Xp — X°, is the 
shift in the center of the oscillator upon transition 
from the state a to the state 8, T is the temper- 
ature in energy units, and V is the normalized 
volume; the quantity Cg characterizes the inter- 
action of the electrons with the phonons; for 
acoustic phonons, it has the form 


Cy =E,V qa*/MsV, 


where Ey is the deformation potential, M is the 
mass of the elementary cell, s is the sound ve- 
locity, and a is the lattice constant. 

Let gq be the deviation of the phonon distribu- 
tion function from its equilibrium value. Then the 
change in the distribution function as the result of 
emission and absorption of phonons by electrons 
is 

(Ag,/0t), = 


The contribution to the current from the inter- 
action of the electrons with phonons of momentum 
q can be treated as the difference between the 
number of absorbed and emitted phonons per unit 
time and per unit volume, multiplied by eXgq (the 
latter is independent of the indices #8 and a, as 
will be shown below). Then, from (1), 


8) 
oS cer ae 


X (Wap + Gq) XpaE: (3) 


Bul Tne a E/T p- (2) 


2 wap tou? |Cq[? Nona (1 — np) 8 


The relaxation time of the phonons relative to 
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the equilibrium electrons is determined by the 
formula 


em FIC | Jag |? es Te) OS aia. Be) 
ap + g) 
== 7 | CoP [Jon 2 na (L— ng) Ge Pe (4) 


We now note that | Jgq |? preserves the law of 
conservation of momentum for electron-phonon 
interactions: 


| Jaa |? = | Inn’? 8p, Pya+ayOp2p: asiaiae (5) 


d ah Be \ g, (x cl xg) Q (x ie x°) faxes!” dx, (6) 


where gy(x — x’) are the normalized wave func- 
tions of the oscillator. Then Xgq does not depend 
on the indices a and B: 


Xpa = cq,/eH. (7) 


Substituting (7) and (3) in (2), we get 
cGy By 


ih E 
Ny Nat Vara tige tien oO (8) 
e e Pp 
whence . 
Tp E © 
&q wig aa ee Se lias rn F 2 (9) 


We now proceed to the calculation of the transverse 
electric current. It consists of the component (1), 
which is not connected with the entrainment, and a 
second component brought about by the absorption 
and emission of phonons, which forms (in its non- 
equilibrium part) a current along the y axis, as 
has already been pointed out. The change in the 
momentum .py of the electron in such an interac- 
tion also creates an additional current. 

The number of electron transitions from the 
state a to the state @, due to interaction with 
phonons of momentum q, is equal to 


— 72) Cyl? [Jap P Lina (1p) No + + 1) 


— ng (1 —na) (Nq + &q)1 6 (€. — &s — ha). (10) 


Since the number vanishes for equilibrium of the 
phonons, we have only terms with &q left, so that 
the number of transitions is: 


2 5 < 
— FF 1Co! | Jaa P (na — np) 6 (ea — es —Roy) g,. 


Multiplying by eXgq/V and summing over all a, 
B, and q, we obtain the record part of the current: 


: 2m g 
js = jay Ca P| Zan Pts 1 — 15) 8 (ha — Oe) Xpa garg 


(11) 
Combining (11) and (1), we get the total current 
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ft de — yaa 2) 9 00 (* | Cy P Nga (1 na) 
aBq 


v4 i ie 
x 8 (@ag + W,) X pa (cEXsa + WWF i a) (12) 
which is identical with the result obtained in“), 
By using (3) and (9), one easily gets 
2 
Op = pay 2192 NG (Not I(t, + 4,,). (18) 


q 

If the phonons interact only with the electrons, 
i.e., if Ty> — ~, then the transverse current van- 
ishes, in accord with the qualitative considerations 
given earlier. In the opposite limiting case, when 
the phonons are in equilibrium ( Ty “K Type GL) 
transforms into (1). 

In the classical case (hw «<@g, where ¢ is the 
characteristic energy), Eq. (13) can be obtained by 
‘solution of the set of kinetic equations for phonons 
and electrons, when wT > 1. 


3. THE ENTRAINMENT EFFECT FOR THE CASE 
OF DEGENERATE ELECTRONS 


We limit ourselves to the case in which hw « ¢, 
where ¢ is the chemical potential. In this case, 
the collision integral of electrons with phonons 
does not depend on the magnetic field, and the 
classical expression can be used for Tp: 

4a|C,|V 


Tpe = — hake \ apd (&p — &p—q — hw) (Mp — crue 


Here, since usually w > wo, where w is the fre- 
quency of the transitions between states with op- 
posite spin orientations, the sum over the spin 
indices is replaced by the factor 2. Carrying out 
the integration over the angles by means of the 6 
function, we get 

Sa ie 
4 Pe ss \ p In (€) — n (&p — hw,)] dp, 


Pmin 


Sth 
Tpe 22 = 


where pmin = q/2 +ms. Proceeding to integration 
over the energy, and replacing n(€p) — n( €p —fwgq) 
by (dn/de)fiwg, we easily obtain 


i= apres qimMa <2 2me (15) 


0 q > 2V 2mé. 
We now consider the case in which the Fermi 
momentum of the electron is larger than the 
thermal momentum of the phonon. (2 ¥2m¢ > T/s). 
Transforming in (13) from a sum over q to an 
integration, we get 
N,+1 


c2 > 3 2 
rae VEIN oe ee (16) 


Op = 


Here the principal role in the integral is played by 
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values of q on the order of the thermal momentum 
of the phonon (qqt ~ T/s). 

There are three fundamental mechanisms of 
non-electronic relaxation of the thermal phonons: 
1) relaxation on boundaries with the characteristic 
time 1;, ~ L/s, where L is the dimension of 
the specimen in the direction of the y axis, 

2) relaxation on defects [3] 


ae oa Op (hw, i > AM i" 
a= a5 (et) [xt lar} 


where © =fiwp is the Debye temperature and x 
and x; are the relative concentrations of the im- 
purity atoms and isotopes, respectively, and 

3) relaxation with the help of umklapp processes, 
with a relaxation time 

Ue Foor, TO, asl. 


hog 


(17) 


(18) 


These mechanisms were shown in the order of 
their importance for an increase in temperature. 
In the low temperature region, where the first 
mechanism dominates the phonon relaxation, the 
conditions Tp ~ TI, > Tpe leads to the inequality 


7 Ra aa ie ms” 


M gn ite! ie) 


r 
. Ee 
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which is practically always satisfied. Substituting 
Tp = TL in Eq. (16) and neglecting Tpe we get 


2 T 2. ¢? Ss 


T 
ool rt Nee) gee 


Oss : 
P mes? 


(19) 


Thus the electrical conductivity is shown to be de- 
pendent on the dimensions of the specimen in the y 
direction, perpendicular to the electric and mag- 
netic fields. On the other hand, since 


Og 54 (wt) ° =ne’/ mot (20) 
(n is the electron concentration, og is the elec- 
trical conductivity produced by defects in the ab- 
sence of a magnetic field, while 


tc = xa3vA ~ xd/a, (21) 


where A ~ a? is the scattering cross section, v 
is the Fermi velocity of the electrons ), we have 
the relation 

aig: 1 ‘ 


10 | d ) Pasa 
\"@ (na®)"* Ex. * 


(22) 


In very pure semimetals at the low tempera- 
tures which are necessary for the appearance of 
the effect of phonon scattering on boundaries, the 
relation (22) can be shown to be larger than unity, 
so that the entrainment effect can be measured. 

A still more important effect is seen in the 
case in which the phonons relax through the agency 
of umklapp processes at temperatures below the 


= 
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Debye temperature. The ratio of the relaxation 
times is, according to (15) and (18), equal to 


Tp Sail See, ma? 


17) Sor 
\ 2)/o 
eis X aa? 


which can be larger than unity. Here, we get for 


oy 


eG eT a Pe. es 
Gp ~ 10° ah is hae (san) a 


(23) 


while, by (20)—(21), 


So T T \3 1 
Begs), 3 a Cg 
oy 10 aTisth (3) ) ef (na® y 3x 


In this case of not very contaminated materials, 
the latter ratio is also much larger than unity. It 
is interesting to note that Eq. (23) gives the expo- 
nential temperature dependence of the electrical 
conductivity. 

A similar analysis can also be carried out for 
the case in which the phonons relax on defects of 
an atomic scale. The ratio of the relaxation times 
shows that even in this case, the entrainment of 
the phonons is quite considerable. 

However, if the phonons relax on impurities, 
then the phonon electrical conductivity is shown 
to be smaller than the impurity conductivity (or 
commensurate with it). In this case, one falls off 
along with the other upon decrease in the concen- 
tration of impurities. If the phonons relax on iso- 
topes, then, the phonon electrical conductivity can 
predominate over the impurity conductivity in low 
contamination materials with a large quantity of 
isotopes. Here op ~ T®, while, without account of 
entrainment, Opfir ana 

Now let us consider the case in which ¥ 2m¢é 
< T/s. In this case, all the phonons that interact 
with the electrons are subthermal. The most ef- 
fective relaxation mechanism of the subthermal 
phonons is the relaxation on normal phonons. In 
this case, the electrons entrain both the transverse 
and longitudinal phonons. 

For semiconductors and semimetals, the energy 
of interaction of the electrons with phonons can be 
written in the form 2Ej,uj,p, where uj, is the 
tensor of the interaction constant. In the general 
case of such anisotropic interaction, the coupling 
of the electrons with transverse and longitudinal 
phonons is identical in order of magnitude. This 
is precisely the situation in such crystals as bis- 
muth, germanium, silicon and, perhaps, in most 
real conductors with which experimenters deal. 

A different situation holds for crystals of the 
type InSb; here the electron spectrum is isotropic 
and, as a result of the cubic symmetry, the tensor 
Ejk reduces to a scalar. In these crystals, the 
electrons interact with longitudinal phonons more 


lL Ek QUREVICH and ALA. HEROS 


strongly than with the transverse. However, keep- 
ing in mind the very special situation and the es- 
timated character of our entire investigation, we 
shall regard the coupling of the electrons with 
transverse and longitudinal phonons as comparable 
in magnitude, even though we took the isotropic 
character of the electron spectra into account. For 
order-of-magnitude estimates, this cannot lead to 
a contradiction. 

Thus, for not too low temperatures, one need 
take only the transverse phonons into account, in- 
asmuch as they relax on thermal phonons more 
rapidly and, consequently, they make a larger con- © 
tribution to the electrical conductivity. The relax- || 
ation time of the subthermal transverse phonons 
is, according to Landau and Rumer, ?+4) 


ty = (aM | q) (O/T). (24) 


According to (15) and (24), 
T, / Tpe = (O/T)*(Eyma?/n)?. 


For T <@, this ratio can be large. 

Substituting 7, from (24) in (16), in place of 
Tp and neglecting Tpe it is easy to calculate the 
electrical conductivity. In this case, one must re- 
place Ng and Ng +1 by T/sq, and integrate over 
q up tO dmax = 2V 2m¢. As a result, we get 

2 2 4 
oo (5) Gale) 
Thus Op ~ T° while, without calculation of the en- 
trainment, op ~ T. For crystals of a high degree 
of purity, og < Op: 


4, THE ENTRAINMENT EFFECT FOR NONDE- 
GENERATE ELECTRONS 


bi 

We limit ourselves to the quantum case (fw > T) 
(in the classical case, the effect is clearly absent). 
We begin by calculating Tpe. In this case, (3) | 
can be put in the form | 


wee acetal Gal 
No+l 


Tpe ees h2 


4) 
\ 3 
x 2in,b (Gag = Oy) Opies ota pa seOneas peeeiee oes 
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Here it is taken into account that hw) « T. For — 
hw, > T, the factor 4 is replaced by 2. 

We transform from summation over py and py 
to integration, and set n=n’ = 0: 


~1 i ae BG 
pe, he N, +1 


von 


\ dpydpzng8 (Wa — @q)| Joo |" (20h)? + 


Integration over py gives the factor Lxymw (Lx, 
Ly, L, are the linear dimensions of the normal- 
ized volume V): 
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x 6 (8p, +9, — Ep, — ho), 
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pe % co (N, +1) (2mh)? 


where 
G =C—ho/2=T In[(nV 2ank? / mT}, 
[Joo =exp(—gi/qu), gi=a:+q, qu =2eHh/c. 
We shall now assume that 
gin / Gr = 2 (ms?/T) (hw/T) <1, 


i.e., that the magnetic field is not ‘‘superpower- 
ful’? Then Ng +1 * T/sq and, after integration 
over p,, we get 


vs pe E2@?m'/na? @ q 
— V2n EXD = z ), (25) 
h aa 8mnT i 


We set T, = Aq-t and substitute this quantity, 
along with (25), in (16). We introduce cylindrical 
coordinates with the axis along q, and integrate 
over the angles. Moreover, since qy >v 8mT, 
we can assume q * q|. By introducing the dimen- 
sionless variables — =q,/V8mT and 7 = q,/qH, 


‘we obtain 
pte Tog V 8mT \ nittdedn Ww (26) 
Be 32 H?(20h)8 A 4 ae CEyt exp (E? st 1?) 2 


where C is the ratio of the coefficient of the ex- 
ponential term in Tpe to Tp for) Seana, be 1ioC vis 
large (C >1), then the entrainment effect is ab- 
sent [the unity term in the denominator of Eq. (26) 
can be neglected]. If C «1, on the other hand, 
then the factor before the integral in (26) gives an 
order-of-magnitude estimate of the transverse 
electrical conductivity, while the integral depends 
logarithmically on C. 

For low temperatures, where the scattering of 
phonons on the boundary (A = L/s and t = 0) plays 
an important role, we have 


pet eT? fat ot 7 
ee arias de ag) 
For the quantity C, 
ime Oe” \25 8 MA 28 
G = (Ee ) i Vie © (25) 


It is seen from (28) that the entrainment effect in- 
creases with increasing electron concentration and 
with decreasing temperature. In semiconductors, 
however, the scattering by ionized impurities in- 
creases in this case. For estimates of the latter, 
one can make use of the usual formula qu 


5, = “per Ve Png (1 — ma) 8 (as) |Jeal*eXha, (29) 


where 
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N is the concentration of the impurities, k is the 
momentum corresponding to the Debye screening 
radius, and € is the dielectric constant. 

Assuming that qy >> x, and summing (29) in the 
same fashion as was done above, one can obtain 
the following result by neglecting the logarithmic 
divergence that occurs in the integral: 


0; =~ nNe®/(mT)-w2e?. (30) 
Then the ratio of (30) to (27) takes the form 
Fires t00 eth Li pipette 
ap or ak, Ne) oe a (= Fes (31) 


Equations (28) and (31) show that the entrain- 
ment effect can take place in magnetic fields of 
the order of tens of kilo-oersteds, at temperatures 
~10°K, and in concentrations of electrons and im- 
purities N~n~ 10‘ cm. Here, in accord with 
(27), Op ~ 1/H, while the transverse magnetore- 
sistance pxx © 0/oxy ~ H. The fact that the con- 
current mechanism—scattering by ionized impuri- 
ties—gives a weak (logarithmic) dependence 
Pxx(H) should make possible the experimental ob- 
servation of this effect. 

It is an important conclusion of our theory that 
the ratio of the electrical conductivity, brought 
about by the ionized impurities, to the phonon elec- 
trical conductivity (31) is proportional to the square 
of the concentration, while in the theory which does 
not take entrainment into account, the ratio is pro- 
portional to the first power of the concentration. 
This means that for high concentrations (when 
C <1), the transition from the phonon electrical 
conductivity to the impurity conductivity occurs at 
much higher temperatures than follows from the 
theory which does not take the entrainment into 
account. 
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It is shown that within the framework of the theory of the universal Fermi interaction the best 
agreement with the available experimental data on the interaction of 4 mesons with nucleons 
is obtained with a theory in which there is a conserved vector a hvale and the effective pseudo- 


scalar coupling constant g) is large. 
ment with the theory. 


1, THE THEORETICAL PREDICTIONS 


See all known experimental facts about nuclear 
B decay and about yw decay are in good agreement 
with the theory of the universal Fermi interaction 
(UFT),{ 122] it is natural to compare the experi- 
mental data so far accumulated on the interaction 
of » mesons with nucleons with the predictions of 
this theory. In the case of uw decay the theory of 
‘the UFI describes the interaction of the four fer- 
mions by means of one coupling constant G 

= (1.41.4 0.01) x 10~*? erg cm® and the vector (V) 
and axial vector (A ) types of interaction. When, 
however, weak-interaction processes involve nu- 
cleons, which have strong interactions, the effec- 
tive Lagrangian for the processes e + p—n 
+v(a=8, l=e) and yp +p—nt+vi(a=p,l=ny) 
takes the more complicated form (3), 


LG) = 27" Ley? (hy. (Ll — rs) rAb2) Opn Pp) + 28? (Ws (L — 7s) 
SGreyatby) niyezshp) + (1/2m) oh? Cb (1 — 75) rab) 
x (PnGik (Di — Mk) Pp) + gS (apy (1 — ¥s) vary) (bn'vstpp) ny 


The sign of the ratio g /g\H 


H) is positive, in agree- 


Here oik = (YiV¥K — YKVi)/2i; pi and nj are the 
four-momenta of the proton and the neutron; m is 
the nucleon mass (fi = c = 1); and the form- 
factors g®),..., g@) are functions of the square 
of the four-momentum transfer, (p —"h es When 
the strong interactions are ‘‘turned off’’ 

g), g@) —G, g@), g “) — 0, and we get the 


Lagrangian for yw decay. 

Table I summarizes the theoretical predictions 
regarding the values of the form-factors for p 
capture that are given by the theory of the UFI 
with conserved vector current when strong inter- 
actions are taken into account /*41 
umn of the table shows the diagrams included in 
the theoretical estimate of the effects of the strong 
interactions. One-pion intermediate states lead to 
the appearance in the effective Lagrangian (1) of a 
term which imitates a pseudoscalar coupling. The 
value of we effective pseudoscalar coupling con- 
stant gly) ‘given in the third column is that calcu- 


lated in [3,6] by using the renormalized pion- 


* Table I. 


Goupime con- 
stants in uw 


Diagrams taken into account 


Expressions in terms 
of coupling con- 
stants for B decay 
of nucleons 


The second cola . 
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nucleon interaction constant and the experimental 


probability of the decay m™ —y + 7. 
The positive sign of the ratio g(H)/g(H) is ob- 


tained on the assumption that the main contribution 


to m decay comes from intermediate states with a 
nucleon-antinucleon pair. Two-pion intermediate 
states give the main contribution to the ‘‘weak 
magnetism’’ constant gl) and represent the main 


dependence on the momentum transfer in gH). In 


_ the theory of the UFI with conserved vector cur- 


rent the effect of the two-pion intermediate states 
is easily calculated!'*4*6] and leads to the values 
of gH) and gli!) shown in the third column of the 


table. We note, however, that the hypothesis of the 
conserved vector current has not yet received 
direct experimental confirmation. The expected 
dependence on the momentum transfer in gH) is 
extremely small, since its first contribution is 
from three-pion intermediate states. 

Thus experiments to test the predictions of the 
theory of the UFI regarding the interaction of yw 
mesons with nucleons include the determination of 


_ four coupling constants. In this connection it must 


be emphasized that the least trivial questions are 
those of the magnitude and especially the sign of 


_ the constant gH). The experimental determination 


of this constant is extremely important both to es- 
tablish the accuracy of the pole approximation used 
in calculating it and to test the correctness of our 
ideas about the mechanism of 7 decay. 


2. ANALYSIS OF THE EXPERIMENTAL DATA 


In this paper we do not give a review of all the 
existing experimental material on pw capture, but 
consider in detail those experiments that are accu- 
rate enough for quantitative comparison with the 
predictions of the theory. 

A. Experiments on the probability of y capture. 


Numerous measurements of the total probability of 


. p capture (cf., e.g., [7,8] ) in various nuclei dem- 


onstrate convincingly that the coupling constants 
for the weak interactions of y mesons and elec- 
trons with nucleons are of the same order of mag- 
nitude. Furthermore the ratio of the probabilities 
of p capture in adjacent nucleil"?] evidently indi- 
cates that interactions of the Gamow-Teller type 
predominate to some extent over those of the Fermi 
type. One cannot, however, get from these experi- 
ments any exact information about the numerical 
values of the coupling constants. 

The study of partial » transitions which obey 


definite selection rules is more promising. Up to 


now the only experiments of this type are the 


measurements of the probability of the reaction!!%»11] 


p + CB, Bey (2) 
as a fraction of the probability of the B decay 


Be C2? tg ay 


(2’) 
Since in this reaction about 90 percent of the B’” 
nuclei are produced in the ground state, the transi- 
tions (2) and (2’) are of the Gamow-Teller type 

(AJ = 1, no). 

The probability of the reaction (2) with produc- 
tion of the B!? nucleus in the ground state is pro- 
portional to the square of the effective Gamow- 
Teller coupling constant!¢1, 


(VP)? = (GP) + + (EPy — 264 Gy); 


(3) 


(4) (12) PACS) ea (u.) m 
Gy’ =g4 — (ev’ + gm) (E,/2m), 


where Ey is the energy of the neutrino in reaction 
(2). The most accurate experiment! !] leads to the 
following estimate for rH): 


Te oe (1,160 20:13) a (4) 


The indicated error is mainly due to theoretical 
inaccuracies which arise in the calculation of the 
nuclear matrix element for reaction (2) [42] 

Let us introduce the notations 


wy 


| L) 7 ox 
—gi/e =), gPigh =x, gw /gv’=p—t1 (5) 


which will be convenient in what follows. If we fix 
the value of the ratio g (8 )/ gH), then Eq. (4) gives 


a connection between the three quantities A, kK, and 
yu. When we take into account the weak dependence 
of gH) on the four-momentum transfer (see Sec. 


1), the latest measurements of the branching ratio 
(r > e+ v)/(m > + v) of t-meson decay! !3] 
give the result g NG = g (8) to an accuracy of the 


order of 10 to 15 percent. Furthermore, according 
to calculations of Goldberger and Treiman,! 


gt) is very small in the theory of the UFI without 


a conserved vector current, so that y * 1. In the 
theory with conserved vector current, according to 
Table I, uw © 4.7. In comparing theory with experi- 
ment we shall consider only these two values of np. 
Figure 1 shows the dependences of « on A for 
yp = 4.7 and for p = 1. In these diagrams curve 1 
corresponds to the values rH) = (1.16 + 0.13), 


g() = 1.29 g{() and gH) = — 0.15) ¢(F) 
= 0.85 g(°), and curve 2 to the values ri) 
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FIG. 1 


Bf 1167 0-13), g(B) = 1.03 g (8) and g) 


= (1 +70.15 ) g(?) = 1.15 g{P). The region of 


allowed values of kK and A lies between curves 1 
and 2. The choice of the values of Tr) and g) 


for curves 1 and 2 has been made so as to obtain 
the maximum range of admissible values of x and 
A compatible with the existing experimental and 
theoretical uncertainties in rH) and gH). As can 


be seen from the diagrams of Fig. 1, within the 
allowed region the values of k and A can vary 
over wide ranges. 

Let us now turn to the measurements of the 
difference of the probabilities of nuclear absorp- 
tion of 4” mesons from two states of the hyperfine 
structure of a mesic atom_!'4] So far there have 
been two experiments of this type! '*»!8] Telegailt5] 


has studied capture from the states of the hyperfine _ 
structure of the mesic atom Al”. The results of : 
this work confirm that terms of the Gamow-Teller 
type are present in the interaction between py 
mesons and nucleons, but a more detailed inter- 
pretation of the results is difficult. A paper by 
Egorov and others" t®] describes a measurement 
of the difference of the probabilities of yp capture 
from the states of the mesic atom P*! with spins 


F = 0 and F=1. The estimate obtained as a lower © 


limit on the quantity 
AW/W ss (Wo — Ws)/(Wal4 4314/4), 
where W, and W, are the probabilities of p cap- 


ture from the states of the mesic atom with F = 0 
andeeb mies 
(AWW) tomer = 0.29. 220.04 (6) 


(the indicated error is the statistical error). 
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Using the results of the calculation of the value 
of AW = Wy — W, for phosphorus in a paper by 
Uberall!!7] and taking into account only the main 
dependence on the coupling constants in Prima- 
koff’s formula for the p -capture probability w,L 18] 
we get an expression for AW/W as a function of x, 
A, and p: 

AWIW = 0.324 {02 (3 + 27 — 27x) + A [py (2 + 7) 
eo 4) Cl = 7). — 0 + 1 uy) yx] 

BZ + 24-4 BY) BYE LAY BE Qype oy? ym 

ee) Ay Qe? EL ey 7) 
where y = E,,/2m, and E, is the average energy 
of the neutrinos emitted in p capture in P®!, In 
Eq. (7) we have adopted the value y = 0.048, which 
corresponds to a mean excitation energy of the P*! 
nucleus of the order of 15 Mev. 

The curves 3 in Fig. 1 a and b represent the 
functions x = k (A) obtained from Eq. (7) for p 
= 4.7 and p = 1, respectively, with AW/W 
+ 0.25, which corresponds to subtraction of one 
standard deviation from the lower limit. The re- 
gion of allowed values of x and A is inside each 
of the indicated curves. As can be seen from the 
diagrams, the shape of the curves is not very 
sensitive to the value of uw. Practically all positive 
values of A are allowed, but the allowed negative 
values begin at large magnitudes lA| #5. For 
positive X the values of kK are bounded above: 

Re 21, 

B. Experiments on the angular distribution of 
the neutrons. When averaged over energy the 
angular distribution of the neutrons emitted on the 
absorption of polarized y~ mesons by nuclei of 
spin zero is of the form! 19,20] 


1 + acos6, (8) 


where @ is the angle between the direction of 
emission of the neutron and the polarization of the 
i. meson, and the asymmetry coefficient a is 
given by the formula 


a = P,P,a. (9) 


Here Py is the degree of polarization of the py 
meson in the K shell of the mesic atom at the 
instant of capture; P,, is a factor that allows for 
the background of isotropically distributed evapo- 
rated neutrons which are products of the decay of 
the compound nucleus which can be produced by 
the p -capture process; B is a factor that allows 
for the decrease of the asymmetry in the angular 
distribution of the neutrons of the direct process* 
*Neutrons of the direct process are neutrons emitted from 


the nucleus immediately after the absorption of the »” meson, 
with omission of the stage of the compound nucleus. 
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on account of the motion of the protons in the 
original nucleus and the interaction of the emerging 
neutron with the residual nucleus; and @ is the 
‘internal’? asymmetry coefficient, which depends 
on the coupling constants of the interaction of pu 
mesons with nucleons. @ differs by only a few 
percent from the value of the asymmetry coeffi- 
cient ay for mesic hydrogen, calculated with 
neglect of the hyperfine structure of the mesic 
atom l20] (this difference is due to the smaller 
value of the mean energy of the neutrinos emitted 
in p capture by the nuclei, as compared with that 
of the neutrinos from p capture by free protons ). 
The expression for @ is given in 20] Thus to ob- 
tain information about the coupling constants from 
the experimental asymmetry coefficient a it is 
necessary to get from it the ‘‘internal’’ asymmetry 
coefficient @, i.e., it is necessary to know the 
values of Py, Py, and B. 

The polarization Py, of the 4” mesons is meas- 
ured directly by an experiment on the amount of 
asymmetry in the angular distribution of the elec- 
trons from yp decay, and can be obtained with 
high accuracy. 

The quantity Py, is given by the formula !*!1 


Pr = (gW)/IgW + t (vWexp— W)I, (10) 


where W is the probability of emission of a direct- 
process neutron on p capture; Wexp is the total 
probability of » capture in the given nucleus; v 

is the average multiplicity of neutron emission in 
a single act of » capture; g is the fraction of 
direct-process neutrons with energy Ey above 

the threshold energy E, of the neutron detector; 
and Tt is the fraction of evaporation neutrons with 
energy Ey > Ep). In principle the quantities g, T, 
and W can be determined directly from experi- 
ment by measuring the spectrum of the neutrons 
from p capture and separating out from it the 
Maxwell spectrum of evaporation neutrons and the 
spectrum of direct-process neutrons with EN 

> Ey. Because of great experimental difficulties, 
however, these measurements have not yet been 
made, and for the calculation of Py one uses theo- 
retical values of g, T, and W and experimental 
values of the quantities Wexp and v. 1] The re- 
sult is that the values of P, shown in Table I and 
used in going from a to @ contain inaccuracies 
which can arise from theuse ofthe ideas of particu- 
lar models of nuclear structure in the theoretical 
calculations. It must be emphasized, however, that 
if the neutron-registration threshold E,) is high 
enough large errors in the theoretical values of the 
ghee g and W lead to very small errors in 
Py- 
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Table II. 
| Neutron- | 
Nucleus pdaed eb, | a=PyP Py h o* Po. Pn 6 m 
| E,, Mev 
S{?t] 3 —(0.0450.015)} 0.126+0.018 (OTe 0.59 | (—0.86:£0.31) 
le haer WU iepas} —2.16+0.78 
SPs] | 5 —(0.019+0.007)} 0.08440.015 0.53 0.62 | —0.69+0.28 
Mgf?5] | 5 —(0,020+0.005)} 0.0660.012 0.43 0:62 | —1.14+0.36 
Ca{?4] fi —(0.0660.022)| 0.4135:£0.0194 0.96 0.58 —0.930.33 


” *P, allows for registration of the isotropic y-ray background by the neutron detector. 
In fed Py, = 0.96; in the other cases, in obtaining @ it has been assumed that Py = 1. 


**The value P, = 0.7 is given in el. 


The factor B has been calculated in a number 
of papers.19»20,22,23] Calculations made with the 
Fermi-gas mode] /?2] for an unbounded nucleus, 
which give a crude correction for the decrease of 
the asymmetry of the neutrons only on account of 
the motion of the protons in the original nucleus, 
give Be 0.8. A modified Fermi-gas model,{ 3] 
which takes into account the refraction and reflec- 
tion of the neutrons at the boundary of the nucleus, 
gives B = 0.7. More realistic calculations by the 
use of the shell model and the optical model, 19,20 
which have been made for the nuclei c!?. o!6 Ne”), 
si, s°? and Ca. lead to values Be 0.5 — 0.6. 

In the discussion of the accuracy of the theo- 
retical calculations of the quantity B two questions 
arise at once. The first is the question of the 
legitimacy of using the ideas of a definite model 
of nuclear structure in the calculations. An ans- 
wer to this question can be obtained by an experi- 
mental test of the theoretically calculated probabil- 
ities and spectra of direct-process neutrons, of 
the ratios of the asymmetry coefficients a for 
different nuclei, of the dependence of the amount 
of asymmetry on the energy of the neutrons, and 
so on. The second question is that of the degree of 
accuracy of the calculations when one uses the 
‘‘method of distorted waves’’ to take account of 
the interaction between the emitted neutron and 
the nucleus. As is shown ina paper by Shapiro,/ #4] 
the treatment of the interaction by the method of 
distorted waves correspond to only the first itera- 
tion in the integral equation for the amplitude for 
p. capture with the emission of a direct-process 
neutron. The ‘‘small parameter’’ that charac- 
terizes the convergence of the iteration procedure 
is the quantity 6 = kof?/ 8772, where Gg is the 
cross section for elastic scattering of neutrons by 
the given nucleus at the energy Ey = h’k?/2m. For 
light nuclei and neutron energies of the order of 
5 — 10 Mev we have 6 ~ 0.1; obviously this favors 
the method of distorted waves, but more exact 
quantitative conclusions can be reached only 


through an investigation of the exact solution of 
the equation for the amplitude for yw capture. 

It must be pointed out that in the calculations of 
B in [19,20] the potentials used in the shell and op- 
tical models were rectangular wells, which of 
course is a rather crude approximation. More 
accurate determination of the quantity B within 
the framework of these models will have to include 
the making of calculations with better potentials. 

We point out that in [19,20] the factor B has been 
calculated for direct-process neutrons that have 
undergone elastic interaction with the nucleus. 
Along with these neutrons an experiment will reg- 
ister the direct-process neutrons that have under- 
gone inelastic interactions with the nucleus but 
have energies above the registration threshold Ep. 
Since as a rule the angular distribution of the elas- 
tically scattered neutrons protrudes forward more 
than that of the inelastically scattered neutrons,- 4 
inclusion of the latter can only decrease the value 
calculated in™»2], The relative contributions 
to 8 from inelastically and elastically scattered 
neutrons is determined in first approximation by 
the ratio of the cross sections for inelastic and 
elastic scattering (op, and og) of neutrons by 
the given nucleus. Since in the range of energies 
in which we are interested (EN ~'5 —20 Mev) 

Onn’ /og ~ 0.1—0.2,07°) it is to be expected that the 
contribution to B from inelastic processes will be 
very small. 

Let us now consider the experimental data. 
Table II, which is taken from C24) shows a collec- 
tion of the experimental data on the asymmetry of 
the neutrons emitted in uw capture in the nuclei of 
Mg, 8, and Ca.* The values of Py and B are cal- 
culated on the basis of the results obtained in 11920J | 
Since, as noted above, the quantity Py can be cal- 
culated more reliably for higher values of the reg- 


*We note that in the work of Baker and Rubbia [?*] no 
asymmetry was found for Mg. Unfortunately the brevity of the 
exposition in [26] does not allow us to judge the reasons for 
the absence of an asymmetry. 
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istration threshold Ep, we shall confine ourselves 
to a discussion of the asymmetry coefficients for 
magnesium, sulfur, and calcium obtained in [21,28] 
and shown in the second, third, and fourth lines of 
Table II. From these papers we find as the aver- 
age value of @ (treating the experimental errors 
as standard deviations ) 


~ 


Way = = 0,92 2270.19. (11) 


This value differs by more than twice the error 
from the value @ * — 0.4 predicted by the theory 
of the UFI for the coupling constants of Table I. 
The curves 4 in Fig. 1, a and b are those obtained 
for uw = 4.7 and p = 1, respectively, from Eq. (19) 
of £0] for & = — 0.7 (Gay Plus one standard 
error).* The allowed region of values of k and 
dX is inside the curves 4. As can be seen from the 
diagrams, the positive values of A are bounded 
from below and the negative values from above. The 
values of x in the allowed region are positive and 
lie in the range 10 =k = 40. 

Figure 2 shows curves @ = const in the plane of 
«x and A for p = 4.7 (cf. the last footnote). The 
curves that correspond to the predictions of the 
theory of the UFI with the constants of Table I are 
those for values @ ® — (0.40 — 0.45). Figure 3 
shows the dependence of the asymmetry coefficient 
@ on « for three values of A with yp ~ 4.7 (cf. the 
last footnote). For A = const @ has its maximum 
absolute value at k ~ 25. We note that with the value 
dX = 1.25 predicted by the theory of the UFI (see 
Table I) the minimum possible value of @ (for k 
~ 25) differs from the experimental value of Gay 
given by Eq. (11) by one and one-half times the ex- 
perimental error. 


CONC LUSION 


Let us summarize the conclusions to be drawn 
from the preceding section. It follows from Fig. 1 


*The quantity y = E/2m is assumed to have the value 


~~ 


y= 0,042. 
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that for negative A with » = 4.7 and » = 1 and for 
positive A with wy = 1 there are no values of kK and 
A that simultaneously agree with the three types of 
experiments we have considered—experiments on 
the capture probabilities in C!* and P*! and on the 
angular distributions of the neutrons. For positive 
A and p = 4.7, however, the three regions of allowed 
values of k and A overlap (shaded region in Fig. 
1, a); the values of k and A consistent with all of 
the experimental data considered lie in the ranges 
10<xK <25 and 16<A =6. 

When we compare these results with the predic- 
tions of the theory of the UFI, we come to the follow- 
ing conclusions. 

1) Within the framework of the theory of the UFI 
the best agreement with the present experimental 
data on uw capture is obtained with the type of theory 
which has a conserved vector current. 

2) The vector coupling constant gt) and the 


axial-vector constant g(t) have opposite signs, 


which is evidence in favor of the idea of the (V—A) 
interaction. 
3) The axial-vector interaction predominates over 
the vector interaction: 
(es | >| ev? |. 
4) The coupling constant g(t) of the induced 


pseudoscalar interaction is large, and the ratio 
gt)/e(H) is positive, in agreement with the predic- 


tions of the theory. 

The third and fourth assertions are mainly based 
on the results of the experiments on the angular 
distribution of the neutrons.[#!72] The second 
assertion is based on experiments on the absorption 
of u” mesons from various states of the hyperfine 
structure of the mesic atom 15-16] Finally, the first 
assertion follows from a combined consideration of 
all three types of experiments analyzed above. 

We may also note some tendency toward values 
of the ratios lee | and gt /g) that are 


large in comparison with those predicted by the 


eet 
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theory (Table I). It is not excluded, however, that 


greater accuracy in the experimental data and the 
theoretical calculations will not confirm this ten- 
dency and will lead to agreement with the predic- 
tions of the theory. We also emphasize that 
whereas the experimental data on yp capture in 
c!? and on the branching ratio in m decay indicate 
the presence of an axial-vector interaction in p 
capture, the experiments do not give any direct 


proof that there is a vector interaction in p capture. 


We express our Sincere appreciation to I. 8S. 
Shapiro for a discussion of this work and to V. S. 
Evseev and A. E. Ignatenko for acquainting us with 
the results of their work before the appearance of 
their papers C2116] 


Note added in proof (November 21, 1961). New experi- 
mental data have recently appeared. The probability of the 
process (2) has been found with good accuracy [2°] and differs 
by a factor of one and one-half from the value from [1°] used 
in the present paper. The probability of . capture in He® has 
been measured.l*°] The Liverpool group has obtained [**] for 
u. capture in sulfur the value P,@a = —0.22 + 0.07 (for 
E, = 5 Mev), which agrees well with the data of [28] (cf. 

Table II). These new results do not change the conclusions 
of the present paper. 
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The results of an analysis of the possibilities for observing the effects of optical anisotropy 
by available experimental techniques are presented. The influence of the resolution in the 
measurement of the energy of the scattered photons and of the degree of the nuclear orienta- 
tion on these effects is studied. Some consequences of the possible nonaxiality of nuclei are 


briefly discussed. 


1, INTRODUCTION 


A number of papers/!-7] have been recently de- 
voted to the discussion of the different effects con- 
nected with the optical anisotropy of atomic nuclei. 
The term ‘‘optical anisotropy”’’ signifies that the 
interaction of photons with the nucleus depends on 
the orientation of the nuclear spin relative to the 
wave vector of the photon and that the electric di- 
pole polarizability thus has tensor character !!1 
The term ‘‘optical anisotropy of nuclei’’ has been 
introduced to emphasize the far reaching analogy 
between the phenomena of the interaction of photons 
with nuclei and of molecular optics 51 The investi- 
gation of molecular Raman spectra yields consid- 
erable amounts of information concerning their 
structure. One can hope that the investigation of 
the phenomena associated with the optical anisot- 
ropy of nuclei will add to our knowledge of the 
structure and characteristics of nuclei. 

The parameters of the optical anisotropy are 
nuclear characteristics as basic as, say, the quad- 
rupole or the magnetic moments. These param- 
eters depend very sensitively on the characteristics 
of the nuclear models. The presently available ex- 
perimental data on the optical anisotropy of nuclei 
are very poor. An analysis of the parameters on 
the basis of a model is thus rather difficult. Be- 
sides the experiments by Fuller and Hayward on 
Ho® and Er® (private communication by A. M. 
Baldin), where effects associated with the optical 
anisotropy were indirectly observed, there is no 
strong experimental proof for the existence of this 
important property in nuclei. However, the men- 
tioned experiments and the existing theoretical in- 
vestigations !?] present such strong arguments in 
favor of the existence of the optical anisotropy in 
nuclei that we shall be concerned only with the 


question of the quantitative determination of the 
relevant parameters. 

As has been already pointed out by Baldin!!] a 
definite experimental proof could be obtained by 
studying the interaction of y rays with oriented 
nuclei. An investigation of the absorption and of 
elastic and Raman scattering of photons on oriented 
nuclei can yield information sufficient to determine 
completely the parameters of the optical ani- 
sotropy. However, up to now this question has not 
been investigated experimentally at all and theo- 
retically only in general terms (see e.g. [3,4] | 
where the elastic scattering on oriented nuclei is 
treated). Unfortunately, the presently available 
experimental techniques do not allow the investiga- 
tion of pure elastic scattering. The energy resolu- 
tion is such that the elastically scattered photons 
cannot be separated from those inelastically scat- 
tered photons which excite the low lying states. 
The experiments of Fuller and Hayward are of this 
kind. However, the questions associated with the 
influence of the accuracy of the present day experi- 
ments and of the degree of the nuclear orientation 
on the effects of the optical anisotropy have not yet 
been investigated. 

The aim of this paper is the investigation of the 
capabilities of the present day experiments con- 
cerning the observation of the effects of the optical 
anisotropy. The summary effect of elastic and in- 
elastic photon scattering on oriented nuclei will be 
studied. From the effective cross section of this 
process one can deduce the influence of the energy 
resolution employed in the measurement of the 
scattered photons and of the degree of orientation 
on the effects of the optical anisotropy. On the 
basis of the model of the nonaxial nucleus developed 
by A. S. Davydov and co-workers, we consider 
briefly certain effects associated with the possible 
existence of nonaxial deformation of nuclei. 
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2. SCATTERING OF y RAYS ON ORIENTED 
NUCLEI 


It was mentioned above that in the present day 
experiments on elastic photon scattering on nuclei 
only an effective cross section can be obtained, 
with contributions both from purely elastically 
scattered photons and from those inelastic scat- 
tering events that excitate the low lying levels. It 
is well established experimentally that in highly 
deformed nuclei the lowest levels are connected 
with collective excitations which correspond, in 
particular, to rotations of the nucleus as a whole. 
It has been shown earlier!®! that the cross section 
of the inelastic scattering of photons associated 
with the excitation of rotational levels (the nuclear 
Raman scattering) can be described in terms of 
the parameters of the optical anisotropy, namely, 
the tensor and the vector polarizabilities. The 
combined effect of elastic and Raman scattering 
is thus determined by the same parameters (the 
optical anisotropy parameters) as the pure elastic 
scattering. 

We consider now the combined effect of scatter- 
ing on oriented axially symmetric nuclei. The 
scattering matrix for this process can be written 
in the form! 4:61 


inJ&|R| m'd'h!> = {c (2) 8 rans Soe 


us 3 PAE oa i(1J’0K | JK) 


CORR OEE ue T A Pt eis 
x (Lp + ven! | Im) SESE) Y 


oe AB 


2J +14 


(2I'0K | JK) (20'p + vm’ | Jm) 


¥ (tp | 2p + v) 


ei ean Aho N8h 
(1100 | 20) oh (— 1) hing bey 5] 


C= 


cS’ — e2?/A Mo’. (1) 


(It is assumed here that the wave function of an 
eed symmetric nucleus can be written in the 
form 


Ui p y a 


eaux (Dink (0) Xx (9) 


Mee Vy te. a¢ (8). ea): 


Furthermore, the condition Aw/w « 1 was used, 
where Aw is the frequency change of the photon 
on scattering.) In Eq. (1) J and J’ are the nuclear 
spins and m and m’ their projections on the z 
axis; A and AX’ are the photon polarization vectors. 
The unprimed and primed quantities refer to the 
state before and after the scattering respectively. 
(1J’0K|JK) ete are Clebsch-Gordan coefficients. 
The quantity 
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The quantity 


A @INS y e222 | 
Dr ( C ) AMo2 ; 
is the amplitude of Thomson scattering on a nucleus 
of charge Z. cS, cV, ct are the scalar, vector and { 
tensor polarizabilities respectively. 
The effective cross section for the combined 
scattering is obtained from (1) by means of the 
relation 


do/dQ = (2nc/m)? Sp Ro Rt. (2) 


Here p is the density matrix describing the state 
of the target nucleus. 

Inserting the expression for the R-matrix into 
(2), averaging over the polarizations of the incoming 
photons, summing over the polarizations of the 
scattered photons and over the final-state spins | 
and their projections, we obtain an expression for 
the effective cross section of the summary process { 
of the scattering of unpolarized photons on oriented | 
nuclei: 
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Here k and k’ are unit wave vectors of the photons © 
before and after scattering, respectively, and S 
means a Symmetrized'sum [the quantity 

S (ay, a9, ...an) is the sum of all permutations of 
the product a;, a9, ...apn divided by n!]. Mean 
values of the type (J 'k X k’)° are calculated with 
the density matrix in the usual way 


(JIk’k})? = Sp(Jlk’kl)%p. 


#(k’k) = (k+ k), (k’k] = [k' xk], (J[k’k]) > (J+ k' x kb). 
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is the summary cross section for the scattering of 
unpolarized photons on unoriented nuclei, the quan- 
tity which has been measured by Fuller and Hay- 
ward. 

In order to estimate the effects connected with 
the optical anisotropy of nuclei we evaluate the 


(PY er + Wk)+ Flee PB —('k)) 


_ quantity a in analogy with [4], 


do 


ds , ! 
a “dQ mat (oy (k = ey, k == Cy, [k k] == e-) 


(4) 


Inserting the values for the cross section from (3) 
and putting cY = 0 (as has been shown!4J the 
value of cY is much smaller than c’ and ct) we 
find for fully polarized nuclei (pmm’ = dmJbm’J ) 
the following expression for a: 


‘ i (gO AAS eae Me ei a. 
a= {3[Ree'e) +7lPlopparty wl“ 


a ({k’=e.yk=ey), {k’ki=—e,). 
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In order to obtain a numerical estimate for a 
one has to know the optical anisotropy parameters 
c’ and ct. We use the expressions for the tensor 
and scalar polarizabilities given in [3] and find for 


the case where the nuclear spin equals ", 
ea@as! wapiel a 20°) 41504, 
a(o =o2, ci=—c’) = — 0.7. 


On the other hand, for the case of pure elastic 


scattering, a has the values 


Mak (operon = 2o = 1.5, 


Gey (© = we, co > — c*) = — 09. 


One thus can conclude that the observable effects 
associated with the nuclear optical anisotropy are 


- somewhat smaller if one measures the combined 


elastic and nuclear Raman scattering, as compared 
with the measurement of pure elastic scattering. 
However, experiments of this kind have the advan- 
tage that they yield direct evidence on the internal 
parameters of the optical anisotropy as can be 
seen from (3) and (5). 

The above analysis of the consequences of the 
impossibility of observing purely elastic scattering 


_ from oriented nuclei with present-day techniques 
was based on (3) under the condition that the nuclei 


——— 
a) ae 


are fully oriented. It is experimentally impossible, 


however, to achieve full nuclear orientation. This 
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must obviously lead in itself to a decrease in the 
magnitude of the observed effect. The influence of 
the degree of nuclear orientation can also be eval- 
uated by (3), which is valid for any kind and degree 
of nuclear orientation. One just has to specify the 
density matrix appropriate to the particular case. 
We shall consider only the frequently applicable 
case when the density matrix is of the form 
Pmm’ =f(m)dpmm’ (this case corresponds to a 
system having z as an axis of symmetry. 

With this density matrix one can write (3) for a 
sufficiently high degree of nuclear orientation in a 
very simple and convenient way: 


jdg * ads @\74 
(Go aa) 2(¢) = I— BRE (er) (6) 
3 “4 
+= Re (cl*c*)] (k’k) (k’k]. P= + [Re (cl* ct) + Fc" 
J+1 3 
4 ae | ee [k’k]?\ 3m? —J (J +1) 
~ Alen (Fume — 2 \eonerts 
SPS LEE SE ENG IRC re 3 
4+ [— Re(c%* ct) + 4 orp glePisk&+>e—1) 


‘3m? — J (J +4) 
From (6) one sees immediately that for sucha 
system the effects connected with the vector polar- 
izability are determined by the orientation param- 
eter f; = m/(J + 1), while effects of the tensor 
polarizability are similarly associated with the 
orientation parameter 
fo = [8m2 —J (J + 1)]/J (23 — 1). 

The highest value for f, which can be achieved 
experimentally is 0.4 to 0.5. We thus obtain for 
the observable effects associated with the tensor 
polarizability at incomplete nuclear orientations 
(fg = 0.5) the values 


o (ay =2 Wy, GF =e 20%) «+ 0.5, (Oeste cae 


The following important circumstances have to 
be pointed out. As can be seen from (6) one can 
investigate the effects of the nuclear vector polariz- 
ability only with polarized nuclei while the effects 
of the tensor polarizability can be observed both 
with polarized and with aligned nuclei. We also 
note that the effects of the optical anisotropy are 
largest at a scattering angle of 90°. 
It was above assumed that K is a good quantum | 
number with K = J. This is only approximately 
true [8,9] Admixture of states with K = Jo can, 
generally speaking, decrease the magnitude of the 
effects of the optical anisotropy in the described 
experiment. However, this decrease will be insig- 
nificant since direct calculations, analogous to 
those of Bohr,"®! show that in the ground state K 
differs from J by at most a few percent. Thus the ? 
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most important factors that tend to decrease the 
magnitude of the observable effects of the optical 
anisotropy in scattering experiments on oriented 
nuclei are the incomplete orientation of the nuclei 
and the poor energy resolution of the photons. 


3. 
ON SOME CHARACTERISTICS OF NUCLEAR 
OPTICAL ANISOTROPY 


In conclusion we shall say a few words on the 
interaction of photons with nonaxial nuclei. Such a 
model has been developed by Davydov and co- 
workers {101 Generally speaking the operator of 
the tensor polarizability must be characterized by 
two independent parameters, since it is a symmetric 
tensor of second rank with zero trace. We consider 
all the quantities in a system of coordinates fixed 
with respect to the nucleus (we recall that the low 
lying nuclear excited states are supposed to be ro- 
tational states). We can then choose as the param- 
eters, for example, the quantities <at> = cl 
and ole _ eee (at. is the tensor part of the 


electric dipole polarizability operator). For the 
above-considered case of a strongly deformed 
axially symmetric nucleus, <at, — aby equals 


zero and all effects of the optical anisotropy are 
given by only one parameter, the tensor polariz- 
ability ct. 

This is not true for a nonaxial nucleus, for 
which the parameter <at, — ate > evaluated in 
the nuclear coordinate system differs from zero. 
Clearly this parameter will lead to changes in the 
results obtained above. We consider, for example, 
the interaction of photons with even-even nonaxial 
nuclei for which there exist exact wave functions 
for the rotational states, as given by Davydov and 
Filippov.[101 In such nuclei the tensor polarizabil- 
ity does not manifest itself in elastic scattering 
processes. However one can attempt to observe it 
in the nuclear Raman scattering in which rotational 
levels are excited 2 61 Utilizing the wave function 
of the rotational states of even-even nonaxial 
nuclei!!9] and employing a procedure similar to 
one used previously, 6] one can show that the ef- 
fective cross section for inelastic photon scattering 
under excitation of the states 27 and 25 is given by 
the expression 


ds 1 4 
(Zot + sf = ag(Z) ‘a(n 
b; (Y) € Oh y — Oy > 3 2 2 
7 rete | cf |? (13 +- cos? 6). (7) 


Here i = 1, 2; the quantities ct and <at, — at > 
can be calculated by means of the wave functions 
that describe the internal nuclear state. 
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INFLUENCE OF THE POSSIBLE NONAXIALITY B is the axial deformation parameter, we have 


We use for estimating <al, — aty>/e* the 
p 


model of an anisotropic oscillator (according to i 
this model the nucleus is considered to consist of ) 
three oscillators with frequencies wj ~1/R). It / 
can be then shown that up to the order 8’, where 


Cate =) Bhar, (8)* 


[In the derivation of (8) it was assumed that the 
damping constants of all three oscillators are 
equal. This assumption is obviously true for not 
too large B.] Inserting (8) into (7) we find for the 
ratio of the cross sections 


Cen ered cat. 5, 5 (9) 
In the region of y ® 30° (condition for Aw/w <« 1 
to be true) this ratio is considerably less than 
unity. Thus one can conclude that in nonaxial 
even-even nuclei the cross section for excitation 
of level 25 ina scattering process is much smaller | 
than that for the level 27. 

Since the wave functions of nonaxial odd-A nu- 
clei are unknown, it is at present impossible to 
make any predictions on the influence of the non- 
axiality on interactions of photons with oriented 
nuclei. 

The authors express their gratitude to A. M. 
Baldin for his constant interest in the work and 
for discussion of the obtained results. 
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The characteristics of the radiation produced by fast charged particles moving in a layered 
medium are investigated. The possibility of detecting this radiation is discussed and experi- 
mental methods for observing it are proposed; methods of using this radiation for the detec- 
tion of charged particles and the measurement of particle energies are considered. 


1, CHARACTERISTIC FEATURES OF RADIATION 
PRODUCED BY THE PASSAGE OF FAST 
PARTICLES THROUGH A LAYERED MEDIUM. 
CHOICE OF PARAMETERS. 


Ir has already been pointed out by one of the 
authors!'-#] that the radiation produced by the 
passage of fast particles through an arbitrary 
periodic medium can be of use in high-energy 
particle physics. As an example we discuss here 
the theoretical and experimental aspects of the 
problem of using this radiation (which, for brevity, 
will be called resonance radiation) for the detec- 
tion of charged particles and the measurement of 
particle energy. From the experimental point of 
view the most convenient periodic medium is one 
made up of layers. Hence, in what follows we use 
the example of a one-dimensional layered medium 
consisting of alternating slabs of two different ma- 
terials. The thickness of the first slab is denoted 
by 2, and the second by 1». The period of the 
medium is then 


i te Je (1.1) 


The number of electrons per cubic centimeter in 
the two materials is denoted by N,; and Np» re- 
spectively. To be specific we assume that N, 

> Ny. The ratio of the thickness of the second slab 
(less dense) to that of the first is denoted by a: 


a = esl. (1.2) 


The number of photons radiated in the frequency 
interval dw due to the traversal of one centimeter 
of the layered medium (transverse to the slabs) 
is given by the expression 


MAX 


, 
_ 4p (1-42) 
dm=— a «Ds 
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re=1 


(1.3) 
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The radiated frequency w is measured in units 
of 


Onin = ieee (N, + aNe), (1.4) 


where fre is the classical electron radius and c 
is the velocity of light. The properties of the 
media appear in this expression through the quan- 
tity p, defined by 


es (Ni = N2)/(Mi + aNo). (1.5) 
The quantity Ej, is given by 
Ey, = me’h [mre (1 + a) (Ni + aN2)I"=, (1.6) 


We note first that the number of radiated photons 
is made up of radiation corresponding to different 
orders (or different harmonics); these are enu- 
merated by the letter r. The quantity r can vary 
from fe tO rmax: 


fmaxg it Ig fet] =o) (Ni =e Vay e (1.7) 


The basic contribution in the processes considered 
below is due to harmonics characterized by har- 
monic numbers appreciably smaller than rma x. 
For these values of r to obtain, the period of the 
layered medium must be greater than 10° em. 

We now deduce the basic properties of the reso- 
nance radiation. Since the expression in the 
numerator of Eq. (1.3) must be positive, it follows 
that for each harmonic the radiated frequency in- 
terval must lie between wyjn 2nd wmax: 


of n= 2V P— Ey TES es aE 


Max 


(1.8) 


This interval can be achieved if the expression 
under the radical in (1.8) is real, i.e., if r < Eyt/E 


Is. — Et 


Sue — 5) 
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= fat, (1 + a) (Va + aa), (2.9) 


Consequently there is a definite energy threshold 
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for radiation of a given harmonic. The threshold 
energy decreases with increasing harmonic num- 
ber. If the particle energy is appreciably greater 
than the threshold energy, so that (1:8) can be ex- 
panded in the parameter E,,4/2E, then the interval 
of radiated frequencies for each harmonic is given 
by the simple inequality: 


lice = Git apes OY OR, Weenie eee are (E. : (1.10) 
The physical meaning of the frequency introduced 
above Wimin follows from (1.10); it is evident that 
r = 1 gives the lowest possible radiated frequency 
at the first harmonic w,;min = 1. In what follows 
the particle energy will be measured in units of 
E,t (a = 1) — the threshold energy for the first 
harmonic for a = 1. 

Radiation with the properties described above 
can be generated only by relativistic particles 
[ (1.7) and (1.9) ]. At lower (still relativistic ) 
energies, a particle can only radiate harmonics 
with high values of r. As the energy of the ra- 
diating particle increases radiation will gradually 
appear at new harmonics. If the particle energy is 
greater than the threshold energy for the first 
harmonic, denoted below by (E/mce?) 44 [ Eq. (1.9) 
with r = 1], no new harmonics can be produced 
and the radiation intensity reaches a saturation 
point. Under these conditions the energy loss due 
to resonance radiation is approximately 10* ev 
per g/cm? for a periodic medium consisting of 
solid slabs ina gas. It should be noted that the 
loss given above is a weak function of slab thick- 
ness and slab material, and that it falls off slowly 
with increasing a; at large values of a(a > 10) 
the loss goes as 1/a. This result can be under- 
stood qualitatively if one considers the fact that 
‘‘harder’’ photons will be radiated from thicker 
slabs (1.4). 
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The differential photon spectrum for a given : 
harmonic is given by a curve that exhibits a maxi- 
mum at approximately w = 1.5 wmin and intersects 
the abscissa axis at Wmin 20d wmax- The number | 
of photons falls off sharply beyond the maximum. | 
For this reason the high-frequency contribution to | 
the radiation intensity can be neglected. The onset | 
frequency wmin does not change as the energy in- 
creases, but wmax increases as E? [ (1.10) ]. 

However, because of the nature of the spectrum 
indicated above we can neglect the energy depend- 
ence of the radiation intensity at each harmonic if | 
the particle energy exceeds the threshold value at | 
a given harmonic. For illustration, in Fig. 1 we 
show the differential spectrum of resonance radia- — 
tion for a particular case (E = 2.2 Ey, a =1). 
The resonance radiation at several harmonics is 
shown in the figure; the upper curve shows the 
total differential spectrum for all harmonics with 
E= 5 E,yz and @a=1. The radiation frequency w 
(in units of wimin) is plotted along the abscissa 
axis while the quantity 1,f(w) is plotted along the 
ordinate axis. We shall not give the corresponding — 
curves for other values of the parameters here 
(cf. [3] ). 

Several parameters characterizing the differen- | 
tial spectrum of the resonance radiation appear in 
(1.3). It is assumed that a2Ny « N,. This condi- 
tion is satisfied in a periodic medium consisting | 
of solid slabs ina gas. It should be noted that a 1 
layered medium consisting of two different kinds | 
of solid slabs would be much easier to use than the 
one described here; however, to achieve the condi- — 
tion p © 1-it would be necessary to use solid slabs 
with markedly different atomic weights (a light 
material and a dense material). On the other 
hand, photo-absorption of resonance photons in 
dense materials could reduce the radiation output 


all 


gle 


severely. With two materials with small atomic 
weights, however, p is of the order of 0.3 — 0.7 
and the radiation intensity (which is proportional 
to p? for small values of p) is smaller than that 
obtained with slabs ina gas. Inasmuch as intense 


of view it would be preferable to use a layered 
medium consisting of two different kinds of solid 
slabs. When cosmic rays are studied, however, it 
would be necessary to use a medium consisting of 
slabs located in a gas in order to obtain adequate 
radiation intensity (we have taken p = 0.99 in 
these calculations). It follows from Eq. (1.4) that 
the quantity wii, depends only on slab thickness 
and electron density when p * 1. 

The values of fiwij, for several materials 
are shown in Table I. We emphasize that slab 
thickness and slab material determine completely 
the frequency region in which resonance radiation 
can be detected. Values of the threshold energy 


beams of charged particles are available from 
_ accelerators, from the purely experimental point 
; 
: 


We also emphasize that in addition to depending on 
1, and N, the threshold energy is also a function of 
the interslab distance, varying as (l+a y¥? 

[ (1.9) ]. Using (1.4) we can compute hw min fora 
given material and thickness. Particles with ener- 
gies greater than (E/mc? )4t produce photons with 
energies greater than Aw ,mjn, but particles with 
smaller energies produce softer protons. Thus, 
an experimental device that detects photons at 
frequencies (energies) greater than some fre- 
quency related to wimin can be used to separate 
out particles with energies greater than Ej. It 
will be evident that particles with smaller energies 
can be detected in precisely the same way if the 
first harmonic is used instead of the second and 

so on. 

As an example we consider several typical 

curves (Fig. 2) illustrating the dependence of the 
number of radiated photons on particle energy. 
The energy of the initial particle is plotted along 
the abscissa axis in units of the threshold energy 
-(E/E;,4). The ordinates represent the number of 
radiated photons per centimeter characterized by 
wW > 0.1, w> 1, and w > 3 multiplied by the slab 


are given in the same table (for r =1 and a = 1). 
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FIG. 2. The total number of photons (ml,) as a function of 
particle energy for different @ with a = 1. 


thickness 1,. These curves show that the number 
of resonance photons per centimeter of path of 
layered material is a very sensitive function of 
particle energy. We do not give corresponding 
curves here for other values of a or for other 
values of the minimum frequency. The number of 
photons radiated per centimeter of path of a layered 
material increases with a@ (up to a ~ 3) and then 
falls off approximately as 2/(1+ a). 

All these results can be easily obtained from 
(1.3). It is evident that a given experimental de- 
vice is sensitive to photons in a given energy range. 
Hence, we start with some initial energy for the 
photons produced in the layered medium and de- 
tected by the device. For instance, the frequency 
region w =1 corresponds to photons with energies 
greater than Nwimjin- We could have chosen the 
region w = 0.1 or w 210; however, analysis 
shows that it is most desirable to operate in the 
region w = 1.2 — 1.6. In this region one obtains 
the maximum number of photons per centimeter 
with an adequately sensitive dependence of photon 
number on particle energy. For example, the slab 


thickness must be reduced by 50 % if the value 
w = 2 is taken and the observations are carried 


out with photons of the same energy. The threshold 
energies are correspondingly reduced by 50 %. 
With w smaller than unity, for example w = 0.1, 

we find on comparing with the w = 1 case that the 
slab thickness and threshold energies are increased 
by a factor of ten while the number of photons per 
centimeter of path is one half as large. Let us 
assume operation in the region w = 1, i.e., that 
the detected photons have energies greater than 


Table I 


a 


10-9N,, | Ey=Reinin=5,55-10- Nil, Bae R) aes 
i Material aie; s ae ; L, \me? be o 
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“ Be 4.9 2.72 2.95 
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Hwimin- This choice will be used in most of the 
further analysis. 

When absorption in the medium is taken into 
account the number of photons emitted from the 
layered material is 


n= (M/u) (1 —e"4), (1.11) 


where M is the number of photons produced per 
centimeter of length of the layered material, w is 
the radiation absorption coefficient, and L is the 
total length of the layered material. When L > 1/y, 
n= M/u. The layered material should have the 
lowest possible value of Z. 

The radiation can be detected by several differ- 
ent methods, each of which will be considered 
individually. 


2. METHOD OF ENERGY GENERATION 


The particle and the radiation it produces pass 
through a detector, which registers the amount of 
generated energy. The detector must be such that 
the radiation it absorbs can be used to establish 
the initial radiation from the energy generated by 
the particle and the initial radiation. It is conve- 
nient to use a high-Z absorber. Useful data can 
be obtained with a proportional gas counter in 
which a heavy gas is used. 

In Fig. 3 we show the quantity I (the ratio of 
energy generated by the y photons of the reso- 
nance radiation to the energy generated by the 
particle) as a function of particle energy in Be 
for different parameters of the layered material. 
In Table II we give the conversion factor k for 
other materials. The optimum frequency region 
for this method is = 8 — 15 kev. It is evident 
from Figs. 2 and 3 that a layered material charac- 
terized by high values of a should be used. Making 
a too large, however, does not increase the value 
of I appreciably but can make the experimental ap- 
paratus, which consists of the layered material and 
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FIG. 3. The ratio of energies generated by resonance 
radiation and by the particle as a function of energy. 


a proportional counter located under it, much more 
complicated. This method is suitable for the 
measurement of particle energies in the range 
E/mc? = 2x 10? — 2x 10° and for the detection 
of particles with energies greater than this value. 


3. CHARACTERISTIC-RADIATION METHOD 


The particle and the radiation it produces in 
the layered material pass through a gas absorber. 
Gamma photons with energies equal to or greater 
than the energy of the K level of the given gas 
produce a photo effect in the K level. The gas 
then emits characteristic radiation with energy Ex. 
The absorption coefficient for the characteristic | 
radiation at the K edge is 5—7 times smaller 
than the usual absorption coefficient at the K edge; 
furthermore, the radiation distribution is isotropic. — 
For these reasons the radiation can be detected in 
directions other than the direction of motion of the 
particle. As in the first method the layered mate- 
rial must be one with small Z. In Fig. 4 we show 
the number of photons emitted from a layered 
polyethylene material and absorbed in Xe asa 
function of particle energy for different values of 
a. The conversion coefficient k for other mate- 
rials is also given. 


Table II 
eee 
ery Slab 
No, |~ mn , Gas |thickness| Ne Ral No. of 
ev L, cm layers 
Al af 60 xe Ae, ORS 
be g) 10 Xe | 22 2,5-107% in 
3 i} 60 Ar 122 
4 dWats) 60 Xe 235 0.44 840 
5 sea 10 Xe 42 41-10% 
6 {25 60 Ar 235 
i 4 10 Ar 22 
8 4 4 Xe 4 
9 (5 10 Ar 42 
10 ikea) 1 Xe Mek 
41 £ 4 Ar 4 
a2 las: 4 Ar Tradl 
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FIG. 4. The number of characteristic-radiation photons as 
a function of particle energy for various values of a. 


The characteristic y photons with energies 
Ex = 35 kev (Ex = 14.3 kev for Kr) can be 
detected transversely by means of scintillators. 
High-pressure proportional gas counters can be 
used. The counter walls can be very thin if the 
pressure in the counters is compensated by a light 
gas kept at the same pressure as the gas absorber. 

Thus, the experimental device consists of the 
layered material under which there is a gas ab- 
sorber. The scintillators are located at the sides 
of the gas absorber. It is desirable to use the scin- 
tillator NaI (T1), in which the detection efficiency 
for y photons is almost 100 % in the region 2 — 30 
key. A detection device of the following design can 
also be used. The y photons from the gas absorber 
(Xe) enter another region which is also filled with 
xenon, but at a pressure such that all the radiation 
is absorbed. The xenon itself scintillates (the 
light yield is ahs of the yield from Nal (T1) [4] ys 
This technique can be used to increase the light 
yield in a device when it is used for detecting high- 
energy cosmic-ray particles. We note that the 
transverse dimensions of the gas absorber must 
be equal to or less than the longitudinal dimension. 

The layered material can also be located di- 
rectly inside the gas absorber. In this case the 
characteristic radiation can be detected at the 
sides of the layered medium. This technique is 
Suitable for measuring particle energies in the 
range E/mc? =5x 10° — 5 x 10° and for detecting 


' particles with higher energies. 


te 


4, COMPTON-SCATTERING METHOD 
We assume that the length of the layered mate- 


rial is such that the radiation produced by the 


particle experiences multiple Compton scattering 


_ in the material. The transmission factor T can 
then be written approximately in the form 


[5] 


T = Bexp (— tox), (4.1) 


where x is the thickness of traversed material and 
Hy is the minimum radiation absorption coefficient 
while the factor B lies between unity and (y x)’. 

The remainder of the radiation (1 — T) escapes 
from the sides of the layered material. This situa- 
tion holds for ‘‘good’’ geometry. To determine 
exactly the number and angle-energy distribution 
of the y photons escaping from the sides of the 
layered material in a given geometry would require 
extremely complicated calculations (for example, 
a Monte Carlo calculation). We shall use the ap- 
proximation formula (4.1), which indicates that 
most of the radiation escapes from the sides of the 
layered material. These y photons can be detected 
most conveniently by means of large liquid scintil- 
lators such as those used by Cowan and Reines!*], 
In this method the energy of the y photons must be 
such that the photoeffect is negligible compared 
with the Compton effect. 

For example, with a layered medium made 
from Al(1,; = 0.1 cm, @ =1) we obtain 3 x 107 
photons with energies greater than 0.5 Mev per 
centimeter of layered material. For Be, with l, 
= 3.24 x 107 and a@ =1 we find 9.23 x 107 photons 
with energies greater than 0.1 Mev. This method 
can be used to detect particles over a wide energy 
range since the detection of the resonance y 
photons does not depend on absorption along the 
particle path. 


5, EXPERIMENTAL BACKGROUND 


The particle that produces the resonance radia- 
tion also produces a background radiation; this 
background must be taken into account, particularly 
in cosmic-ray work. 

The particle will produce 6 electrons in the 
layered medium and these electrons produce 
bremsstrahlung in coming to rest in the medium. 
The number of y photons produced by the 6 elec- 
trons per g/cm? of the layered medium is 


News \\ R (e) Ns (Eo, &) de ‘Ny (€, Ey) dEy; 


cE y 
d 
N35 (Eo, &) de = Qt Zrermec® e = . 
4 N Shays m,c2-+e \ dE 
Joie Baer Pints ee _ 
(5.1) 


The quantity Ns is the number of 6 electrons 
with energy € that produce particles with energy 
E, in 1 g/cm? of material; NydEy is the number 
of y photons with energies E, radiated by an 
electron with energy € per g/cm? of material; 
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R(€) is the range of an electron with energy €, 
as given by empirical formulas!" . 

In Table III we show the quantity Ngy x 10? for 
different materials for the case where the energy 
of the bremsstrahlung y rays is greater than a 
given The bremsstrahlung produced by the 
particle itself (not the electron) is negligibly 
small. Table III can be used to estimate the 
energy generation in a proportional counter (the 
first method in Sec. 3) due to bremsstrahlung of 
the particle and the 6 electrons. This background 
is 0.5 % of the resonance radiation. 

The number of background photons in the char- 
acteristic-radiation method (Sec. 4) is approxi- 
mately 4 x 107 

The background radiation is more noticeable in 
the Compton scattering method. Optimum condi- 
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tions obtain when a@ = 3 — 5, in which case the 
number of resonance radiation photons per centi- 
meter of layered material is a maximum. Under 
these conditions the background radiation is 10 % 
for Be butas high as 150 % for Al. 

The 6 electrons produced in the layered | 
medium by the particle can escape and be recorded | 
by the detectors intended for recording the y | 
radiation. The number of 6 electrons escaping 
from the layered material can be computed from 
the expression: 


ns = \R(e) Ns (Eo, ®) de. (6.2) 
The number of 6 electrons with energies greater 
than € escaping from a layered material with a 


thickness of 10 g/cm? is given below: 


Ep MeV OO OMS E Oites 0.25 000.5 «Oe 4 2 6 10 20 
ng: 0.216 0.242 0.200 0.192 0.180 0.170 0.160 0.130 0,094 0,075 0.037 
The 6 electrons can strike the detectors that are Table III 
used for recording the y photons. The geometry 
of the instrument can be selected to avoid this E.,, Mev Be Rk Al 
background. A better way of avoiding effects due i 
- to 6 electrons is to locate the layered medium in 0.04 | 3.00 1.66 1550 
Lnbrs con . 0.05 2.24 4.20 14.3 
a magnetic field that ‘‘ejects’’ 6 electrons. 0.40 154 0.83 77 
: 0.20 1.34 0.74 6.6 
The energy generated by 6 electrons ina Oia 1106 ee ae 
proportional counter (Sec. 3) is 0.70 0.9 0.48 4.5 
1.0: 0.7 0,42 3.9 
2.0 0.6 0.34 1.5 


Es =\(Z)IR (8)}? Ns (Eos) de, (5.3) 


where ( de/dx) is the ionization loss of 6 elec- 
trons with energy € per g/cm? of material. The 
quantity Ey is 15 — 20 % of the energy generated 
by the particle in a proportional counter filled with 
Xe (1.39 x 107 g/cm’). 

A particle passing through a gas absorber 
(characteristic-radiation method) can generate 
characteristic radiation directly. The number of 
such characteristic-radiation background photons 
per g/cm? of the gas absorber is 


EK 


6x (E.) N (E,)dE,, where N (E,) dE, 


2 


~ 137 0 In (Eo/Ey) (oH apn ae 


(5.4) 
is the number of pseudophotons with energies Ey 
for a particle with energy E,) (Weizsicker-Williams 
method) and oK (Ey) is the photo-effect cross aS07 
tion in the K-shell. ©] The quantity ny = 5 Xx LO ssf 
the amount of gas absorber (Xe) used in the ex- 
periment is 5.4 x 107? g/cm?. 


6 electrons with energies of 0.1 Mev or greater q 
also produce background characteristic radiation. 
The number of-such photons is less than L078 


6. DETECTION OF COSMIC-RAY PARTICLES | 


The use of resonance radiation for the detection | 
of charged cosmic-ray particles is made difficult 
only by the fact that it is necessary to distinguish 
high-energy particles against a strong background © 
of low-energy particles. | 

Muons with energies of 10!! ev and higher in 
cosmic rays can be detected by the energy- 
generation method if two units are connectedin 
coincidence (taking account of ionization fluctua- 
tions). When the characteristic radiation method | 
is used it is necessary to detect 3 —4 characteris- 
tic photons simultaneously; thus this technique can 
be used to detect 1 mesons with energies of ap-— + 
proximately 5 x 10!! and higher. 


wits ee aieype 
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An analysis is made of earlier experimental data on photodisintegration of the deuteron. Re- 
sults are obtained for four angular distribution parameters at six values of the y-quantum 
mean energy between 50 and 150 Mev. The results are compared with the most recent theo- 
retical calculations. In the greater part of the investigated energy region the agreement is 
found to be good, the experimental values slightly exceeding the theoretical ones at the highest 
energies. Some conclusions concerning the theory of photodisintegration of the deuteron are 
drawn, and some possible reasons why the theoretical values are smaller are discussed. In 
conclusion it is explained why new and more precise experiments on the photodisintegration 
of the deuteron at energies below the meson production threshold should be carried out. 


Many recent theoretical papers [1-9] are devoted 
to photodisintegration of the deuteron at energies 
below the threshold of pion photoproduction. It is 
interesting in this connection to analyze the agree- 
ment between the results of these papers and the 
experimental data. 

We know that multipole expansion is valid for 
photodisintegration of deuterons in this energy re- 
gion. Under these conditions, taking into account 
only the fundamental dipole transitions and their 
interference with the quadrupole transitions, one 
possible angular dependence of the differential 
cross section is 


do/dQ = a -- bsin? 9 -- ccos 9 -+- dsin? cos 0). 


(1) 


The theoretical papers 1-9] contain numerical 
values of the parameters of this distribution, cal- 
culated for different y-quantum energies. 

To compare the theoretical and experimental 
results it is necessary to approximate sufficiently 
detailed experimental data on the angular distribu- 
tion of the process by means of a relationship such 
as (1). Until recently, in spite of the large number 
of cited experimental data, no such approximation 
was made and there were no experimental data 
whatever on the parameters of the distribution (1). 
In this connection, attempts undertaken in several 
theoretical papers to compare theory with experi- 
ment were unwittingly incorrect and incomplete. 
For example, Zernik et al [4-9] compared a summary 
theoretical angular-distribution curve, plotted 
from (1) with experiment. It is obvious that such a 
comparison is limited, for it extracts but a frac- 
tion of the obtainable information from the avail- 
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Results of approximation of experimental angular distribu- _ 
tionl] by means of an equation similar to (1) and a compari- 
son with the results of the theoretical calculations of|?] (so- 
lid curve) and of|*] (dashed curve). 


able experimental material. Authors of several 
other papers used for the comparison experimental | 
results obtained by approximating the angular dis- 
tributions with a formula such as 


= (a* + b* sin?) (1  2Bcos), (2) 


tacitly assuming thereby that the values of a* and 
b* should coincide with the values of a and b 
when the data are approximated by expression (1). 
Naturally, no comparison is possible in this case 
for the parameters c and d. 

We have approximated, with the aid of expres- 
sion (1), previously published experimental data 
on the angular distribution. The results ob- 
tained for parameters a and b differ considerably, 
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although without apparent regularity, from the 
values of a* and b* obtained earlier in an approx- 
imation by means of (2). The experimental results 
for all four parameters of the distribution (1), ob- 
tained for six values of the mean y-quantum en- 
ergy in the approximate range from 50 to 150 Mev 
(see the figure), have made it possible to make in 
this interesting region a correct and complete 
comparison of the results of the most recent theo- 
retical calculations with experiment. The direct 
results of the comparison and the conclusions that 
can be drawn for the theory of deuteron photodis- 
integration can be briefly formulated as follows. 

1. In the major part of the investigated medium- 
energy range, at least up to 100 or 120 Mev, the 
experimental results for all four parameters of 
the distribution (1) agree, within the limits of ex- 
perimental accuracy, with the results of the most 
complete theoretical calculations.{?4:6 9) This 
leads to the following conclusions: 

a) In the stated energy region, the interaction 
between the electromagnetic field and a two-nu- 
cleon system can be correctly described as an 
interaction with the current and magnetic moments 
of the nucleon, without resorting to an explicit ac- 
count of meson effects. 

b) A quantitative agreement with experiment is 
obtained within the energy region only for those the- 
oretical calculations 24:9] in which a consistent 
account is taken of a whole series of circumstances, 
the role of which was previously neglected, namely: 
transitions to the Ie state, tensor interaction of 
the nucleons in the final states, and contribution 
from certain ‘‘non-fundamental’’ multipole terms 
to the cross section. 

c) A quantitative agreement with experiment is 
obtained only for calculations in which use is made 
of those sets of phase shifts of nucleon-nucleon 
interaction in °Pj states, which correspond to a 
positive aay of the tensor potential (see, in par- 
ticular, -"»8 ). 

d) The limited accuracy of both the experimental 
and the theoretical results does not permit at 
present an unambiguous choice between the two 
values of the probability D-wave in the deuteron, 
used in different variants of the calculation. 

2. In the region of the highest energies investi- 
gated in [10] starting approximately with 100—120 
Mev, the experimental results for the isotropic 
component of the angular distribution and for the 
component proportional to cos @ exceed noticeably 
the results of the theoretical calculations (see the 
figure). This calls for an explanation, which we 
find by referring, as is usually done, to the vir- 
tual meson effects that are possible in this energy 
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region. It seems to us, however, that it is neces- 
sary above all to exercise greater care in the 
usual calculations, in which meson effects are not 
taken into account, namely: 

a) Kramer and Werntz [6] have shown that the 
interference cross section terms such as °E1- °M2 
and ‘M1: ‘E1(the superscript denotes the multi- 
plicity of the final state), which are not accounted 
for in the calculations by other workers, change 
noticeably the form of the angular distribution 
even at 50—70 Mev. In the energy region we are 
considering, they can manifest themselves even 
stronger, changing the entire pattern of the com- 
parison between theory and experiment. 

b) We have made a consistent classification of 
the multipole cross section terms that can arise 
in photodisintegration of the deuteron, with an 
estimate of the relative order of magnitude of the 
terms. We have established thereby that two other 
terms of the cross section, namely 3m1-°E3 and 
3£1-°E1g.9.,can make a contribution of the same 
order of magnitude as 3&1-°M2 (the subscript s.o. 
denotes second order in the expansion of the cor- 
responding amplitude in powers of kr). The 
former of the foregoing cross-section terms has 
never appeared in any of the published papers. The 
contribution of the latter term to the total cross 
section was essentially calculated by Hsieh [3 but 
was disregarded in the other papers. According to 
the foregoing estimates, this term becomes notice- 
able at energies on the order of 80 Mev and in- 
creases rapidly with increasing energy. The classi- 
fication has disclosed, furthermore, seven other 
hitherto uncalculated cross-section terms; these 
may turn out to be of the same order of magnitude 
as the term !M1-!E1which, according to Kramer 
and Werntz [6] yields an unexpectedly large contri- 
bution. 

c) Our analysis has shown that the isotropic 
component of the angular distribution and the com- 
ponent proportional to cos 6 are more sensitive to 
the splitting of the phases of the final states spy 
than the other components, while the component 
proportional to cos @ is furthermore sensitive to 
the splitting of the 40 j phases. A numerical anal- 
ysis of the isotropic component at energies below 
100 Mev was made by Kramer. It is possible 
that more accurate numerical values of the phase 
shifts, obtained in the future by further research 
on the nucleon-nucleon interaction, will change 
appreciably the foregoing components of the angu- 
lar distribution. 

Summarizing, it appears quite likely that im- 
provements in the theoretical results with account 
of the foregoing remarks will yield better agree- 
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ment between theory and experiment over the en- 
tire range of energies below the threshold of pion 
photoproduction, without resorting (in explicit 
form) to an account of meson effects. The use of 
two versions of calculations, similar in all re- 
spects except for the D-wave probability for the 
ground state of the deuteron, will probably permit 
a final choice between the two values, 4 and 7%, 
which are under discussion at the present time. 

In conclusion we note that the accuracy of the 
experimental results obtained for the parameters 
ec and d is low, although the initial data used for 
the angular distribution [10] are the most detailed 
of those published. (The results that can be ob- 
tained from the measurements of a recently pub- 
lished paper by Galey [11] are subject to much 
greater errors, precisely because of the poor in- 
vestigation of the angular distribution. ) In this 
connection, it seems advisable to set up new, more 
detailed measurements of the angular distribution 
of the photodisintegration of the deuteron in the 
range of energies near the pion photoproduction 
threshold (for example, 50—200 Mev). In these 
measurements it is essential to increase the num- 
ber ofinvestigated angles (at least to 10 or 12) and 
the range (10 —170°, andif possible 0 —180°). When 
an accuracy on the order of 5% is attained for the 
parameters c and d, the comparison with the 
theoretical calculations can be used to verify the 
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nucleon interaction not only in the 3Pj states, but — 
also in the *Dj states. 
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2015-2016 (December, 1961) 


‘Tue cited article by Pleshivtsev!!1 contains data 
on the sputtering of copper by hydrogen ions in a 
wide energy range (10 kev — 10 Mev). The 
values obtained for the sputtering coefficient 

differ greatly both from the results of similar ex- 
periments!?“1 and from the theoretical predic- 
tions,-*] it being stated that the latter is incorrect 
from both the qualitative and the quantitative points 
of view. The principal difference between 
Pleshivtsev’s and other procedures was that the 
ion beam contained several different components. 
According to his data, the beam contained the fol- 
lowing ions: H* (30 —40%), Hj (40 — 50%), 

Hi (30 — 10%), O2 and Nj(1—3%). We shall show 
thatthe sputtering coefficient SOps observed in that 
reference could differ greatly from the true coef- 
ficient Sy+ of sputtering by the hydrogen ion. 

If the beam is not too dense we can assume that 
each ion is sputtered independently of the others. 
We can then write for the part of Sopg connected 
with the sputtering by different hydrogen ions 

SBpe 22 Mu+Su+(E )+ nut Sut (£) + nut Si* (E) (1) 
(where nj — fraction of the corresponding ions in 
the beam). To estimate this quantity we assume 
that the complex ion exerts approximately the 
same sputtering action as if all of the particles it 
contains were separately incident with velocity 
equal to the velocity of the complex ion (see Easel yy 
We can then rewrite (1) in the form 


Sie Kes) 
ean 2 
nyt pee (E) ( ) 
If Eqt > 500 ev, we have according to the theory 
of Goldman and Simon!?*] 
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S(E) ~ In(E/E,)/E, 


where Eg — binding energy of the atom of the 


sputtered metal in the lattice (25 ev for copper!" y: 


Under the least favorable conditions allowed by the 
author (nyt = 20%, nH} = 50%, nH? = 30%), we 
find from these formulas that SOpg ~ 48H at 
about 50 kev. The error in the determination of 
the sputtering coefficient can thus reach 400% even 
in the absence of heavy-ion impurities. 

Let us estimate the contribution of heavy im- 
purities to the observed sputtering coefficient. It is 
known! that in the 5 — 25 kev energy range nitro- 
gen ions N* sputter copper with a coefficient Spt 
~ 2 atoms/ion. In this region the sputtering co- 
efficient vs energy curve for nitrogen passes 
through a flat maximum and hardly varies with 
the energy. The observed sputtering coefficient 
for nitrogen ions is 


nyt Syt (E) = 23 Sy+ (E/2) + 0,12 atom/ion . 


Oxygen ions produce somewhat stronger sputtering 
than nitrogen ions/?,8], therefore if we assume 
that the beam has as many oxygen as nitrogen ions 
we can expect the given values of the sputtering 
coefficient to contain a constant component with 
value close to 0.25 atom/ion, due to the presence 
of heavy impurities. Under these assumptions, 
recalculations of Pleshivtsev’s data lead to a 
sputtering coefficient that is in satisfactory agree- 
ment with the data given in the literature. 

As to the preliminary results of the experiments 
on the sputtering of copper by high-energy hydrogen 
ions (up to 10 Mev), we note that the observed in- 
crease in the sputtering coefficient with increasing 
ion energy cannot be reliably ascribed to the action 
of high-energy protons until the monochromaticity 
of the sputtering beam is rigorously established. 
Pleshivtsev’s procedure has therefore an important 
shortcoming, which greatly distorts the results ob- 
tained and makes the conclusions concerning the 
incorrectness of the theory!*4 unfounded. 
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Soviet Phys. JETP 10, 878 (1960). 

2wWw.E. Moore, Ann. N. Y. Ac. Sci. 67, 600 
(1957); J. Chem. Phys. 32, 1540 (1960). 

30, C. Yonst, J. Appl. Phys. 31, 447 (1960). 

4 Gusev, Guseva, Vlasenko, and Elistratov, Izv. 
AN SSSR ser. fiz. 24, 689 (1960), Columbia Tech. 
Transl. p. 

5D. T. Goldman and A. Simon, Phys. Rev. 111, 
383 (1958). 

6 Rol, Fluit, and Kistemaker, Physica 26, 1000 
(1960). 
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8 Rol, Fluit, and Kistemaker, Physica 26, 1009 
(1960). 
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LARGE-ANGLE SCATTERING OF HIGH- 
ENERGY PIONS 


Yu. D. BAYUKOV, G. A. LEKSIN, and Ya. Ya. 
SHALAMOV 


Submitted to JETP editor October 16, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 
2016-2018 (December, 1961) 


Rec ENTLY there has been discussed in the lit- 
erature!!)?] the possibility of scattering of high- 
energy pions at c.m.s. angles close to 180°, in 
reactions of exchange scattering 


(1) 


mt tp—>m+hn 
and elastic scattering 
Te + p=> 1 4p (2) 


The presence or absence of such scattering indi- 
cates the presence or absence of a contribution of 
Feynman diagrams with virtual nucleons and is 
connected with the nature of the dependence of the 
nuclear forces on the distance at high energies. 
Complete cancellation of the backward scattering 
signifies, in particular, that the impact parameters 
involved in the scattering can be made as large as 
desired, but the amplitudes of the partial waves 
are very small. 

We have previously 374] investigated in detail 
the reaction 


co tn-n +n, (3) 


which is isotopically symmetrical to reaction (2), 
for an incoming meson with momentum 2.8 Bev/c. 
It was shown that the cross section for scattering 
at c.m.s. angles greater than 90° is less than 0.006 
mb/sr, and that the probability that the elastic- 
scattering angles exceed the angle corresponding 
to the first diffraction minimum is small and de- 
creases sharply with increasing momentum of the 


PETERS? LOE EDITOR 


incoming pion. Data on exchange scattering at 
large angles in the energy region above 1 Bev are 
lacking at the present time. 

The total cross section of reaction (1) at 
2.8 Bev/c was estimated in a paper by one of the 
authors and Shebanov!*] using a bubble chamber 
filled with a propane-xenon mixture; we studied 
prongless stars accompanied by electron-positron 
pairs of conversion y -quanta from the decay of 7° 
mesons. In the present note we give the results of 
a different reduction of the data obtained in the 
same investigation. 

The figure shows the angular distribution of the 
y quanta in the 7N c.m.s. without account of the 
chamber y -quantum counting efficiency. Plot a in 
this figure corresponds to the case when there are 
3 to 6 electron-positron pairs in the direction 
towards the point of disappearance of the m meson, 


-0f-06 0 048 
cos 6 


plot b corresponds to two pairs, and plot c to one 
conversion pair. The high average efficiency for 
the registration of y quanta (~ 0.52) enables us 
to distinguish between process (1) and a reaction 
in which several 7° mesons are produced. It is 
seen from this figure that elastic charge exchange 
with emission of a m™ meson backward is not ob- 
served in practice: one case in the figure (plot b) 
is connected either with the creation of one more 
a meson or with the escape of the 7’ meson from 
the reaction (1) at an angle greater than 1 sr 
(relative to 180°). The corresponding estimate of 
the upper limit of the cross section is o< 0.01 
mb/sr. 

The data enable us to estimate the cross sec- 
tion of elastic charge exchange with emission of a 
7 meson at a c.m.s. angle greater than 90°, found 
to be < 0.002 mb/sr. Similar data are obtained if 
the bubble chamber is filled with freon. 


LETTERS TO 


From the point of view considered here, it is 
interesting to estimate the cross section of back- 
ward scattering of 7 mesons by protons in the 
process 


nm +pom-+p, (4) 


inasmuch as diagrams similar to those responsible 
for the cancellation of the backward scattering in 
reactions (1) and (2) may occur in this scattering. 
Such an estimate was made for a m -meson 
momentum 2.8 Mev/c by a method completely 
similar to that described in our previous paper. 
We merely selected the quasi-elastic 7 -p scat- 
tering cases, by using additional criteria based on 
the kinematics of the quasi-elastic process, namely 
the approximate complanarity (accurate to 15°) 
and the correspondence between the angles of 
emission of the charged particles. The cross 
section of the reaction (4) for l.s. angles greater 
than 90° (for an interval approximately 1 sr in the 
c.m.s.) was found to be less than 0.03 mb. This 
estimate is obtained without subtracting the possi- 
ble contribution from the background due to crea- 
tion of t’ mesons. The cross section for elastic 
backward scattering, o < 0.03 mb, compared with 
the cross sections for elastic 7 -p scattering 
given by Wood et al,“ confirms that the character 
of the scattering varies with increasing energy. 

We are deeply grateful to I. Ya. Pomeranchuk 
for discussions and continuous interest in the work. 
We are grateful to V. A. Shebanov for supplying the 
films and discussing the results. 
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MOLECULAR PHOTODISSOCIATION AS A 
MEANS OF OBTAINING A MEDIUM WITH A 
NEGATIVE ABSORPTION COEFFICIENT 


S. G. RAUTIAN and I. I. SOBEL’MAN 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor October 19, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 
2018-2020 (December, 1961) 


Poputation inversion in various systems 
(atoms, molecules, crystals etc.) can be used, as 
is well known, to obtain a negative absorption co- 
efficient and can be produced by means of optical 
excitation!!-"] A new method of obtaining popula- 
tion inversion is discussed below. 

We are concerned here with the production of 
excited atoms as a result of photodissociation of 
molecules. For simplicity we consider a diatomic 
molecule XY. In the figure we show a number of 
typical potential energy curves corresponding to 
the electron ground and excited states in a mole- 
cule (the atomic levels of the X atom are shown 
in the right side of the figure). Two kinds of 
curves are possible (these are shown by solid 
lines and dashed lines in the figure); the following 


discussion applies to both kinds. The absorption of 


a photon characterized by a frequency W 2 Ww 
causes dissociation of the molecule; as a result 
one of the atoms (for example, X) can be left in 


an excited state. Under certain conditions (cf. [1]) 


an inverted distribution between levels 3 and 2 is 
obtained in the X atoms, that is to say, the 
inequality N3/g3 > No/g2 is satisfied, where N and 
g are the populations and statistical weights of the 
corresponding levels shown in the right side of the 
figure.* This population inversion can be used for 


x(ijoy 


me 
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amplification and generation of electromagnetic 
radiation at the frequency of the atomic transition 
W32- 

An important feature of the scheme under dis- 
cussion is the fact that the molecule can, in princi- 
ple, absorb energy over a relatively wide spectral 
range (~ 10? em=!) whereas the width of the 
atomic radiation line is small (~ 0.01 — 0.1 em), 
This situation favors high gain factors ky. The 
expression for k,, can be written in the form 


_ AF Ae Q 


A yAs fiw, ’ Q= \ Eats hO. (1) 


@> Wo 


Re 


Here, dX, y and Azo are respectively the wave- 
length, the line width and the Einstein coefficient 
for the 3 — 2 transition; A; is the total decay 
probability for level 3, Ey is the spectral power 
density (w/cm? -cycle) of the exciting radiation; 
Ky) is the absorption coefficient associated with the 
dissociation process XY — X(3)+ Y. The quan- 
tity Q is obviously the power absorbed per unit 
volume as a result of this process. If Ey) varies 
slowly in the region of effective absorption, then 


RAG Hae i 
Pie Peery Ber ae (2) 


Q=Earal, ko = 
where kK, is the mean value of kw, while I is the 
width of the absorption peak. It is easily shown 
that (1) and (2) are valid for all other versions of 
optical excitation. It is evident from (2) that, all 
other conditions being equal, ky, is determined by 
the parameter M = (A3./A3)I'/y.f When the atom 
is excited directly!!»?] A,,/A3; <1 while the widths 
TI and y are usually determined by the Doppler 
effect, i.e., T/y = o/w3. $ 10. Consequently M 
210 in this case. In crystals T ~ 10? cm’, 
y ~1—10cm™ and Aj./A3 < 12] so that M 
~ 10 — 10°. In the method proposed here, how- 
ever, the absorption spectrum is as wide as itis 
in crystals (T ~ 10° cm!) but y is appreciably 
smaller; to be specific, in the visible and near- 
infrared, y ~ 0.01 — 0.1 em™!. Hence, when 
A39/A3 ~ 1 we have M ~ 10* — 10°. Thus, the 
advantages of the first two cases—a wide excitation 
spectrum and a narrow atomic radiation spectrum, 
can be combined. 

An estimate of the absolute magnitude of the 
absorption coefficient in a typical case 
(y = 0.03.cem7',A =1p, Ay = 27c/ay = 2000 A) 
gives ky = 0.3Q A3,/A3 where Q is expressed in 
units of w/em?, Consequently even with relatively 
low values Q ~ 1 w/cm? we can obtain 
ky = 0.3 em™!, which is somewhat greater than the 
value required to achieve the oscillation. 
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‘ Pt 

All the considerations given above for diatomic ° 
molecules apply equally to molecules composed of 
more than two atoms. Hence, in principle there are 
wide possibilities for the choice of suitable sys- 
tems. It is obvious that a number of practical con- 
siderations must be taken into account. For in- 
stance, the term system must be such that the 
frequency w, lies in the required spectral region © 
and the vapor pressure must be high at reasonable 
temperatures. The most suitable materials are 
those which can be produced in the working vessel 
because the decay products must be easily removed | 
from the vessel and so on. However, the basic | 
problem in choosing a suitable system is the fact 
that the only well-studied photodissociation proc- 
esses are those for which one of the atoms is ata 
resonance level [81 


y 


*We note that the inequality N,/g, > N,/g, cannot be 
satisfied in practice because the lifetime of the atom in 
the ground state, which is determined by recombination, 
attachment at the walls, etc., is much greater than the 
lifetime of the excited states. 

+The quantity kK, is determined by the need for illumi- 
nating the sample and is of order unity in various versions 
of optical excitation. In practice this is achieved by an 
appropriate choice of concentration of the absorbing 
centers. 
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Kinetics of the Destruction of Superfluidity in Helium. 
V. P. Peshkov and V. K. Tkachenko — 1019. 

Motion of Charges in Liquid and Solid Helium. Asulk: 
Shal’nikov — 755. 

On the Theory of the Scattering of Slow Neutrons ina 
Fermi Liquid. A. I. Akhiezer, I. A. Akhiezer, and 
I. Ya. Pomeranchuk — 343. : 

Scattering of Gamma Rays in Liquid Het Aseas 
Abrikosov and I. M. Khalatnikov — 389. 

Some Observations on the Solidification of Helium. A. I. 
Shal’nikov — 753. 

Which is Responsible for the Destruction of Super- 
fluidity, vg OF Vs — Vn? V. P. Peshkov and V. B. 
Stryukov — 1031. 

Hydrodynamics 

Evolutionality Conditions of Stationary Flows. R. V. 

Polovin — 284. 
Ions, Ionization 

Capture of Several Electrons by Fast Multicharged Ions. 
V. S. Nikolaev, L. N. Fateeva, I. S. Dmitriev, and 
Ya. A. Teplova — 67. 

Cathode Sputtering of Single-Crystal Balls. V. E. 
Yurasova and I. G. Sirotenko — 968. 

Concerning the Article ‘«Sputtering of Copper by 
Hydrogen Ions at Energies up to 50 kev’”’ by N. M2 
Pleshivtsev. Yu. V. Bulgakov — 1431L. 

Electron Loss and Capture by 200 — 1500 kev Helium 
Ions in Various Gases. L. I. Pivovar, V. M. Tubaev, 
and M. T. Novikov — 20. 

Interference Effects in the Ionization of Hydrogen Atoms 
by Electron Impact. R. K. Peterkop — 1377. 
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Ionization in the Collisions of Ne™ with Xe Atoms 
and of Xe™ with Ne Atoms (n= 0, 1, 2, 3, 4). I. P. 
Flaks, G. N. Ogurtsov, and N. V. Fedorenko — 1027. 

Ionization of Argon by Atoms and Singly or Doubly 
Charged Ions of Neon and Argon. V. V. Afrosimov, 
R. N. IlV’in, V. A. Oparin, E. S. Solov’ev, and N. V. 
Fedorenko — 747. 

Secondary Ion Emission From Metals Induced by 
10 —100 kev Ions. B. V. Panin — 1. 

Slow Ions Produced in Gases Upon Passage of Fast 
Atom and Ion Beams. I. P. Flaks, G. N. Ogurtsov, 
and N. V. Fedorenko — 781. 

Two-Electron Charge Exchange of Protons in Helium 
During Fast Collisions. V. I. Gerasimenko — 789. 

Isotopes 

A New Isotope Er!®?. A. A. Abdurazakov, F. M. 
Abdurazakova, K. Ya. Gromov, and G. Ya. Umarov 
— 1229. 

Kinetic Theory of Gases 

On the Kinetic Theory of Gases with Rotational Degrees 
of Freedom. Yu. Kagan and A. M. Afanas’ev — 1096. 

The Mean Free Path of Molecules in a Molecular Beam. 
V. S. Troitskii — 281. 

Transport Phenomena ina Paramagnetic Gas. Yu. 
Kagan and L. Maksimov — 604. 

Liquids 

Results of Measurement of the Electrical Conductivity 

of Insulating Liquids. G. A. Ostroumov — 317. 
Magnetic Properties of Matter 

Anomalies in the Physical Properties of Gadolinium 
Garnet Ferrite in the Low Temperature Region. 
A. V. Ped’ko — 505. 

Exchange Interaction and Magneto-Optical Effects in 
Ferrite Garnets. G. S. Drinchik and M. V. Chetkin 
— 485. 

Hexagonal Anisotropy in MnCO, and CoCO 3. Jan Kacer 
and N. M. Kreines — 1202L. 

High-Frequency Magnetic Susceptibility of a Uniaxial 
Ferromagnetic Crystal in a Longitudinal Magnetic 
Field. M. I. Kaganov and V. M. Tsukernik — 192. 

Low Temperature Magnetic Anomalies in Lithium Fer- 
rite Chromites. A. N. Goryaga and Lin Chang-ta 
— 502. 

Nature of Low-Temperature Magnetic Anomalies in 


Ferrites with Compensation Points. K. P. Belov — 499. 


Spin-Wave Heat Capacity in Antiferromagnetic MnCO3. 

A. 8. Borovik-Romanov and I. N. Kalinkina — 1205L. 
Magnetic Resonance, Magnetic Relaxation (see also 

Polarization, Nuclear) 

Calculation of the Spin-Lattice Relaxation Time for 
Radicals in Molecular Crystals. I. V. Aleksandrov 
and G. M. Zhidomirov — 94. 

Electron Paramagnetic Resonance in Concentrated 
Aqueous Solutions of VO". N. S. Garif’yanov, B. M. 
Kozyrev, R. Kh. Timerov, and N. F. Usacheva — 768. 

Hyperfine Structure of Electron Paramagnetic Reso- 
nance Lines in Supercooled Solutions of Salts of Ti***. 
N. S. Garif’yanov and E. I. Semenova — 243. 

Line Width in Antiferromagnetic Resonance. V. N. 
Genkin and V. M. Fain — 1086. 

Magnetic Resonance of F!® Nuclei in the Ferroelectric 
Substance (NH,),BeF,. G. M. Mikhailov, A. G. 


Lundin, and S. P. Gabuda — 977. 

Magnetic Resonance Saturation in Crystals. B. N. 
Provotorov — 1126. 

Nuclear Magnetic Resonance in Metallic Thallium. 
Yu. S. Karimov and I. F. Shchegolev — 772. a 

On the Theory of Spin-Lattice Relaxation in Liquid Solu- 
tions of Electrolytes. K. A. Valiev and M. M. Zaripov 
— 545. 

On the Theory of the Spin Echo. A. R. Kessel’ — 895. 

Paramagnetic Resonance in Solutions of Cr* Salts. 

N. F. Usacheva — 1258. 

Relaxation Phenomena in the Paramagnetic Resonance 
of Mn” Ions in the Cubic Crystal Field of SrS. A. A. 
Manenkoy and V. A. Milyaev — 75. 

Theory of Nuclear Resonance in Paramagnetic Media. 
R. Kh. Timerov and K. A. Valiev — 1116. 

Magnetohydrodynamics 

Disintegration of Nonevolutional Shock Waves. R. V. 
Polovin and K. P. Cherkasova — 190. 

Particle Acceleration by Passage of a Hydromagnetic 
Wave Front. V. P. Shabanskii — 791. | 

Theory of Simple Finite-Amplitude Magnetohydrodynamic | 
Waves ina Dissipative Medium. S. I. Soluyan and 
R. V. Khokhlov — 382. 

Metals (Electronic Properties, Elastic Properties) 

A New Type of Quantum Oscillations in the Ultrasonic 
Absorption Coefficient of Zinc. A. P. Korolyuk and 
T. A. Prushchak — 1201L. 

Change in the Concentration of Current Carriers in 
Bismuth due to Admixtures of Selenium. N. E. Alek- 
seevskii and T. I. Kostina — 1225. 

Concerning the Fermi Surface of Tin. N. E. Alekseev- 
skii and Yu. P. Gaidukov — 770. 

Contribution to the Theory of Absorption of Supersonic 
Waves by Metals in a Magnetic Field. G. L. Kotkin 
— 201. 

Direct Measurement of the Momentum of Conduction 
Electrons in a Metal. M. S. Khaikin — 1260. 

Effect of Mutual Entrainment of Electrons and Phonons 
on the Transverse Electrical Conductivity in a Strong 
Magnetic Field. L. E. Gurevich and A. L. Efros 
— 1405. 

Electrical Properties of Thin Nickel Films at Low 
Temperatures. O. S. Galkina, L. A. Chernikova, 
Chang Kai-ta, and E. I. Kondorskii — 1254. 

Motion of Charged Quasiparticles ina Varying Inhomo- 
geneous Electromagnetic Field. I. M. Lifshitz, A. A. 
Slutskin, and V. M. Nabutovskii — 669. 

Quantum Oscillations of the Thermodynamic Quantities 
of a Metal in a Magnetic Field According to the Fermi- 
Liquid Model. Yu. A. Bychkov and L. P. Gor’kov 
— 1132. 

Resistance of Thin Single-Crystal Wires. B. N. Alek- 
sandrov and M. I. Kaganov — 948L. 

The Fermi Surface of Lead. N. E. Alekseevskii and 
Yu. P. Gaidukov — 256. 

The Influence of Antimony Impurities on the De Haas- 
Van Alphen Effect in Bismuth. N. B. Brandt and V. V. 
Shchekochikhina — 1008. 

Transverse Potential Difference that is Even with Re- 
spect to the Magnetic Field Observed in Tin. V. N. 
Kachinskii — 476L. 


Methods and Instruments 

A Method for Studying Elastic Scattering at High Ener- 
gies. V. N. Kuz’min — 745. 

An Efficient High-Current Microtron. S. P. Kapitza, 
V. P. Bykov, and V. N. Melekhin — 266. 

Effect of External Fields on the Motion and Growth of 
Bubbles in Boiling Liquids. G. A. Askar’yan — 878. 

Errors Due to the Dead Time of Counters Operating in 
Conjunction with Pulsed Sources. I. A. Grishaev and 
A. M. Shenderovich — 295. 

Possible Method of Detecting High-Energy Charged 
Particles. A. I. Alikhanyan, F. R. Arutyunyan, K. A. 
Ispiryan, and M. L. Ter-Mikaelyan — 1421. 

Multiple Production of Particles (see also Cosmic 

Radiation) ; 

Analysis of the Distributions of the Transverse 
Momenta of Pions and Strange Particles. N. N. 
Roinishvili — 656. 


Correction to the Article ‘‘Connection between Matrices 


of Various Transitions and Multiple Processes.”’ 
B. T. Vavilov — 218L. 

On the Theory of Nucleon Collisions with Heavy Nuclei. 
A. A. Emel’yanov — 1189. 


Mu Mesons (see also Cosmic Radiation, Weak Interactions) 


A Model for Anomalous Muon Interaction. I. Yu. Kob- 
zarev and L. B. Okun’ — 859. 

Asymmetry in Angular Distribution of Neutrons 
Emitted in the Capture of Negative Muons in Calcium. 
V. S. Evseev, V. I. Komarov, V. Z. Kush, V. S. 
Roganov, V. A. Chernogorova, and M. M. Szymczak 
— 217L. 


Bimuonium Production in Electron-Positron Scattering. 


V. N. Baier and V. S. Synakh — 1122. 

Coupling Constants in w Capture. L. D. Blokhintsev 
and Ki. I. Dolinskii — 1410. 

Depolarization of » Mesons in the Formation of 


wu -Mesic Atoms with Spin ’, Nuclei. A. P. Bukhvostov 


and I. M. Shmushkevich — 1347. 

Determination of the Hyperfine Splitting Energy of the 
1s Muonium State. A. O. Vaisenberg — 611. 

Excitation of Nuclear Rotational Levels in p -Mesic- 
Atom Transitions. G. E. Belovitskii — 50. 

Excitation of Nuclei in Heavy p -Mesic Atoms. D. FE. 
Zaretskii and V. M. Novikov — 157. 

uw -Meson Capture in Carbon Involving the Formation 
of B!2*, A. O. Vaisenberg — 81. 

Observation of the Reaction y~ + He’ — H+ y. 'O. A. 
Zaimidoroga, M. M. Kulyukin, B. Pontecorvo, R. M. 
Sulyaev, A. I. Filippov, V. M. Tsupko-Sitnikov, and 
Ya. A. Shcherbakov — 1283. 

On the Excitation of Nuclei by Muons in Heavy Mesic 
Atoms. V. M. Novikov — 198. 


Scattering of 1—5 Bev/c Muons in Lead. 8. A. Azimov, 


G. G. Arushanov, Kh. Zainutdinov, R. Karimov, V. 8. 
Masagutov, and M. Kh. Esterlis — 43. 


Spectrum of Electrons Emitted in the Decay of Negative 


Muons in Nuclear Emulsion. A. O. Vaisenberg, E. A. 
Pesotskaya, and V. A. Smirnit-skii — 733. 


. . . s 9? 
What is Heavier, ‘‘Muonium One”’ or ‘‘Muonium Two’’? 


L. B. Okun’ and B. Pontecorvo — 702L. 
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Nuclear Reactions and Scattering at High Energy 


(Experiment) 

Elastic Scattering of 2.8- and 6.8-Bev/c ™ Mesons on 
Carbon. B. P. Bannik, A. M. Gal’per, V. G. Grishin, 
L. P. Kotenko, L. A. Kuzin, E. P. Kuznetsov, G. I. 
Merzon, M. I. Podgoretskii, and L. V. Sil’vestrov 
— 995. 

Experimental Verification of the Charge Independence 
Principle in the d+ d— He! + 1° Reaction for 
400-Mev Deuterons. Yu. K. Akimov, O. V. Savchenko, 
and L. M. Soroko — 512. 

Inelastic Interaction of 660-Mev Protons with Carbon 
Nuclei. A. P. Zhdanov and P. I. Fedotov — 1330. 

Interaction of 78-Mev 7* Mesons in Propane. R. G. 
Salukvadze and D. Neagu — 59. 

Investigation of Hypernuclei Produced by 8.8-Bev 
Protons. V. A. Tumanyan, M. G. Sarinyan, D. A. 
Galstyan, A. R. Kanetsyan, M. E. Arustamova, and 
G. S. Sarkisyan — 716. 

Some Features of Multiple Fragment Production by 
9-Bev Protons. P. A. Gorichev, O. V. Lozhkin, N. A. 
Perfilov, and Yu. P. Yakovlev — 236. 

The Cross Section for Production of Hypernuclei in 
Emulsion by 9-Bev Protons. I. B. Berkovich, A. P. 
Zhdanov, F. G. Lepekhin, and Z. S. Khokhlova — on. 


Nuclear Reactions and Scattering at Medium and Low 


Energies (Experiment) 

Alpha Particle Spectra and Differential Cross Sections 
for the Reaction H*(t, 2n) He’ at an Angle of 90°. 

A. M. Govorov, Li Ha Youn, G. M. Osetinskii, V. I. 
Salatskii, and I. V. Sizov — 508. 

Angular Distribution of 6.8-Mev Protons Elastically 
Scattered on Nickel and Zirconium Isotopes. A. K. 
Val’ter, I. I. Zalyubovskii, A. P. Klyucharev, VieAS 
Lutsik, B. F. Orlenko, M. V. Pasechnik, V. S. 
Prokopenko, and N. N. Pucherov — 54, 

Angular Distribution of 14-Mev Neutrons Elastically 
Scattered on Carbon, Nitrogen, and Sulfur. V. V. 
Bobyr’, L. Ya. Grona, and V. I. Strizhak — 18. 

Angular Distributions for Elastic Scattering of 14-Mev 
Neutrons. V. I. Strizhak, V. V. Bobyr’, and L. Ya. 
Grona — 225. 

Elastic Scattering of 5.45-Mev Protons on Zirconium 
Nuclei. V. Ya. Golovnya, A. P. Klyucharev, and B. A. 
Shilyaev — 25. 

Elastic Scattering of 10 —15 Mev Alpha Particles on 
Gold and Aluminum. M. P. Konstantinova, E. V. 
Myakinin, A. M. Romanov, and T. V. Tsareva — 38. 

Excited Levels of Ne22, A. M. Romanov, E. V. 
Myakinin, and M. P. Konstantinova — 49. 

Inelastic Scattering of Protons on F!* Nuclei. S. S. 
Vasil’ev, E. A. Romanovskii, and G. F. Timushev 
— 741. 

Investigation of the c!2 (a, 4a) Reaction. S. 5S. Vasil’ev, 
Vv. V. Komarov, and A. M. Popova — 1249. 

Levels of the Si*” Nucleus from the si29 (d, p) Si” 
Reaction. K. I. Zherebtsova, V. F. Litvin, Liu Chao- 
yuen, and Yu. A. Nemilov — 1252. 

Neutron Polarization in the Reaction T (d, n) Het 1.08. 
Trostin, V. A. Smotryaev, and I. I. Levintov — 524. 
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Quantum Characteristics of the 6.847-Mev Level of p* 
Observed in the Reaction Si?’ (p, y) P®’. A. K. Val’ter, 


Yu. P. Antuf’ev, E. G. Kopanets, A. P. L’vov, and S. P. 


Tsytko — 1035. 

The Ne! (n, a) 0! Reaction on Slow Neutrons. A. I. 
Abramov and M. G. Yutkin — 728. 

Nuclear Reactions, Disintegrations, Scattering (Theory) 

Dispersion Theory of Direct Nuclear Reactions. I. S. 
Shapiro — 1148. 

Effect of Coulomb and Nuclear Interactions on Deuteron 
Stripping Reactions. V. G. Sukharevskii and I. B. 
Teplov — 1310. 

Effect of Zero-Point Shape Vibrations of Heavy Nuclei 
on Alpha-Decay Probabilities. V. G. Nosov — 579. 
Interference Between Direct and Resonance. Capture of 

Slow Neutrons. I. Lovas — 840. 

Linear Polarization of Gamma Rays Produced in the 
(d, p, y) Stripping Reactions. N. Menyhard and J. 
Zimanyi — 844. 

‘“Metallic’’ Reflection of Neutrons. I. I. Gurevich and 
P, E. Nemirovskii — 838. 

Minimum Number of Partial Waves in Reactions in 
which there are Several Particles in the Final State. 
Hsien Ting-ch’ang and Ch’en Ts’ung-mo — 564. 


Production of Tritium in Collisions of Fast Protons with 


Heavy Nuclei. S. V. Izmailov and I. I. P’yanov — 88. 
Nuclear Reactions on Multiply Charged Ions 
Production of N'’ Nuclei by Bombardment of Some 


Elements with Heavy Ions. G. N. Flerov, V. V. Volkov, 


L. Pomorski, and J. Tys — 973. 
Nuclear Spectra (a, 8, y) (Experiment) 

A By -Correlation Investigation of the Pr!** Decay. 

V. M. Lobashov and V. A. Nazarenko — 1023. 

Alpha-Decay of Pu”®. B. S. Dzhelepov, R. B. Ivanov, 
and V. G. Nedovesov — 1227. 

Beta and Gamma Spectra of Te!!”. N. A. Vartanov, 
Yu. A. Ryukhin, I. P. Selinov, V. L. Chikhladze, and 
D. E. Khulelidze — 215L. 

Comparative Measurements of the Shape of Au’”’ and 
zn*®* Beta Spectra. N. A. Burgov, A. V. Davydov, and 
G. R. Kartashov — 951. 

Decay Scheme for Br™, K. A. Baskova, S. S. Vasil’ev, 
No Sen Chan, and L. Ya. Shavtvalov — 1060. 

Energy Levels of the U™? Nucleus. S. A. Baranov, 

P. S. Samoilov, Yu. F. Rodionov, S. N. Belen’kii, and 
S. V. Pirozhkov — 1237. 

Fine Structure of the Pa”! Alpha Radiation and the 
Energy Level Scheme of the Ac?" Nucleus. S. A. 
Baranov, V. M. Kulakov, P. S. Samoilov, A. G. 
Zelenkov, Yu. F. Rodionov, and 8. V. Pirozhkov 
— 1058. 

Forbidden El Transitions in Tb’? and yp!®. G. A. 
Vartapetyan, Z. A. Petrosyan, and A. G. Khudaverdyan 
— 12138. 

Investigation of Radioactive Decay of Np?" S.. AN 
Baranov, V. M. Kulakov, P. S. Samoilov, A. G. 
Zelenkov, and Yu. F. Rodionov — 1232. 

Investigation of the Alpha Radioactivity of Natural 
Platinum. K. A. Petrzhak and M. I. Yakunin — 1265. 
Mean Energy of the Y” Beta Spectrum. E. I. Biryukov, 

B. S. Kuznetsov, and N. S. Shimanskaya — 16. 
The Lifetime and Nature of the 686-kev Level in Re!®", 
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Nuclear Structure (Theory) 


G. A. Vartapetyan — 1217. 

Correlation of Motion of Four Nucleons in the Po”? 
Nucleus. I. M. Band, L. A. Sliv, and Yu. I. Kharitonov 
— 908. 

Effect of Rotation on Pair Correlation in Nuclei. Yu. T. 
Grin’ — 320. 

Effect of Superfluidity of Atomic Nuclei on the Stripping 
and Pickup Reactions. B. L. Birbrair — 638. 

Fermi Systems with Attractive and Repulsive Interac- 
tions. M. Ya. Amus’ya — 309. 

Interaction of Gamma Quanta with Oriented Nonspheri- 
cal Nuclei. S: F. Semenko and B. A. Tulupov — 1417. 

Interaction with the Surface of Nuclei Containing a 
Nucleon in Excess of a Closed Shell. V. N. Guman 
— 574, 

Nonadiabatic Corrections to the Rotational Spectrum of 
Atomic Nuclei. Yu. T. Grin’ — 162. 

On the Nature of Collective Levels in Nonspherical 
Nuclei. D. F. Zaretskii and M. G. Urin — 641. 

Optical Model of the Nucleus with a Polynomial Poten- 
tial. A. V. Luk’yanov, Yu. V. Orlov, and V. V. 
Turovtsev — 1161. 

Relativistic Corrections to the Magnetic Moments of 
H? and He®. N.S. Zelenskaya and Yu. M. Shirokov 
— 1374. 

Single Particle Excited States and the Model Descrip- 
tion of Light Nuclei. V. G. Neudachin and V. N. Orlin 
— 625. 

Spacing of Nuclear Energy Surfaces. V. A. Kravtsov 
— 1317. 

The Collective Gyromagnetic Ratio for Odd Atomic 
Nuclei. Yu. T. Grin’ and I. M. Pavlichenkov — 679. 

The Neutron Strength Function on the Optical Model. 
Yu. P. Elagin, V. A. Lyul’ka, and P. FE. Nemirovskii 
— 682. | 

The Shell Model and the Shift of Single-Particle Levels 
in Nuclei of the ‘‘Core + Nucleon’’ Type, Due to 
Addition of a Pair of Nucleons. V. E. Asribekov — 123. 


Photonuclear Reactions 


(y, n) -Reaction Thresholds for Silicon Isotopes. A. K. 
Berzin and R. P. Meshcheryakov — 721. 

Giant Resonance in Pb™® Photodisintegration. V. V. 
Balashov, V. G. Shevchenko, and N, P. Yudin — 1371. 
High Energy Photodisintegration of Be’ and c!? Nuclei. 

V. I. Mamasakhlisov and R. I. Jibuti — 1066. 

Investigation of Energy Dependence of the Cross Section 
for Photoproduction of 1* Mesons on Hydrogen Near 
Threshold. M. I. Adamovich, E. G. Gorzhevskaya, 

V. G. Larionova, N. M. Panova, V. M. Popova, S. P. 
Kharlamov, and F, R. Yagudina — 1289. 

Investigation of Threshold Anomalies in the Cross Sec- 
tions for Compton Scattering and Photoproduction of 
a Mesons. G. K. Ustinova — 417. 

Nucleon Correlations in Photonuclear Reactions. I. 
Photodisintegration of He*. G. M. Shklyarevskii — 170. 

Nucleon Correlations and Photonuclear Reactions. II. 
(y, p) and (y, n) Reactions in the Nonresonance Re- 
gion ( > 30 Mev). G. M. Shklyarevskii — 324. 

Photodeuterons from Al2", E. D. Makhnovskii — 779. 

Photodisintegration of the Deuteron at Medium Energies. 
L. N. Shtarkov — 1428. 
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Photoproduction of n° Mesons on Deuterium at 
170 —210 Mev. A. S. Belousov, S. V. Rusakov, E. I. 
Tamm, and L. S. Tatarinskaya — 1275. 

Photoprotons from Pr!*!, Vv. G. Shevchenko and B. A. 
Yur’ev — 1015. 

Single Meson Contribution to Photoproduction of 7 
Mesons on Protons. L. V. Laperashvili and S. G. 
Matinyan — 195. 

Singularity in the Photoproduction of a’ Mesons near 
Threshold. A. N. Baldin and A. I. Lebedev — 1200L. 

Yield of Fast Photoneutrons From Cltrand ali 
V. Presperin and L, A. Kul’chitskii — 46. 


Plasma (Theory) (see also Magnetohydrodynamics) 


A More Precise Determination of the Kinetic Coeffi- 
cients of a Plasma. O. V. Konstantinov and V. I. 
Perel’ — 944. 

Absorption of Electromagnetic Waves in Plasma. V. I. 
Perel’ and G. M. Eliashberg — 633. 

Acceleration of a Cloud of Ionized Gas Whose Own Mag- 
netic Field Scatters an Electron Beam. G. A. 
Askar’yan — 1159. 

Anomalous Doppler Effect ina Plasma. M. A. Gintsburg 
— 542, 

Contribution to the Theory of Electromagnetic Fluctua- 
tion in an Unsteady Plasma. F. V. Bunkin — 1322. 

Contribution to the Theory of Electromagnetic Fluctua- 


tions in a Nonequilibrium Plasma. F. V. Bunkin — 206. 


Contribution to the Theory of Plasma Fluctuations. 
A. I. Akhiezer, I. A. Akhiezer, and A. G. Sitenko 
— 462. 

Diamagnetic Perturbations in Media, Caused by Ionizing 
Radiation. G. A. Askar’yan — 135. 

Dispersion Equation for an Extraordinary Wave Moving 
ina Plasma Across an External Magnetic Field. 

Yu. N. Dnestrovskii and D. P. Kostomarov — 1089. 

Electromagnetic Properties of a Relativistic Plasma. 
Ill. V. P. Silin and E. P. Fetisov — 115. 

Electrostatic Instability of an Intense Electron Beam in 
a Plasma. M. V. Nezlin — 723. 

High-Frequency Dielectric Constant of a Plasma. 

V. P. Silin — 617. 

Hydrodynamics of a Nonisothermal Plasma. E. E. 
Lovetskii and A. A. Rukhadze — 1312. 

Interaction of Transverse Oscillations in a Plasma. 

A. P. Kazantsev and I. A. Gilinskii — 112. 

Magnetoacoustic Resonance in Strong Magnetic Fields. 
A. V. Bartov, E. K. Zavoiskii, and D. A. Frank- 
Kamenetskii — 421. 

Negative Absorption Coefficient Produced by Discharges 
ina Gas Mixture. V. A. Fabrikant — 375. 

Plasma in a Self-Consistent Magnetic Field. N. N. 
Komarovy and V. M. Fadeev — 378. 

Quantum -Mechanical Dielectric Tensor for an Electron 
Plasma in a Magnetic Field. P. S. Zyryanov and: VP: 
Kalashnikov — 799. 

Radiation of Plasma Waves by a Charge Moving in a 
Magnetoactive Plasma. V. Ya. Eidman — 1401. 

Shift of Atomic Energy Levels in a Plasma. L. Et Par- 
gamanik — 794. 

The Theory of Electromagnetic Fluctuations in a 
Plasma. V. P. Silin — 689. 


Theory of Plasma Diffusion in a Magnetic Field. V. L. 
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Gurevich and Yu. A. Firsov — 822. 

Transition Radiation ina Plasma with Account of Tem- 

perature. V. M. Yakovenko — 278. 
Plasma, Gas Discharge (Experiment) 

Formation of a Current Channel in a Gas Discharge in 
a Weak Magnetic Field. A. P. Babichev, A. I. Karchev- 
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